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KunemaTHka aaepHbix peakuwni. Baagun A. M.

3a mnocaefHKe rojib KHHEMAaTHUECKHe METOAL aHaJH3a B3aHMO-
AeiiCTBHS 3/IEMEHTAPHBIX YaCTHU H AJep MOJYYHJIH CaMoe LHPOKoe
pacnpocTtpaHenue M pasputHe. OCHOBaHHEIE HAa XOpOWO H3VUEHHBIX
3aKOHaX COXpaHeHHs, OHH CJYKAT PYKOBOJsuleil HHTbIO NpH aHaJH3e
3KCMEepPHMEHTAJbHBIX AdHHBIX. [1o3TOMY BO BTOPOM H3JlaHHW KHHra Nph
CcoxpaHeHHH ofuero nJjaHa nojiBeprajack KOpeHHoft nepepaGoTke,
4ToGbl PACLWIHPHTBL KPYr YHTaTeJieil H yyecThb MHOrOYHCJEHHHE HOBHIE
pe3y/bTaThl (KHHEMAaTHYECKHIi aHAa/NH3 Pe30HAHCOB, KHHeMAaTHKa cafip-
60JI0B, onpejejieHHe Macchl MHIIEHH peaKkUHH C [O0JSPH30BAHHLIMHE
YacTHLAMH, CJEACTBHS HeCOXPaHEHWs YETHOCTH H T. A.).

Kuura coctout n3 1ByX uacreil (KJaccHueckas H KBaHTOBas KHHe-
MaTHKa), COJePKHT H3J0ieHHe OGIHX MeTOAOB KHHEMATHYECKOro aHa-
Ju3a AfIePHBIX PeakuHil W 3HAUHTENIBHbIH CIPaBOUHBI MaTepHas.
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10 - 68

NMPEAUCIIOBHE KO BTOPOMY HU3JAHHUIO

[lepsoe usnanne xuurn «KnHematnka sinepubix peakumii» [1] gaBHo
pasouwioch. 3a 3T0 BpeMsi KHHra HEOJHOKPATHO MEepeBOJMaach Ha
MHOTHe S3bIKH (aHIVIHHCKHH — ABaKAbl, HEMelKHHl, NONbCKHIl H SMOH-
ckui). Takoe BHHMaHHe OOBsCHSIETCSI, KOHEYHO, HE KAKHMH-TO OCOGBIMH
JOCTOMHCTBAMH KHHIH, & IIPOCTO HACYIIHOH NOTPeGHOCTBIO IKCHEpH-
MEHTaTOPOB B KOHLEHTPHPOBAHHOM M3JIOKEHHH KHHEMAaTHUECKHX Me-
TOJIOB aHA/IN3a, NOJNYYHBLIHX Camoe IHPOoKoe pacnpoctpanenue. [To cy-
LIECTBY BCJEJICTBHE OTCYTCTBHSI TEOPHH CHJILHOTO B3aHMOAEHCTBHSA
KHHEMaTHYeCKHe MeTO/bl, OCHOBAHHbIE HA XOPOLIO H3YYEHHbIX 3aKOHaX
COXPAHEHHS H PEJISATHBHCTCKHX INpeoOpasoBaHHUAX, SIBJAAIOTCA OOBIYHO
OCHOBOH aHa/i3a 3KCIEPHMEHTA/IbHLIX JaHHBIX 00 3/1eMEHTAapHbLIX ya-
CTHLAX.

Bce 370 npuBeso K HeOGXOLHMOCTH NIPH COXpAaHEHHH OBLIEro rJjaaHa
NepBOro H3JaHus KOPEeHHbIM 00pasoM rnepepaboTaTh KHHIY AJIA TOrO,
4TOGbI, C O/IHOI CTOPOHBI, CAeJ1aTh ee Go/ee JOCTYIHOM IHPOKOMY KPyTy
($H3HKOB, @ C JIPYyroit — yyecTb HEKOTOpble KHHEMATHYeCKHe MeTOMbl,
NOJTyYHBLIKE LIHPOKOE PacnpoCcTpaHeHHe B M0CJAE/IHHE TOlbl (KMHEeMaTH-
YeCKHH aHa/JH3 Pe30HaHCOB, KHHeMmatHKa (aiip6oJioB, onpejesenue
Macchl MHILIEHH, KHHEMATHKA peakLuii ¢ NoJsipH30BAHHBLIMH YACTHIIAMH,
MaTpHLa IVIOTHOCTH, (pOPMAnH3M CHpanbHOCTEH H T. 1.).

Bmecre ¢ TeM Kpyr HayuHbIX WHTEDECOB aBTOPOB NMEPBOTO H3JaHHS
HECKOJIbKO CMECTHJICSI H TI03TOMY B aBTOPCKHIl KOJIJIEKTHB GblJ1 BKJIOYEH
B. M. MakcumeHKO, KOTOPBIH B35/l HA ce0s1 OCHOBHYIO TSKECTb 110 nepe-
pabotke yactu I, nocBsIEHHON KaaccHyeckoii KuHematnke. Yactb 11
(KBAHTOBOME@XaHHYECKasl) CYIIECTBEHHO JIONOJHEHA H B 3HAYHTEJBbHOl
creneny nepepaborana A. M. Banauubiv. Kak 1 panee, Kuura cosiepxur
u3JloxeHHe oOLUX METONOB KMHEMATHYECKOrO aHa/IH3a SINEpPHBIX peak-
UHH H GOJIBIIOH CrIpABOYHBII MaTepHall.

ABTopbl 6s1aroJlapHbl YHTATEIsiM, KOTOPbIE NPHC/IATH CBOH 3aMeya-
HUSA, 110COOCTBYIOLIHE YCTPAHEHHIO HEJOYETOB I1ePBOro H3JIaHHA.



U3 NPEAUCIOBUA K MEPBOMY HU3NAHHUIO

[peanaraemast BHUMAHHIO YHTaTe eii KHHIa HOCHT HasBaHHe «KuHe-
MAaTHKa siIepHBIX peakuuii». Mbl NOHHMAEM 10, KHHEMATHKOI COBOKYII-
HOCTb COOTHOLLEHHH, OCHOBAHHBIX HA 3aKOHAX COXPAHEHH: B HX KJIACCH-
4ecKoil H KBaHTOBOI (JOPMe ¥ He CBSI3aHHBIX €O CrelUdH KOl B3auMo/iei -
CTBHH.

KHHra coCcTOHT U3 JIBYX yacTell. B OTKpHIBAIOIMX MEPBYIO YacTh ABYX
BBOJIHBIX ‘TVIaBaX YHTATENIO KPAaTKO HANOMHHAIOTCS HEKOTOpLIe OCHOB-
Hble XapaKTePHCTHKH JBHKEHHS C PEJIATHBUCTCKHMH CKOPOCTSIMH, & TaK-
JK€ H3J1araloTcsl Ba)KHEHILIHe U151 JAajbHellIero H3J0KeHHs PessiTHBHCT-
ckue npeobpa3oBaHusi. 3/1eCh XKe ONpeeIaloTcs JABe IUHPOKO HCIONb3Y-
eMble JlaJiee CHCTEeMbl KOOpAMHAT — JjlabopaTopHas CHCTEMA M CHCTeMa,
CBSI3aHHasi C LIEHTPOM TSHIKECTH,— M Jaiorcsa (opmysibl JJIsi nepexoaa
OT OJIHOI W3 3THX CHCTEM K JPYIoOH.

[Tocaieyiomye VIaBbl NEPBOH YAaCTH NOCBSILIEHBI KJIACCHYECKOH KH-
HeMaTHKe B3aUMOJIeiiCTBHil (CTOJIKHOBEHHII H pacnajoB) ¢ 06pasoBaHHeM
ABYX, TP€X H MHOI'HX 4acTHIL. IIpH HA/IMYHH B KOHEYHOM COCTOSTHHH JIHILb
JIBYX YacTHI CYLIECTBYeT BIIOJIHE ONpe/ieJieHHasi CBf3b MexXJy yrilaMu
HX BBLUIETa MJIH YIJIOM BBUIETA YacTHIp! H ee sHeprueii. [Ipu oGpasosa-
HHHM B KOHEYHOM COCTOSIHHH TPeX WJIH MHOTHX YacCTHI[ CBfI3b YIVIOB HX
BbIIETA H 3HEPTHH He fBJISETCS OJHO3HAYHOH, W B 3THX CJYyYasX NpH-
XOJIUTCSI OTPAHUUHTBCS HAXOMKIEHHEM pAasjIHYHBIX 3IKCTPeMajbHbIX
cooTHOLIeHHH. PaccMoTpeHHe YIJIOBHIX H 3HEPreTHYECKHX pacnpejele-
HHIl TIPH MHOXKECTBEHHOM 00Pa30BaHHH YACTULL NIPOH3BOJIUTCS HA OCHOBE
¢ratucTuueckoii Teopun Pepmu. OnpaBjaHHeM BKJIIOYEHHsi 3TOro pas-
JieJla B KHUTY TI0 KHHEMaTHKe MOXKEeT CJYXKHTb TO 00CTOSITeNIBCTBO, YTO
B COOTBETCTBHH C NEPBOHAYaJbHOH KOHUenuued Pepmu yrioBbe H
SHEpreTHYEeCKHe Pacrpe/ieleHHsl MHOXKECTBEHHBIX IPOLeCCOB OCHOBBIBA-
JOTCSI HA 3aKOHAX COXPAHEHHsI SHePTHU M HMMYyJibca.

BTopast yacTb KHUTH MOCBSLIEHA KBAHTOBOMEXaHHYECKOMY PaccMOT-
DEHHIO KHHEMAaTHKH SIIEPHBIX PEeaKIHUi.

B 5TOi 4acTH aHAJIH3HPYETCSl OJHO M3 (yHJaMeHTaIbHbIX NOHATHI,
pOJIb KOTOPOTO B HHTEPNpETALMH sCPHBIX B3aHMOJCHCTBHH BCE BO3-
pacraer, HMEHHO MaTpHIla paccesiHus (S-MaTpuiia), H pacCcMaTpHBAOTCS
OCHOBHbIE CBOficTBa 3TOH MaTpHubl. Ha ocCHOBaHHH TEOPHH MaTpHLBI
paccesinusi 1 TeopuH npeo6pasoBanuii [Mpaka HsnaraioTCs CBA3aHHbIE
C 3aKOHAMH COXPaHEeHHs CBOACTBA NONEPEUHbIX CeYEHHH SIEPHBIX peaK-
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puit. Mcnosb3yemasi B KHUre TEOPHSA npeoGpasoBanuit Iupaka aaer
BO3MOXKHOCTb TIPOCTOTO BBeJleHHsl (€3 HCIOIb30BAHUsA TEOPHH rpymi —
pasiHuHbIX KO3(pHLHEHTOB BEKTOPHOrO CJIOXKEHHS, MPHMEHSIEMbIX B
TeopHH siEPHBIX peakuuii (KospHIMeHTDI Kae6wa — lopaana, kosg-
duupmentb Paka, Z-KoappuuuenTsl, X-Ko3(pHLHEHTET).

OT/1e/IbHO PacCMATPHBACTCS CTIEUMa bHBIH BayKHbIH cayuait AAepHbIX
peaxumii, NPOHCXONAMHX € Yy4acTHeM (POTOHOB.

OTHIONb He Npecyieflysl UeIH CO3/laHus CIPABOYHHKA MO KHHEMATHKE
JIePHBIX PeaKlHil, Mbl TeM He MeHee COY/IH 1es1ec006pasHBIM BKJIIOUHTD
B KHHTY psiji Tabiull, rpaduKoB, YHC/IOBBIX JAAHHBIX H NPHMEPOB.

[lepBas yactb kuuru Hanucana B. W. Toabjanckum n H. J1. Posen-
taneM, Bropasi uactb — A. M. Banuuusim.



Hacte I

KJIACCUYECKASI TEOPUS

BBEOEHHWE

[Ipenver sinepHOH GH3MKH H DHSUKM BBHICOKHX SHEPIHii B 3HAUH-
Te/IbHOH CTEMEeHH COCTOMT B H3YUEHHH peaKUHi, [POHCXONAUIHX
C 3JICMEHTaPHBIMH YAaCTHUAMH H 4TOMHBLIMH SIIDAMH,— YIIPYroro pac-
CeAHHs, HEYNPYIHX B3aHMOJACHCTBHI1, CHOHTAHHBLIX pacnajos. Bce
3TH peaklUWH NPeACTaBfAOT co00l KOHKPETHbLIe NPOsiB/IeHHs] OCHOBHBIX
THIIOB  B3aHMOJEHCTBHIl — CHJALHOTO, ¢/1a00ro, 3JeKTPoOMarHHTHOTO
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HavansHoe : umo-  Koneunoe
cocmoaKue | cocmosue
I |
| |
Yacmuu@ Gy, Fyy={Pgy, iEye} I I Yacmuya @ P={p,, iE,}
Yacmuua a,  Po{P,, iE;}
lacmuua gy, Ppy={Dyy, ib4} Yacmuya a, Py={Pn, iEy}
Uyt 8y —_— a+a+ - +a,

Puc. 1. O6mas cxema sjepHoli peaxumunu.

H, BO3MOXHO, rpaButauHonxoro. Hecmotpsi Ha ypessbiyaiinoe oGuime
H pasHoo0pasue TAKHX peakluil, HX MOXKHO B camoM oO6lieM BHjle
NpejcTaBUTbh eJHHOH cXemoit Tuna auarpammel Peiinmana (puc. 1),
YeTKO pasjiiyasi TPH CTaJMH PeakiuH.

I. HavanbHoe coctosinue — jiBe cBOOOIHbIe, HEB3aUMOJIeHCTBY IOl HE
YaCTHLBL Qg H Qgp (CMOHTAHHBIH PACIIaj MOXKHO PaccMaTPHUBATh Kak
YaCTHbIH C/yyai, KOr/la Macca H HMIYJIbC OJHOH M3 YacTHL, Hanpumep
Qy3, PABHBI HYJIO).

I1. CoynapeHue 4acTHIL Gg; U Gy, B Pe3y.bTaTe KOTOPOIO MEKAY HHMHU
BO3HHKAeT TO HJIH HHOe B3anmoJeiicTBue. B obuem cayuae Mbl He Gynem
KOHKDEeTH3HPOBATh XapakTep 3TOr0 B3aWMOJAEHCTBHS, H300pasHB ero
Ha pHC. ] «yepHBIM sILMKOM» (3aWITpHXOBaHHast 06/1acTh). OBbluHOe npej-
6

CTaABJCHHE 06 HHIHBHAYaJbHBIX 4aCTHIAX Ha 3TOH CTajuu peaxuuu HacTo
OblBaeT HENPHMEHHMO.

111. KoHeuHoe cocTosinMe — # CBOGOAHBIX HEB3aHMOJAEHCTBYIOLHX
4yacTHll @,, ds, ..., @y, KOTOpble OyJeM HasblBaThb NPOAYKTAMH peakLHH
HJH BTOPHYHbLIMH YACTHLAMH.

CHMBOJIMYECKH 3aMHIleM O6LYI0 PeaKIHI0 TAKOr0 THMA B BH/E

Qy, + @y —>a; +a,+ ... +a,. (B.1)

B xapakrtepucrukax peakuuu (B.l) nposBasiiorcs 3aKOHOMEPHOCTH
JABYX THNOB: 1) KHHeMaTHyecKHe, BbITEKAIOUIHe H3 Pas/MUHbLIX 3aKOHOB
COXpaHEHUS], COIIACHO KOTOPLIM OfpejelieHHble (PH3HYeCKHEe BeTHUYHHBI
JIOJIDKHBl HMETb OJIHO M TO K€ 3HAaYeHHe B HAYaJbHOM M KOHEYHOM CO-
CTOSIHHSIX HE3aBHCHMO OT TOrO, YTO JEJaeTcsl [pPH B3aHMOJAEHCTBHH
B «yepHOM slfiKe»®; 2) AMHAMHUecKHe, OOYC/IOBJEHHble AHHAMHKOMN
B3aUMOJICHCTBHSA, T. €. CTPYKTYPOH «U4ePHOro sLiHKa».

IlepBas yacTb KHHUI'M NOCBSilEHA KHHEMATHYECKHM COOTHOLUEHHAM,
00YCJIOBJICHHBIM 3aKOHAMU COXPaHeHHs SHePTHH H HMIyJIbca, H B Jajlb-
HeHIleM B 3TOH YacTH KHUIH, FOBOPS 0 KHHEMATHYeCKHX COOTHOILIEHHSAX,
OyjeM nojapasymeBaTb HMEHHO TaKHE COOTHOLLEHHS.

Pounb 3akoHOMepHOCTeH 3THX JABYX THIOB — KHHEMaTHYeCKHX H JIHHa-
MHUYECKHX — MPH aHA/IM3€ IKCIEPHUMEHTANbHBIX [AaHHbBIX COBEpPIUEHHO
pasanuHa. KuHemaTnueckHe COOTHOLICHUS 00J1afAI0T TAKOH 2Ke CTEeNeHblo
CTPOrOCTH, KaK H 3aKOHBI COXPAaHeHHS SHEPIHH H HMIYJbCca, HA OCHOBa-
HUH KOTOPBIX OHH mnosydeHnl. [TosToMy KHHeMaTHYeCKHE COOTHOLUEHHS
MOXHO ¢ abCo/IIOTHOH YBEpeHHOCTbK) HCHOJIb30BAaTh IPH aHaJjH3e pe-
3yJ/ILTATOB IKCNEPHMEHTA: OHH MO3BOMAIOT HAEHTHPHLIUPOBATE THIT peaK-
IMH U NPHPOAY OT/e/bHbIX €€ NPOAYKTOB, YCTAHOBHTb CBSI3b MEKAY
YIJ1aMH BbLIETd H SHEPrHAMH Pas/IH4YHbIX BTOPHUHBIX YACTHIL, HJIH MEXKIY
yIJ1aMH Bbl€Ta U 3Heprueil ofiHOH M TOH »Ke BTOPHYHOH YACTHIIbI, Onpe-
JeJIUTh paspelieHHble 06/1acTH 3HEPrHil M YIVIOB, B KOTODHIX CJEAyeT
OKHJIATh MOSIBJIEHHS TOH WM WHOH BTOPUYHOI YACTHLEI, HAHTH 3Hepre-
THYECKHE TIOPOTH peakluid H T. 1.

WHoe nosioxeHHe ¢ JUHAMHYECKHMMH XapaKTepHCTHKAMH. 3HaHHe
JWHAMHKH MMeeT TepBOCTeNeHHOe 3HaueHHe JJIsi NOHHMaHHsl SABJIEHHH
B MHKpPOMHpe, JJisi MOCTPOEHHS IOC/]e/I0BATeNIbHOH M CTPOTroH TEOpHH
9/IEMEHTAPHBIX YaCTHLl U HX B3aumojeiictBuid. Ho noka uto auHamuka
MHOIHX peaklMi enie JajJleKo He H3yuyeHa, TeopeTHYecKHe TNpejicTaBJe-
HH$l 3aYaCTYIO HOCAT XapaKTep MOJeJ/IbHbIX NOCTPOCHHH, HYKIAMOIHXCA
B 9KCIIEPHMEHTAJIbHOI NpOBepKe, MO3ITOMY HHPOPMAIHIO O JHHAMHYe-
CKHX 32aKOHOMEPHOCTAX HYKHO B KOHEUHOM CYeTe H3BJIeKaTb U3 IKCMepH-
MeHTalbHBIX JaHHbIX. QueHb BaXKHO NP aHAJIH3e SKCNEepHMEHTAJbHbIX

* XapakTep B3aMMOJEHCTBHSA ONpejesiieT JHIb COOTBETCTBYWOUHKI «HaGop»
BAKOHOB COXPAHEHHS, MOCKOJbKY HAapAJy C YHHBEPCAJbHLIMH 3aKOHAMH COXpaHe-
#Ha (CoXxpaHeHHe 3HEPrHH H HMIYJTbCa, MOM €HTA KOJAHYECTBA ABHIKEHHH, 3JEKTPH-
4ecKoro 3apsija, GApPHOHHOTO UHCJAA H T. J.) CYUECTBYIOT TaKke H NpHOJHIKEHHbIE
3aKOHBI COXPAHEHHs, CMPaBeJUIMBLIE /s OJ HHX B3aHMOJeficTBHI H HapylIaollHe-
©H ApYruMH (coXpaHeHHe H3OTOMHUYECKOro CrNHHA, CTPAHHOCTH HJIM FHnepsapsann,
fIPOCTPAHCTBEHHOH YETHOCTH H T. A.).
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Pe3yJ/lbTaToOB OT/EJUTh HHTepecHble A5 (DH3HUECKOH HHTepnperanuun
JHHAMHYECKHe 3aKOHOMEPHOCTH OT CPABHHTEJILHO IPOCTHIX, B HEKOTOPOM
CMbIC/IE JlaKe TPHBHAJIbHBIX, KHHEMATHUYECKHX, T. €., 00PasHo roBops,
BbIIJIMTh JAHHAMHKY Ha KHHeMatHueckoM (one». [Ipumepom Moxer
CJYXKHTb MeToJ] OOGHApY’KeHHS] PE30HAHCOB 3JIEMEHTAPHBIX YaCTHL, MO
pacnpejeiieHuio 3(peKTHBHLIX Macc.

Yacro OblBaeT TaKke HEOOXOAMMO TepPecyYHTHIBATh XapaKTepH-
CTHKH YacTHIL M peaklHil U3 OJHOI CHCTeMbl KOOPJHHAT B APYTYIO, JBH-
JKYILYIOCST OTHOCHTE/IBHO MEePBOi ¢ NOCTOSAHHOH cKopocThio. Ciienosa-
TeNbHO, TJIAHHPOBAHHE M &HAJH3 COBDEMEHHBIX 3KCIIEPHMEHTOB B
A/IepHOi (PH3HKe M (PH3HKE BBHICOKHX IHEPTHil MPaKTHUYECKH HEMBICJHMbE
6e3 camoro HPOKOTO HCIOJIb30BAHUSA KHHEMATHYECKHX COOTHOLLUEHHII,
B nociepnne rofpl 1no peNSITHBHCTCKOH KHHEMATHKE MNOSIBHJIOCH He-
CKOaIbKO padoT [2—9], conep:xaHue KOTOPHIX HALLIO OTpa)KeHHE B Ha-
CTOfIEH KHHTre.

B anepHoii ¢pu3HKe Yalle BCero NpHXOAHTCS HMETh J1€J10 C YacTHLAMH,
CKOPOCTH KOTOPBIX CPABHHMBI CO CKOPOCTBLIO CBETa, MO3TOMY B OCHOBY
paccMoTpeHHst HeOOXOAUMO NOJIOKHTh KHHEMATHKY CIeLHANbHOH TEOPHH
OTHOCHTEJIbHOCTH. XOTS NPEJIoJaraeTcs, YTo YHTATeIb XOPOLIO 3HAKOM
C OCBLIYHBIM KYpCOM TEOPHH OTHOCHTEJIBHOCTH (Harnpumep, 1o KHHre
JI. [1. Jlanpay w E. M. JIudmmuua [10]), Tem He menee paau yno6ersa u
LeJIOCTHOCTH MaTepHajia IepBas IJiaBa INOCBSIEHA KPAaTKOMY H3J0XKe-
HHIO OCHOB PEJISITHBHCTCKOH KHHeMaTHKH. EcrecTBeHHO, uTO MbI Oyjem
IIHPOKO HCIOMIb30BaTh YeThipeXMepHbIi (opmanusm. OAHAKO OKOHYA-
TeJIbHble COOTHOLLIEHHS, KaK NPaBHJIO, NPHBOAATCS AJA SHEPIHH H Tpex-
MEPHBIX HMNYJIBCOB, T. €. TeéX BEJIHYHH, KOTOpbIE HEOCPEJCTBEHHO H3-
MepsIoTCsA B 9KCNEpPHMeHTaX. Bce KHHeMaTHYeCKHe COOTHOLUEHHS mpe-
CTaBJ/IeHbI B OOLEM PEeJIATHBHCTCKOM BHJE, HO OOBIYHO PacCMaTpPHBAIOTCS
H JIBa BaXKHbIX YACTHBIX CJIyyas:

1) HepensATHBUCTCKHIi, KOIJIa CKOPOCTH YaCTHI{ MHOIO MEHBIIE CKOPO-
CTH CBeTa M MOXKHO MOJIb30BAThCSl K/IACCHYECKOH MexaHuKof. Hepens-
THBHCTCKHE (OpMYJIbl J3IOT JOCTATOYHO XOpollee NpuGAHMKEHHe, Ha-
npuMep, Asi SAEPHbIX PeaKUHH NPH MajblX SHEPrusix;

2) yJabTpapesiTHBHCTCKHIl, KOI/la CKOPOCTH YacTHIL GIH3KH K CKOPO-
CTH CBETAa HJIH PaBHBI €ff, B 3TOM cJiyyae (GopMyJibl YacTO 3HAYHUTENbHO
YOPOLIAIOTCs. Y IbTPAPENATHBUCTCKHE (GOPMYJIBI IUHPOKO TIPHMEHSIOTCS
AJI5l OTIHCAHUS YACTHIL IIPH OYeHb OOJIbIIMX SHEPrUsiX (HanpuMmep, B KOC-
MHYECKHMX JydaX) WM YacTHI[ C Maccoil NOKOsi, paBHOH Hymo ((poTo-
HbI, HEHTPHHO).

YHacro oana u Ta ke QopMmysa GyAeT NOBTOPATLCH B HECKOABKHX
BapHaHTax, H YMTaTe]b, HCIOJb3YIOUHH KHUTY B CNPABOYHBIX IEJIAX,
BbIGEPeT Ji/isi KOHKPETHOrO NpPHMEHeHHMsl HaHOoJiee YHOOHYIO 3alHCh.

B sinepHoii (pu3HKe SHEPTHIO NPHHS TO H3MEPSITH B 3/1€KTPOHBONBTAX
(1 96 = 1,602-10—19 doc = 1,602-10—"2 5pe). [TpakTHUECKH HCMONDBIY-
10T Gojlee KpYMHbIe €JHHUIBI SHEPTHH.

B KuHemaTHKe peJATHBHCTCKHX YAaCTHIL OObIYHO NPHMEHSIETCS BecbMa
yHOOGHas pauHOHAIbHAs CHCTeMa eNMHHI[ JUIsi H3MEepeHUs KHHeMaTH-
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yecKUX BeJHYHMH (sHeprum E, umnysabca p, Maccol m, CKOPOCTH v),
KOTOpasi OCHOBAHA HAa TOM, YTO CKODOCTL CBeTa

c=1 (B.2)
(B cucreme epunuy, CI'CE ¢=2,998 . 10!0 cat/cex). YcnoBue ¢ =1 nos-

BOJISIET 3aMHUCLIBATH KHHEMaTHYecKHe (GopMyJibl B Gojee KOMIaKTHOM
BHJle, M30aBUBIUHCL OT PA3JIMUHBIX CTeneHel ¢ (Hanmpumep,

E =V m*+p® mecto E = VY m*ci+ p*c?).
ITockonbKy
[p] = 3aneprus/c;
[T] = sHeprusi/c?,

(B.3)

TO NpH ¢ = 1 3Heprus, UMMYJbC H Macca HMET OAHHAKOBYIO pasmep-
HOCTb M H3MEpSIOTCA B 3HEpPreTHUeCKHX eJUHHIAX, a4 CKOpPOCTh — B
€[IMHHIIAX CKOpoCTH cBeta. [To TpajHuMK, OHAKO, NPHHATO COXPAHATD ¢
[IpH HANTHCAHHUH €IHHHIL HBMEDEHHA HMITYJIbCA H MacChbl, T. €, NMHCATh /5
umnyJascoB Mas/c, ['sslc u 1. J., pasa mace — Mas/c®, 'ss/c® u 1. 1.

Jnsi Toro uTo6bl OT PaUUOHATH3HPOBAHHON C TMOMOLIBIO YCJIOBHS
(B.2) 3anucu kuHeMaTHUYECKUX (POPMYJI NepeiiTH K 0ObIYHOH, HEOOXOAHMO
NIPOH3BECTH 3aMeHY:

E—E,

p — pc;

m —- mc?, (B.4)
U
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B sakmouenue INpHBEAEM OCHOBHBIE 0003HAYEHH .

KunematHueckue XapaKTEPHCTHKH HH,[[HBH,I(Y&-TII:HU?I qyacTHub

B JI-cucreme:

P; — HMIIYJIBC;
pi— abCoNIOTHAN BEeJHYHHA HMTYJ/bCA;
E; — nonnas sHeprus;

T; — KWHETHUYECKas SHeprus;

(1
T )
ao(2
e ,
&= (pniEi} = $(3) — 4-HMIyaBC;
i
(4
P,
m; — macca,
P; — MPONOJBHBIH HMIYJILC;

P; | — TMoONepeyHblii HMNYJIbC;
B; — ckopocTh wacTHuB;



1= —:l-"ﬂ_T‘—preHu-tbaxrop;
I 1 —B7
ri = Arth B; = Arch y; — 6meTpora;
4, vy— NOASAPHBIIL H a3UMYTANBHBI Yrabl BbLJIETA, OTCUHTHIBAEMBIE OTHOCHTE/b-
HO HaNpaBJEHHs ABHKEHHA MePBHYHBIX CTAJIKHBAIOUIHXCH YACTHIL;
Q; == TeJecHblil yroJa;
h; = lgtg 9; — nepemennan Jlanaay.

Hupexcnt { =01 1 02 oTHOCATCA K CTAJIKHBAIOUHMCS MEPBHYHBIM YACTHILAM,
TNpHYEM MepBblil HHAEKC — K GoMGaplupyloueil, BTOPoit — K uacTHHe-MHUICHH.
Ec/H B HauanbHOM COCTOAHHN TOJBKO ONHA yacTHUA (pacman), To eil npHCBaH-
BaeTcs uupexc i=0. Hupekcwl (=1, 2, 3,..., n OTHOCATCS K BTOPHYHBIM 4ACTH-
nav. Jlas yacTHi onmpeAeneHHoro copTa HHAGKC | MHOTAA 3aMEHACTCS CHMBOJIOM
STOH uaCTHUB (T — ANA m-Me30HOB, N—J/Isf HYKJIOHOB H T. 1.). B nepsmix
maparpajax KHuWrd, rje peub ujaer o6 OGU[HX CBONCTBAX KHHEMATHKH penas-
THBHCTCKHX YacCTHI, MHJEKC |{ onycKaercs.

B Il-cucteme:

Hcnmonesyioren Takne ke o6osnavenns, kak B JI-CHCTeMe, cHaGkKeHHbe «3Bea=
* &

Roukoii», —py, E;, 97, B}, 1}  T. A Hckiiouenue COCTAaBASIOT Macca 4acTH-

4iBl, A5 KOTOpOIi, KaK JJis MHBADHAHTHOI BeJIMUHHBI, COXpaHsercsa oGo3Haye-

HHe m;, U Nepeme”HHasn i, BMECTO KOTOpOﬁ onpepeasaerca HEPEMEHHaH

&

]

B
;= Intg 5 .
*
¥y =ﬁc!ﬁ£-

KnnemaTHyeckue XapaKTepHCTHKH,
OTHOCAULHECS K Ipynne YacTHL HJIH K 9JeMeHTAPHOMY akKTy
B3aMMOJEHCTBHS B LEJOM

fr — ckopocTh [[-cHCTEMBl OTHOCHTENBHO JI-CHCTEMBI;

Vo= . S Jgopenu-(paktop [[-cHCTEME OTHOCHTENLHO

Vi—g;
JI-cueremsr;
E.— nonuas sueprus B [[-cHcTeme;
§— KBaJpar I0JHOM 3HEPrHH B u-cnt:'remel HHBApHAHTHLIE
t=—A* rpe A* —kBajpar TepejaBae-  IEpEMEHHbIE
MOro 4-umny.nca J Manpenscrama
M unu 9%, o ., — uHBapHAHTHAA 3(PPEKTHBHAA MACCA N HACTHIL

E{1°Po0 yaugT{1OPO) _ noporoBas noanas mAM KMHETHUECKAs SHEPrHs NepBRY-

HOll uacTHub!:
Q — sHeprus peaxui;
o — noaHoe sddexTnBHoe cevexne l;

1 d*N
N " dpdQ — Au(depenunaibioe pacnpefiesieHHe BTOPHUHBIX UACTHIL

Mo HMIOyJALCaM W yraaMm  (Apyrue AnddepeHuHaAbHBE
pacnpejenenns 0603HAUAIOTCA AHAJOTHUHO).

1 3TH TpajHUHOHHEE 0G03HAYEHHA HCMOJAL3YIOTCH B Pa3HbIX MeCTaX KHHTH,
# UX CcOBMajeHHe He JOJI)KHO BHI3bIBATL HEJOpPa3yMEHHs.
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Hasn uexoropbix AunddepenunanbHblx pacnpefenennii HCNOJAB3VIOTCA Cre-
fHanlbHble 0603HAYCHHS
f (cos #*) — nuddepenunansuoe yriosoe pacnpenenenne B [f-cucreme;
@y (E¢s p*) —uMnyaschoe pacnpesenende B [[-CHCTEME B peakuuy c o6paso-
BAHHEM A1 YACTHIL.
F (< %) —wunrerpanshoe yrioBoe pacnpefeseHue (10J1s YAaCTHI, BBHIJIETAI0-
WHX MoJ yraoum < );

F(< W
YERTT Ry

Ry (p, E; my, my, ..., m,) — unBapuantusiit (pasoBeii 06beM 1 YACTHIL
en (P, E; my, my, ..., m,) — HenuBapHanTHBIT (asoBEl 06BEM N YACTHLL
1 — MOJIHOE YHCJIO BTOPHUHBIX UACTHIL;
n_— NOJHOE YHCJO0 BTOPHUHBIX T-ME30HOB;

flg — YHCJO BTOPHYHLIX 3aAPSMKEHHBIX YACTHIL;
G — JHCMEpCHA pacnpeieneHus B KoOpAHHATaX A (cM. cHocky Ha crp. 10);
Y —yroa pasjgera ABYX 4acTHIL;
Ty — OTHOCHTEJbHBIH JIOPeHIl-(PAKTOP ABYX UACTHIL;

KU — kospduunent nevnpyroetn B J-cicreve;

K (3) — Ko3(hdHUHEHT HEYIPYrocTH B 3epKajbHON CHCTEME
KOODAMHAT.

Fnasa 1

OCHOBbI PEJIITUBUCTCKOH KUHEMATHKH

§ 1. CHCTEMBI KOOPOHHAT

Has onucanus 1106010 GPU3HUECKOro ABJEHHs HeOGXOLUMO HMETb CH-
CTEMYy OTCYeTa, T. €. CHCTEMY NPOCTPAHCTBEHHBIX KOOPJHMHAT H CBSI3aH-
HYIO C Heil CHCTeMy oTcuera BpemeHH. [1epBblii nocTynaT TeOpHH OTHO-
CHTEJbHOCTH — NPHHUHKIT OTHOCHTEJBLHOCTH — [VIACHT, YTO BCE 3aKOHbI
NPHPOJLL (a CJIEJOBATENIbHO, M Pe3YJIbTaThl BCeX (PM3HUECKHX IKCIEepH-
MEHTOB) HE 3aBHCSIT OT PaBHOMEPHOIO MPSIMOJHHEHHOrO JBHXKEHHS CH-
CTeMbI OTCYETa, B KOTOPO# NpousBoauTcs Habaiofenue. Takum o6pasom,
CYLIECTBYeT GECKOHEYHOE MHOXKECTBO 3KBHBAJIEHTHBIX CHCTEM OTCYeTa,
ABHXKYIIMXCSA OTHOCHTE/ILHO APYT JIpyra ¢ MOCTOSHHBIMH CKOPOCTSIMH;
TaKHE CHCTEeMbI Ha3bIBAIOT HHEPLIHANBHBIMH, HJIH JIOPEHILEBbIMH CHCTeMa-
MH OTCYETa, H J1I00asi U3 HHX B MPHHLIKIE MOXKET ObITh HCIIO/1b30BAHA IS
OMHCAHHS (PH3HYECKOro siB/ieHns. [IpakTHueckn e B sijlepHoOil (GU3HKe
HCTIO/Ib3YETCS HECKOJIbKO ONpeJIe/IeHHBIX CHCTeM OTCYeTa, BHIGOpP KOTO-
PbIX JAMKTYeTCS KCNEPHMEHTANbHOH NPAKTHKOH HJIH TEOPETHYECKHMH
cooOpaKeHHAMH .

Cucrema orcuera, KOTopasi cBsi3aHa ¢ MpHGOpaMH MCCAENOBaTeNs,
¢ ero Jraboparopueii, HOCHT Ha3BaHWe J1aGOPATOPHOI CHCTeMBbI (COKpa-
LieHHO OyjieM HasbiBaTh ee JI-cucremoii). Kak npaBuio, B nogasasiouiem
GOJILLLIMHCTBE OMBITOB BCIO SKCMEPHMEHTANbHYI0 HHPOPMALHIO O (H3H-
YECKOM SIBJIEHHH MMOJIYYaloT HerocpeicTBeHHo B JI-cucreme. B HauGosee
OOBIYHO#H MOCTAHOBKE 3KCIEPHMEHTA M0 H3YYEHHIO PEAKLMH C 3/1eMeHTap -

11



HBIMH UACTHIIAMH camoro obuiero THna [em. dopmyay (B.1)l ny4ok Gel-
CTPbIX UYACTHIL Go; HANMPABJISETCS HA HENOABIKHYIO MHIUEHb, KOTOpast
COZIEPIKHT HACTHLLBI dgz. JACTHIUBL dgp, BOOOLIE FOBOPSI, MOTYT ABHIATLCH
BHYTpH OJIOKA M3 BELLECTBA MHIUCHH (HANpPHMEp, JBHKEHHe HYKJOHOB
BHYTpPH 5i/ipa), HO KHHETHYECKAasi SHePTUsi 3TOr0 JBHKEHHS 0ObIYHO MHOIO
MeHbllle KHHETHUYECKOH SHEPrHH HAJIeTalomel UaCTUIbl Qo

T02 << Tcu- (1.1)

[TosTomy ¢ Xopouieii CTeNeHbI0 TOYHOCTH MOMKHO CUHTATh, YTO JI-CH-
cTeMa COBMNAJAeT ¢ CHCTEMOMH MOKOSI YacTHLBL dgp (puc. 2). B nopasJsio-

Ao coydapehus Nocre coydapenus
Yueno Bmopuynsix wacmuy n=2 Yucno Bmopuydsix vacmiuy n)2

e, — Z-|,
e b

M- cucmerta

ol L e, 4 <l
1N

Y~cucmena
NG

oo o2 \f’ 7 \
7

J-cucmera

Puc. 2. CxemartHueckas KapTHHA CTOJKHOBEHHS YacTHI dy, H @yp H pasjera BTO-
PHUHBIX YacTHIL @, g, ..., @, B Jl-cucreme, I[-cucteme u 3-cucteMme (CTpesKamH
H306paKeHbl TpeXMepHLIe HMNYJIbChl YACTHIL).

mem GOJbUIMHCTBE CJyuaeB OObIYHO 3TO M mnpepnogaraercs. [lpu
6oJ1ee TOUHOM aHaju3e, 0COOEHHO B 06/1aCTH CPABHUTENBHO HeOOJbIIHX
9HepPruil, HeoOXOAUM YUeT BHYTPHSIJIEPHOTO JABHKEHHsl, HanpHMep NpH
BLIYHCJEHHH 3HEPreTHYECKHX MOPOroB pasinuHbiX peakuuit (cM. § 10).
Jlpyras, oOblYHO HCMOJb3yeMas, Ba)cHas CHCTeMa KOOPAHHAT— CH-
cTeMa LeHTPa HHEPLHH, HJIH LIeHTpa Mace, KOTOPYIO B AajibHeiem Oy aem
COKpallleHHO Ha3biBaTh [[-CHCTEMOI, & BeIHYMHBI B Heil 0TMeYaThb 3Be3/104-
koit (E*, p* u 1. 1.). I[To onpenenennto []-cuctempl (cM. puc. 2) cymma
TpeXMepHBIX HMIIYJbCOB BCEX YACTHIL B HEH paBHa HYJIO:

Po1 + Poz = P1 + P2+ ... + pa=0. (1.2)
Sra cHcTeMa XapaKTepH3yeTcsl TeM, YTO B HeH siflepHble peakuuu oG-
12

JaganT MaKCHMaJ]bHOf'{ CTeleHLH CHMMQTPHH, qyTo l'IpHB(),le‘lT K 3HdA4YH-
TeJILHOMY YIPOIIeHHI0 MHOrHX ¢opmya. Hanpumep, eciin B HaualbHOM
HJIH KOHEYHOM COCTOSHHH TOJIBKO JIB€ YACTHIbI, TO OHH JIOJIKHBEI BCerja
asuratses B [[-cucreme nog yraom 180° apyr K apyry, H, ciieJloBareibHO,
HX YIVIOBblE pacnpejle/leHHsl He U3MEHSIOTCS NPH 3aMeHe yIia Bbliera
OJIHOH YaCTHI[BI HA YroJi, AONOJHUTEJNbHBIL K YIJy BblIeTd BTOpPOi ua-
cTHLB, U T. 1. Kpome Toro, B3auMoJeiCTBHe CTAIKHBAIOIMXCS YACTHIL H
3HEpTrHsi, KOTOpasi MOXKeT ObITh Bbijle/leHa B TOM HJIH HHOM silepHOM Ipe-
BpallleHHH, ONpeJesiioTCs KMHeTHYeCKOH 3Heprueil HX OTHOCHTe/ILHOro
JIBHKEHHUSI, T. €. KHHETHYeCKOH sHeprHell B []-cHcTeMe, HE3aBHCHMO OT
TOro, KakoBa Heprus JABHXKEHHS KaxJOH M3 4acTHI[ OTHOCHTEIbHO Ha-
6monarens. B uacTHOCTH, M SHepreTHUecKHe MOPOrd peakuHii onpe-
JeJISI0TCS MMEHHO KHHeTHuecKoil sHeprueit B [[-cucreme (cm. § 10).

Hcnonb3oBanue [[-CHeTeMbl OKasblBaeTcsi 0COOEHHO YAOOHBIM H AJs
TEOPeTHUECKHX TNOCTPOEHUH, MO3TOMY uallle BCEro JUIs COMNOCTaBJEHHS
TEOPETHYECKHX U SKCHEPHMEHTAIbHBIX XapaKTePUCTHK NMPUXOAHTCS HIIH
pe3yJbTaThl SKCTEePHMEHTa [epecYHThIBaTh H3 JI-cHCTeMbl B [[-cHCTeMy,
HJIH, HA00OpOT, Pe3yJbTaThl TEOPETHYECKOro pacyera IepeBOJAHTb H3
I[-cuctemsl B JI-cHcteMy. 3aMeTHM KCTATH, 4TO (OpMyJibl A TaKHX
nepecyetoB B I[-cucTemy H 06paTHO HepeaKo HMeloT 6oJee PocToil BHL,
yeM /sl ePeXojIoB H3 J/-CHCTEMBI B KAKYI0-1HO0 NPOU3BOJIbHYIO CHCTEMY
koopauHatr. CoorHoleHus B [[-cucreme nproOperaioT ocofoe 3HaueHHE
TAK¥Ke B CBSI3H C OBICTPBIM Pa3BUTHEM TEXHHKH BCTPEUHBIX NMYUYKOB.

Wuorjpa npuXoAMTCs HCNOJL30BATH He TOABKO ofuiyio I[-cucremy,
T. €. [[-cHCTeMY CTaJIKMBAIOUIHXCS YACTHI[ HIIH BCEX NMPOJYKTOB PeaKIuH,
HO H [[-cHCTeMy JIMIIb HEKOTOPOil YacTH OMNpeneleHHBIM 06pasoM Bbl-
OpaHHBIX BTOPHYHBIX YACTHIL.

JIjist aHanu3a U HHTePIpeTalHH SKCepUMEHTaNbHBIX JaHHBIX HHOT/A
YA00HO BBECTH 3€PKa/bHYIO, HJIH aHTHIa00pPaTOPHYIO, CHCTEMY KOOPJH-
HaT (3-cHcTeMy), OTHOCHTE/ILHO KOTOPOil HasleTalolast YacTHIIA @y, MOKO-
urea (cM. puc. 2). Ecnu my; = mys, TO B HEKOTOPOM CMbIC/Ie 3-CHCTeMa
npeacTaBiseT coboil JeACTBHTENbHO 3epKajbHOe oToOpa:KeHue JI-cH-
cTeMbl (YaCTHIbL Gy U @y MEHSIIOTCS MECTaMH H T. JI.).

HekoTtopeie aBTopbI (B OCHOBHOM TEOpEeTHUECKHX paboT) HCHOJb3YIOT
TaK:Ke CHCTEMY PaBHBIX CKOPOCTEH, T. €. CHCTEMY KOOPAHHAT, B KOTOPOH
HaJleTarollast YacTHLa M YacTHIA-MHIUEHb JBHXKYTCS HaBCTpedy ApYyT
JIPYry C OIMHAKOBBIMH CKOpOCTAMH. EcTecTBeHHO, UTO NMpPH My = Mgz
CHCTeMa paBHBIX CKOpOCTeH coBmanaetr c¢ I[-cuctemoil.

§ 2. OCHOBHBIE XAPAKTEPHCTHKH PEJISITHBUCTCKOIO
ABH)XEHHS. YETBIPEXMEPHBIE BEKTOPBI

JlBUKEHHE PeNATHBHCTCKOH YacTHIBI * B HEKOTOPOH CHCTeMe KOOp-
JAuHAT ** [OJIHOCTBIO XAapaKTepH3yeTCsi 3aJlaHHeM ee MAcChl MOKOS m

* TepMuH «4acTHIa» B JaHHOM CJIyuae 03Hayaer M0G0l ABHKYUIHilca 06beKT.
., ** Ins pasauyHbIX BEJHYHH B 3TOH CHCTeMe KOOpPAHHAT GyleM ynorpeGasTh
TE XKe 0603Ha‘-IEHHﬁ, YTO H B J?'CHCTEME. T. €. B KauecTse HDOHSBO.’IBHOf{ CHCTEMEI
orcuera BhiGpana J/-cucrema, Ecrectenno, uro Bce dopMyJsinl sToro naparpada
cnpaseJJHBbl B Ji060f HHepUHalbLHOH CHCTeMe OTcuera.
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1 ckopocth fB. [Tonnas sueprus E u HMIYJIbC p 4aCTHIBI B 3TOH CHCTeMe
KOOD/IHHAT ONpPeAe/AIOTCs CaAeyIOWUMH (opmMyaamu: '

m

E = e——
Vl_'.l._ﬁ? b

o m (2.1)
V1=

Kuneruueckas sueprust 7 peisiTHBHCTCKOI YaCTHI(BI onpepeJsercs
KaK pasHOCTb MEX/AY IOJIHOH 3Heprueil 4acTHLB H ee Maccoil MOKOS.

T=m(—T—lT—ﬁ___——I). 2.1)

Beanunnbl E, T 1 p 0ueBH/HBIM 05PA30M BHIPaKaIOTCS APYT yepes apyra:
E=T+m=YVp*+m
T=E—m=Vp+m—m; (2.2)

p=VE—m:=yYT(T -2m).

YKaxeu ellle N0.1€3HbIE BHIPaXKEHHS VISl a0COMIOTHOM BETHYHHEI CKOPO-
cti B uepes E, T u p:

_P_1_m_ P _VT(T+2m)
p= E_'Vl E2 " YprLm  THm : (2.3)

[Ipu paccMOTpeHHH PeISTHBHCTCKOTO ABHMKEHHs OdeHb YAOGHO HC-
no/1b30BaTh Ge3pasMepHyl0 BEJHYHHY Y, KOTOpasi ONpeNeNsieTcsi Kak
NOJIHAsl IHEPTHS YACTHILBI, H3MEPeHHAs! B €IHHHIAX ee MACChl [I0KOs, T. e.

E = ym, (2.4)

H KOTOpYyiO Mbl OyjeM B Ja/ibHeHileM HasbiBaTh JIOpeHL-(GakTopoM
YaCTHIbI OTHOCHTE/ILHO IAHHOM CHCTeMbI OTcyeTa. B 3THX 0603HAYeHHSIX
HMIYJIBC

p = vpm, (2.4)
a KHHeTHYecKasl 3Heprus
T=({—1)m. (2.4")
Huorna npumensiercst Takxke BeauunHa

n =78, (2.5)

KOTOpast, Kak BHJIHO H3 BblpakeHus (2.4’), npejcrasjser coboit abco-
JIOTHYIO BEJIHYHHY HMIYJbCA YACTHIIbI, M3MEPEHHYIO B €IHHHLAX ee
Macchl [OKOS.

14

Bce Tpu GespasmepHble BeJHYHHBI — P, ¥ H 1] — CBf3aHb MeXAY
€060 NMPOCTBHIMH COOTHOLUIEHHAMH:

V=t _ vy T,
b= =V v
1

V===V + T (2.6)

ST = |
==V

CyuiecTByeT ouenb yIOGHOE napameTpHuecKoe npejcTasienue P, y u 1,
a HMeHHO:

p=thr;
¥ =chr; (2.7)
n =shr,

Tl€ r — napaMerp, KOTOPbIH HHOIJA HA3kIBAIOT «ObICTPOTOIY. PaBencTBa
(2.7) nosBosisAOT GLICTPO NEPEXOAUTH OT OJHON BETHUHHBI K Apyroii ¢ no-
MOUIBIO JIIOObIX MaTeMaTHHyeCKHX TaG/IML, COAEPIKALMX THIep6OJIHYe-
CKHe GyHKIHH. MOXKHO yKa3aTh TakiKe H APYroe, XOTs U MeHee yI06Hoe,
napameTpuyeckoe npejcrasjaedue f, y H 1), BbIpaKeHHOE € MOMOLIbIC
OGBIYHBIX TPHFOHOMETPHUECKHX (BYHKIHIL:

B =sing;
v=seCE=;:§; (2.8)
n=1tgg,

rae & — mapamerp.

3aBHCHMOCTb ¥ H 1) OT P npuBesiena Ha pHc. 3, a B NPHIOKEHHH |
AaHBl SHAYeHHs B, ¥ H 1 AN Pa3THUHBIX YACTHIL B LIMPOKOM HHTEpBaJIe
SHepruii.B HepeasiTuBHCTCKOM nipesene dopmyibl (2.1) u (2.1°) cBopsAT-
€A K OOBIYHBIM KJIACCHYECKHM BbIPAKEHHSIM:

mp?

E=m+—2—,

2
=, ._ (2.9)
p = mp;
L1,
v=1; (2.10)
n=1l.
3amerum, uto mMpH 3TOM 6uicTpotra r& 1 u

r=§g, (2.11)
15



T. . GLICTPOTA B HEPEJISITHBHCTCKOM CJIy Yae YHCJIEHHO paBHa abCOMOTHOI
BeJIMYHHE CKOPOCTH. B yJbTpapesiiTHBHCTCKOM C/y4de

E~p~T (2.12)
H

p=1;

Yy > L (2.13)

n=y.

Ilepemennbie, xapakrepuayiouie COCTOSHHE JBHXKEHHUSI peJsATH-
BHCTCKHX YaCTHIL, YPE3BLIYANHO y0OHO NPEICTAB/ISITh B BH/E KOMIIOHEHT

- /
L
1
10 &
= -
”
EP
| ///{
f -
.
Y
/
0’ n _
1 I /4 )

Puc. 3. 3aBucumocTb ¥ H 1] oT ckopoctH .

YeTbIPpeXMEepPHOro BekTopa. UeTbipexmepHasi FeoMeTpHYecKas HHTep-
nperauys PeATHBHCTCKHX COOTHOWIeHHIT OTpaxkaer IayGOKYIO B3auMo-
CBfI3b MPOCTPAHCTBA H BPEMEHH, YCTAHOBJIEHHYIO TE€OPHEH OTHOCHTEJb-
HocTH. IIpocTpaHcTBeHHbIE KOOP/AHHATHI HEKOTOPOro COOBITHS I H €ro
Bpems / M300pazKaloT TOYKOiH (MHpOBas TOYKA) B (PHKTHBHOM 4YeThipex-
MEepPHOM IpocTpaHcTBe MHHKOBCKOrO, MO TPeM OCSiM KOTOPOro OTKJa/ibl-
BAIOTCSl KOMIOHEHTHI TPEXMEPHOro pajnyca-BekTopa r

X=X Xg=1Y); X3=2 (%.14)
H [0 YeTBepTOif — MHHMas BeJIHuMHA
xq=1it, (2.14")
16

YerbipexmepHblii  pajuyc-BeKTOop ¢ KommoHentamu (2.14) u (2.14')
0603HauuM

s ={r, it}, (2.15)
HJIH B ManI»!tIHOf{ 3anMucH
X x
X y ,
e=1 af=ls |- (2.15%)
Xy it

Jliist VIOB1€TBOPEHHSA NEepBOro MoCTyJ/ara TEOPUH OTHOCHTEILHOCTH
(00 MHBADHAHTHOCTH 3aKOHOB IPHPO/bI OTHOCHTE/ILHO NMPeoOPasoBaHHI
OT OJIHOIl HHEepIHAa/JbHOH CHCTEMBbl OTCYeTa K APYroi) Bce (pM3HUecKHe
BEJHYHHBL JIO/IKHBl MPEACTaBASATL CO00H CKaJsIPbl, CIHHOPBI, BEKTOPbI
MJIH TEH30pbl B npocTpancTBe MunkoBckoro. B nanbueiiiem npu pac-
CMOTPEHHH KHHEMATHKH 0TPeGYeTCsl IULIb MOHATHE CKAJISAPA H YeThIpex-
MmepHoro Bektopa. Hanomuum, 4to B OOlieM cayuae yYeTbipexmepHbIM
BEKTOPOM (COKpaLEeHHO 4-BEKTOPOM) Ha3bIBAETCsI YEThIPEXKOMIIOHEHTHAS
BeJHYHHA

a;

Qs

a={A, i4,) = (2.16)

3
ay

KOMIOHEHTBI KoTopod a, (p = 1, 2, 3, 4) npeoGpasyiorest Tak e, Kak
KOMIIOHEHTBI 4-pajiiyCc-BeKTOpa S; C/1eloBaTesbHO, Bee 4-BEeKTOPbI TPaHC-
$opMHpPYIOTCsE OAHHAKOBLIM 0O6pasom. Ilo ananoruu ¢ 4-paguyc-BeKTO-
poMm s nepBbie TPH KOMIOHEHTH (i = 1, 2, 3) HasbIBAIOTCS MPOCTPAHCT-
BEHHBIMH, & @y = 1a, — BpPeMeHHOH.

Ckansiproe npoussejieHue AByX 4-BeKTOPOB @ H b onpejensieTcsi KaK

ab=a1bl+agbg+aab3+a4b4=AB——-AOBO. (2.[7)

Ksajpar 4-sBektopa — ckaisipHoe npousBejieHHe 4-BeKTopa Ha CaMmoro
cebs:

a?=a} 4 a3 +ai +ai = A2— Al (2.18)

Ksagpar 4-Bektopa Moxker GbiTh N0/I0KHTEABHBIM (a2 > 0, IPOCTPAHCT-
BEHHOTON00HbIE 4-BeKTOpbI) H oTpuuaresnbhbM (a* < 0, BpeMeHUunoxo6-
Hble 4-Bekroper). CKalsipHOe MPOH3Be/ieHHE JBYX 4-BEKTOPOB H KBaipaT
4-BEKTOpA WHBApHAHTHl OTHOCHTEIBHO MEPEXOJa OT OHON HHEeplHalb-
HOHM CHCTeMBl OTCUeTa K JApYyroii.

"BepHemca K KHHEMaTHYECKHM XapaKTePHCTHKAM YacTHLpl B HEKOTO-
pol NPOH3BOJILHOH CHCTeME KOOpAHHAT.
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TpexmepHblil HMITYJIBC YACTHILI P H ee NoJiHas 3Heprus E obpasyior
4-BeKTOp 3HEPrHH-HMIYyJbca (4-HMnyasc) *:

PO\ p,
(e[
g iE

p?=p?—E?= —m2

OnpefieJiM TaKKe YeThIpeXMEpPHYIO CKOpOcTh (4-CKOPOCTb) YaCTHILb!

uth VB
; u® By

U= {?st 1?} == u(s) = Yﬁz (2.20)
ut4), iy

Ut =P —y = — 1.

YeTblpexXMepHblii HMIYJBC H 4-CKOPOCTb CBsI3aHbI TMPOCTHIM COOTHOLIE=
HHUEM, COBMNAJAIOUMM C OObIYHBIM KJIACCHYECKHM BbIpaXKEHHEM

F0) = mut, (2.21)

YeThlpexMepHblil HMIYJbC MOXKHO NOCTPOHTh HE TOJLKO /ISl OTAeNb-
HOIl YacTHIBI, HO H /s JI0OOH COBOKYMHOCTH HEB3aHMOJEHCTBYIOLIHX
YACTHIL.

§ 3. NPEOBPA30BAHHSA JIOPEHUA 1
(MPEOBPA30BAHHUS 3HEPTHH H HMIYJIbCA)

PaccmoTpum  Temepb fIBHBIe  BblpaxKeHus Aqa  npeoOpasoba-
nuil JlopeHiia, cBS3bIBAIOIIUX KHHEMATHYECKHE XapaKTePHCTHKH da-
CTHLBI B JIBYX MHEpUHaJbHbIX CHCTEMax OTCYeTa, OJIHA H3 KOTOPBIX
JIBHIKETCS] OTHOCHTEJIBHO JPYTOil ¢ NMOCTOAHHOI cKopocTblo. B kauecrse
KOHKPETHOro NpHMepa JiByX TAKHX CHCTeM OTC‘IETauBblﬁeDEI:‘! JI- n [[-cu-
CTeMbl — IPaKTHYECKH Hanbojiee BaXKHbIH YACTHBIA CJy4YaH ABYX HHEp-
nHanbHbeIX cucreMm. OQAHAaKo TakoH BHIOOp He CHHiKaeT OOGIIHOCTH MpH-
BeJIeHHEIX (POpMY.I, NOCKOJIbKY NPH PACCMOTPEHHH PeJISITHBHCTCKHX Npe-
00pa3oBaHMil pa3JHYHLIX BeJHYHH HHKaKue creuudHuecKHe CBOHCTBA
[]-cucTeMbl He HCHOML3YIOTCS, KPOME TOrO, YTO OHA JIBHIKETCH OTHOCH-
TeJIbHO JI-CHCTEMBI C TOCTOSIHHON CKOPOCTHIO B (Y. — COOTBETCTBYIOLIHI
JOpeHI-(paKTop) H MO3TOMY BCe IpHBeAeHHble (HOPMYJIbI CrpaBe/yinBbI
JJIs I00BIX HHEePLHa/bHBIX CHCTEM OTCUeTa.

W3 Broporo mnocryjara TeOPHH OTHOCHTEJNBHOCTH (O IOCTOSAHCTBE
CKOPOCTH CBeTa B Ji00OH HHEpIHAIbHOH CHCTeMe OTCyeTa) CJeayer

* Mupekc komnoHentsl (B = 1, 2, 3, 4) nas 4-uMnyabca W aas 4-cKopocTh
GylieM noMelaTh BBEpXY B CKOOKAX ¢ TeM, YTOGbl COXPAHHTb HHXXHHE HHAEKCH AN
0603HAUEHHs «HOMEpa» 4acTHLUEL.
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HHBAPHAHTHOCTL HHTEPBAJIA — PACCTOAHHMSA MEXKAY JBYMA TOUKAMM
B UETBIPEXMEPHOM HPOCTPAHCTBE, H, CJEJOBATENLHO, JJIHHLI J1060r0
4-exktopa. [lpeoGpasoBannsi yeTblpexMepHBIX KOOPAMHAT, OCTABASIO-
LHe HeH3MEHHOH AJIHHY 4-BeKTOpa, CBOASTCA K MOBOPOTAM M napaJ-
JIeJIbHBIM 1l€peHocaM B yeTeipexmeprom npoctpanctse. JIio6oil nosopor
B TaKOM MPOCTPAHCTBE PA3/IOKHM HA NOBOPOTHI B LLIECTH B3aHMHO nep-
MEHAHKYISAPHBIX TIOCKOCTAX XX, XXy, XXy, XpXg, XoXy, X3X;. C reo-
METPHYECKOH TOYKH 3penus cobGeTBenHo npeobpasosanns Jlopenua—

X=X
X’" XQ

z 2"
a g

Puc. 4. Hanocrpauus K cneunaasHoMy npeo6pasoBannio Jlopeuua:
a -—TpexMepHas KapTHHAa; § — ueThipexMepHas KapTHHA.

NMOBOPOTbI B [VIOCKOCTSIX, OMPENe/IsieMbIX BpeMeHHOH OChIO X, H OJHOI!
H3 IIPOCTPAHCTBEHHBIX Oceii. OcTanbHble NPeo6pPasoBaHHs —  [OBOPOTHI
B OOBI4HOM TPEXMEPHOM NPOCTPAHCTBE H NapaJlIesIbHbIE 11epeHOCH Hayana
KOOP/AHHAT WJIH Hayaja oTcyeTa BpeMeHH — MNPEJCTaBIISIOT Co6oi npe-
00pasoBaHus B npeaesax OJHOH H TOIl JKe MHePUHANBLHOI CHCTEMBI OT-
CueTa, H OHIH HAcC 3/1eCb HHTEpecoBaTh He 6yAYT *. B cooTBeTcTBUM C 9THM
HanpasHM OJIHOMMEHHbIE MPOCTPAHCTBEHHblE OocH B JI- u I[-cHcTemax
fnapajiesibHO APYyr APYyry, CYUTasi, YTO B HEKOTOPbIH HAYaAJbHBIH MOMEHT
BpEMeHH KOOPAHHATHbIE CHCTEMbI CoBNajany. CHauana Aast ynpouenns
BBIK/IAJIOK  [10JIOXKHM, 4YTO BEKTOpP B, HanpasjieH BRoJL OCH x **
(puc. 4, a). B s1om cayuae npeoGpasoBanusi Jlopenua oanayaor no-
BOPOT B MJIOCKOCTIL X3 Xy HA MHHMBIITL YTOJI % (CM. pHC. 4, 0), y10BAETBOpS -
oMl paBeHcTBy *¥*

tgx = if,, (3.1)

* O6wee npeoGpasopanne Jlopenua, Bkalouaiollee POCTPANCTBEHHEE No-
BOPOTHI }l TPAHCASIUHH, MOKHO HaliTH, Hanpumep, B kuurax [11] 1 [12]. Cum. Tarxke
6

** IlpeoGpaaosanue Jlopenua npH Takom BuGOPe KOOPAMHATHEIX ocefi npH-
HATO HA3blBaTh creuHalbHbIM npeobpasoBannem Jlopenua.

**% 3ameTHM, 4TO YroJl 7 HeNnocpejACTBEHHO CBA3AH C Gel€TpoOTOI 7, B napa-
MeTpuueckoii sanucu (2.7): nockonsky thr, = B, 1o = irg.
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H AJs 4-UMIyJbCOB

P
. Py
& = (p, iE} = (3.2)
p.
iE
H
Px
g+ = (p*, iE*y = P (3.2")
2
iE*
OIMMUCBIBAOIIHX YaCTHLY B ABYVX cUCcTeMax KOOpJAHHAT, UMEewT BHI:
P ve 00 ivBe\ /Px
| 0 10 0 Py 33)
p. |7\ 0o o1 0 p. '
IE* —ipf 00 v iE
HJIH COKpalleHHO
§* = L(B,) P (3.3

Marpuny L (B,) npeoGpasoeanus Jlopeuia unoria ObiBaeT yI06HO
sanucaTh uepes GbicTpoTy r, [eM. dopmyay (2.7)]:
chr, 0 0 ishr,
0 10 O
L(B,)= 0 01 0 | (3.3")
—ishr, 00 chr, :

IlockoseKy JI-CHCTeMa JBHKETCSI OTHOCHTENbHO []-CHCTEMBI CO CKO-
pOCTbiO

pe = —B. (3.4)

TO Matpuua oOpaTHOro npeo0pasoBaHHUA

& =L""p)F" (3.5)
nosyuaercsi us L (f,) sameHoii
) ; B, —— B (3.4")
T, €,

L= (B;) = L(—Bo)» (3.47)
P
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/ Pz / % 0 0 —iy.P. pe
p,\ | 0 10 0O py
. 0 01 0 o (@)
iE iy, 0 0 %, iE*

EcrecTBenHo, uTo (opMysbl (343) u (3.5) cnpaBeAJussl U AJs Ji0GO-
ro MPOM3BOJILHOrO 4-BeKTOpa.

F’i P

Puc. 5. PasjoxeHine UMMYJbca YacTHUB! HA MPOJOJBHYIO H Toneped-
HYI0 cocTaBasiomne a —Jl-cucrema; 6 — I[-cucrema.

[TpeoBpasosaunst (3.3) u (3.5) As OTAEJbHBIX KOMIOHEHT AAKOT:

pr = (P — B E); \
Py = Py

t ! (3.6)
Pz = Ps ‘
E* = '\’c(E_ﬁ.-:px) ]
d oGpartHoe npeofpasoBaHue
Px="Ye (pt + BeE*);
Pz = P (3.6)

Py =Dy’

E = v, (E* + B, px)-
[pakTHueCKH NpH pacyeTax yJ0OHO MOBEPHYTb 0Ge CHCTeMbl KOOpAHHAT
BOKpYI OcH X — x* TaK, yToObl paccMarpuBaeMas YacTHIA ABHIa/lach
B TWIOCKOCTH Xy — x*y* (puc. 5), U Pas/IOXKHTb UMITYJIbC YaCTHIb! HA J1BE

COCTABJISIONIHE — NAPAVIEJIbHYIO BEKTOPY B (MPOAOIBHBIH HMITYJIBC P
M p)) M NepreHAHKYIAPHYIO BeKTOpY P (monepeyHslii HMIyJIbC Py H pL):
p=1py+Ps; }

& * 3'7)

p* =p)+ P.. (
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YerbipexmepHble HMnyasch (3.2) u (3.2") B 93THX 0603HAUCHHAX 3ATIHCHI-
BAIOTCA B BHJlE:

2 pcos ¥
g —| Po psin ¥
o o 121 5 (3.8)
iE i E
Pl p* cos 9*
* *sin 0%
P*= %‘- | = 0 (3.8")
iE* i E*

rae & 1 9% — yriibl MexAy HMIYJIbCOM YACTHUBL U BEKTOPOM B, B COOT-
BETCTBYIOIIEH cHCTeMe KoopAauHAr. JIpyruMH CJIOBAMH, Mbl Hepeuuiu
K cepuueckum Koopaunaram (p, 8, ¢) u (p*, 9*, ¢*), BuGpas Hanpas-
JieHHe CKopocTH B (0cb x — x*) B KayecTBe NOJSPHON OCH H OTCYHTHIBAS
A3HMYTaJbHBIE YIVIBL @ H ¢* OT MJIOCKOCTH, B KOTOPOIi IBHKETCH YacTHLA
(mrockocTb xy — x*y*). AsuMyTanbHBI Yroa npH npeobpasoBaHHMX
Jlopenua ne mensiercsi:

P=pr=0, (3.9)

[Toncrasyss 4-umnyanscer (3.8) u (3.8) B o6uwme dopmy.nt (3.3) u
(3.4), mosyyaeM A/t OTAEJbHBIX KOMITOHEHT:

P =7e (n— B E) = 7, p (cos® — ﬁ—)

pL="p.; (3.10)
E* =y, (E—B.p)=7v.E(1—B B cos?)
u obpaTHoe npeoGpasoBaHue
pi= 'I’c(PLT + ﬁcE*) = ?rp‘ ( cos §* + %);
po=pl; (.10
E=v,(E"+ B,p) = v.E" (1 + B, B* cos 0*).
Hns kBajpatoB ummyJibcoB
2 2
PP=pi+p. u p=p +pt @.11)
noJsiyuyaem
2
p*t = p? [vf (cosf} — Eg-) - sin"ﬁJ- (3.12%)
22

pt= 017 (cos 0 4 o )" 4 sinor (3.12)

O6otuienre dopmya (3.6) u (3.6") B cayuae, KOrja BEKTOp CKO-
pocTi P, He mMapajJeJeH OcH X — X, B TPeXMepPHOH BEKTOPHOH 3a-
THCH HMeeT BHJ,

" Te .
pr= p-t-vcﬁc(;;—lﬁcp"—ﬁ)'] (3.13)
E*= 'Yc(E_ﬁc P)

p=p"+ 7B (%ﬁ—lﬁcp”r E*);] (3.13")
E =v.(E*+ B.p")-

§ 4. MPEOBPA30OBAHHUS JIOPEHLA 11
(PENSTUBUCTCKHHA 3AKOH CJIO)KEHHSA CKOPOCTEMWN.
NMPEOBPA30OBAHHUE JIOPEHI-®AKTOPOB)

PaccMoTpuM  cBsI3b  MexJy 4-CKOpOCTsMH B JBYyX CHCTEMax:
u = {yp, iy} n u*={y*p*, iy*}. PasnoxkuB CKOPOCTb HUACTHILEI
B JI- ¥ [[- cucTeMax Ha MPOJOJbHYIO ¥ MONEPEYHYI0 COCTaBJISAOMHE

ﬁ=ﬁi+ﬁi» (4-1)
ﬂ* = F'II +ﬁJ_’

MPHMEHHM K COOTBETCTBYIOMIMM 4-CKOPOCTSIM NPe0GpasoBaHus Jlo-
perna (3.3) u (3.4):

'?* ﬁ‘llt Ve 00 iYc ﬁt‘ ?B"
¥ o 0 1 0 0 vB.
— 4,
i OﬁL — 0 0 1 0 0 (4.2)
ivy* —iy.B. 0 O Ve iy
?ﬁll Ve 00 — i?c ﬂu‘.‘ Yﬁ;;
w.| (0 10 0 B (4.2)
o ]7l o o1 o0 0
l? i Ye ﬂc 0 0 Ye l?*

BpeMeHHbie KOMIOHEHTHI JAl0T 3aKOH IPeoGpasoBaHHA JopeHI-ak-
TOpOB

?*=Yc?(l—ﬁcﬁli)=Vc?(1_pcﬁcos'a’)= 2



=?c?—V-v§—l]/'\?“—1c051‘}; (4.3)
v =77 (14 B.B) = v.¥* (1 + B. B* cos 9*) =
=77+ V ¥2—1 V9" —1cos 0", (4.3')

a NpOCTPaHCTBEHHbIE KOMIOHEHTH! [c yueToM cooTHoweHu# (4.3) u
(4.3")] — pesATHBHCTCKHIT 3aKOH CJIOMKEHHs CKOPOCTei:

8— 8
i =1_—qg,"" -
s '
L l_ﬂcﬁ”’
B B )
B 1488 _
ﬁ — ﬁ“L .
COLERA

OGo6uwenne dopmya (4.3), (4.3") u (4.4), (4.4') ansi peSATHBHCTCKOrO
CJIOXKEHHsI CKOpOCTefl B cjydae NPOH3BOJILHOTO HAlMpaBJeHHs] BEKTOpa
CKOPOCTH [, OTHOCHTEJBHO OCH X — X* HMeer BHJ:

B+ B, n[ (B:8) — ]

P = o ; (#:9)
P =v.v(1—B:B); (4.6)

SO N | |
b= i ’ (4.5
Y =7v.v" (14+B:B*). (4.6")

B otannyue ot HEPEJIATHBHCTCKOI'O 3aKOHA CJIOKEHH 5 CKOpOCTefi

B =P+ Be (4.7)

B (4.5') cknajbiBaembie CKOPOCTH B* i P, B OOIEM cilyyae BXOAAT He-
CHMMETDHYHO, M Pe3yJbTaT CJI0KEHHS 3aBHCHT OT NOp#AJKa, B KOTOPOM
CKJIaJIbIBAIOTCSl CKOPOCTH TaKuM 00pasoM, 4TO NpH MepecTaHoBKe

B* =B (4.8)

pesyJbTHPYIOLas CKOPOCTb B MEHsIeT CBOe HamnpaBJieHHe, OCTAaBasiCh
HEM3MEHHOH 1Mo abCoJIOTHON BesHuHHe [ocKoabKy opmyaa (4.67) aas
Y CHMMETpPHYHA OTHCCHTEJIbHO InepecTaHoBKH (4.8)]. Ira ocoGeHHOCTh
PEeNATHBHCTCKOrO CJIOXKEHHs CKOPOCTEH TECHO CBsi3aHa ¢ KOMMYTALHOH-
HBIMH CBOiCTBamu npeoGpasopanus JlopeHua, o yeMm GyjeT WATH peub
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B § 6. Jluwb B yacTHOM cayuae, Korja ckopoctu §* u fi. Bsaumuo napasn-
JleJIbHBl MJIH aHTHIAapa/ljleNbHbl, Pe3yJbTHPYIOUlas CKOpocTh [} He 3a-
BHUCHT OT nopsjka cjoxenusi. [Ipu 3ToM peasusyioTcsi SKCTpeMasbHble
3HAUEHHs CKOPOCTH [ H COOTBETCTBYIOIWIErO JIopeHl-(pakropa:

ecan B* u B, mapanjenbHs,

_ 4B
B = 15,5+ (4.9)

V=1 BB = vy + V1Y v —
ecau P* u P, aHTHNapaJIesLHbI,
18*—Be| .
ﬁ—:‘ 3
TR (4.97)
2
V=1t (=B =vr* =V 02 =1V 1L
AHasorruHble BHIpAXKEHHS MOXKHO HamucaTh # A B, v, Bo, po.

Ecou cxopocta P, u P* — ysabTpapessiTHBHCTCKHE (MPAaKTHYECKH
J0CTaTOYHO, YTOGHl ObLIO Y, ¥* > 2 < 3), TO NPHOJHKEHHO

1 1
ﬁczl*;{s. pr=1——0pF P (4.10)
H
Y+~ 2. 7% (4.11)
o i £ T*
V-~ (?i_+'17)' (4.12)
fIpHUYeM
Wipe 5 P (4.13)

Bocrnonb30BaBIuKMCh apaMeTpHYecKHM npejcrasieHnem (2.7), sa-
muureM (4.9) u (4.9') B Buje (0003HAYEHHS OUEBHIHDI):

y+=chry=chr,-chr*+shr.shr* =ch(r,+r*);

thret thr* (4.14)
ﬁ+ = t]‘lr_}_ == _l ¥ {h}'&-'thr* = th(rc-i—_r*)

y—=chr_=chr,.chr*—shr,.shr* =ch(r,— r"‘);]

_ _ thr,—thr* d
B el = e ST J

(4.14")

Takum o6paszoM, 115t GLICTPOT r IPH CJI0KEHHHU MapajIe/IbHbIX HIIH aHTH-
napaIeIbHEIX CKOpocTeil JefiCTBYeT MpaBHJIO IPOCTOro ajnrebpanue-
CKOr'o CJIOMKEeHHS, COBMAJAONIEe C HEPEJIATHBHCTCKHM MPABHIIOM CJIOKE-
Hus ckopocreit. PopmyJinl (4.14) u (4.14) no3BoOJAIOT JIErKO CK/AJLIBATD
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napajjie/ibHble U aHTHNapaJjjieJibHble CKOPOCTH € MOMOLIbIO TaOJHLL TH-
nepOoJHUecKHX (DYHKIHH.

®opmyJasl npeobpasoBanus Jioperu-akTopos (4.3) u (4.3") MOK-
HO BLIPA3HThL Yepe3 3KCTPeMajibHble 3HAYEHHS Vi, Y, ﬁ_, Yo

Y= I?C'P‘ (l 'i_ ﬁc‘ ﬁ*)] cos® % _}_ [?c ?* (]- = ﬁc B*)] sin® "1;‘ s

®

=iy cosz%— + y— sin? 82—*; (4.15)

¥

V= [9c7 (L+ BoB)Isin® 5 + [v.v (1 — B, B)l cos® 5 =

=7 sin“% + 7 cos‘%- (4.15")

§ 5. NIPEOBPA3OBAHHSA JIOPEHUA 111
(TPA®HYECKOE MPEACTABJEHHE H NPEOBPA3OBAHHE YIJIOB)

CoOoTHOLIEHHE MeXKAY yIVIaMH H HMIYJbCaMH B JIBYX CHCTeMax Koop-
JIHHAT, CBSi2aHHBIX TNpeoOpasoBaHUsIMH JIopeHlla, MOXHO HarJIajgHO
MPEJCTABHTH € NMOMOLIBIO POCTOro I'PadHYECKOro nocTpoeHus. Pacemor-
pUM mepexoi K3 L[-ciicTeMbl B JI-CHCTeMY NPH HEKOTOPOM (PHKCHPOBAH-
HOM 3HAUEHHM MOJYJS HMIyJbca p¥; Takas 3ajadya vyacTo BO3HHUKAeT
B npakrture. Ilpn uameneHun yryia #+¥ Konel BekTOpa p* OnuChIBaeT
BOKPYI Hayasa KOOPAHHAT B IVIOCKOCTH x*y* (BbIOOpP KOOPAMHATHBIX
oceil CM. Ha PHC. 5) OKPYXKHOCTb pajuycoM p*, ypaBHEHHE KOTOPOJt
(B mepemMeHHbIX p; H p1)

p*a p‘s
# p—;= 1. (5.1)

[Tepexojisi K MepeMeHHLIM Py H p, € IoMmolplo npeobpasosanuii (3.10),
moJyuaeMm, 4To B J/-CHCTeMe 3Ta OKDYXKHOCTb TpaHcdopMmupyercs B
SJIJIHIIC

(pli_Tcﬁc ‘E*)a pi

!l tz=1 (5.2)
Ye P¥) p*?
C nogyccsaMu @ = yp* u b = p*. UenTp aanrnca cMellleH OTHOCHTELHO
HayaJjia OTCYeTa HMNYJbCOB P Ha paccrosnue ¢ = Y.p . E*. Pokycs 3a-
Jaurca F oTCTOST OT erc lLienTpa Ha pacctoakue [ = y a® — b* = y.p.p*.
JKCUeHTPHCHTET 3aaunca e = f/la = P,. CymecrByer npocroii croce6
nocTpoenusi Takoro aagunca (puc. 6). Buibepem touky O* B KauectBe
Lauasa KoOpAHHAT B [[-cHCTeMe M GIHIIeM H3 3TOl TOYKH OKPYKHOCTh
paauycom p*, T. e. okpyxHocTs (5.1). Paauyc okpyxuocta O*A, npo-
pejennsii 3 OF noj yroom 8% k ocu x*, 6yjer Hso0paxkares B BEIOpaHHOM
M acTabe uMnyvaLe p¥. 3ateM 13 Toro e lentpa O* onuulem Benomora-
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TEJBHYIO OKPYJKHOCTL papmnyca y.p* u npoposnxum O*A jo nepeceye-
HUA € 3TOIT OKPYHHOCTBIO B Touke B. M3 Touek A u B nposejem napaj-
JIeJIbHO OCAM KOOPAHHAT NMpAMbIC, TOYKa NepeceHyeHHA KOTOPLIX C, Kak
HETPYAHO 10Ka3aTh, JIEKHT HA HcKoMom aaaunce. IToBropus aty npo-
LEeAYPY HECKOJBbKO Pas JJIst PasJHUHLIX 2Havennii #¥, MOKHO BOCCTaHO-
BHTb BeChb JJIHNC HMOYJAbCOB. OToKUB 3aTeM BJeBO OT ToukH O* or-

Ay b

Puc. 6. INoctpoenne saaunca HMIYJabCOB.

pesok ¢ = yp.E*, Haijjiem Touky O — Hauano KoopjauHat B JI-ci-
cTeme, Tak yto otpe3ok OC u3o6paxaeT UMIYJbC P B TOM XKe Maciurabe,
B KOTOPOM OTJIoXKeHa Bennunna p*. Touxa O ans wactui ¢ maccoit m == 0
BCErJIa JIEXKHT Jlaablie OT IeHTpa 3J/1u1ca, yeM (okyc F, npH 3TOM OHA
MOXKET HaXOAMTBLCS KaK BHYTPH 3/.HIca, Tak U BHe ero (puc. 7). Has
VABTPAPENSATHBHCTCKOM YacTHLB!, v KOTOpoil m = 0, Haya10 KoOpAHHAT
O coenajaer ¢ Qokycom F.

YCTaHOBHM Temepb CBSI3b MEXK/Y YrJaaMmu BblIeTa YacTHI B J/- H
[l-cucremax. ITojcrassisis Bbipaxenus (3.10) u (3.10°) B oueBuHbIe

paBeHctBa tg ¥ =p . /p, tgd* =p’/p, nonyuaem

tgd = — *p*si‘rl:l*; 5 =_l_,.-__5:i“_'rf__; 5.3

te (p* cos #* 4-fi; £7) Te (cosf}* - ?;_) ( . )

* o psind . sin & )

tgﬂ’ = T‘,(pCOSU——ﬁt‘E) _F.E‘_T. (53)
(cos%i_T)
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I'papuxn dopmyJbr (5.3) A5 HEKOTOPBIX, 4acTO BCTPEUAIOLLMXCS Ha
npakTHKe, 3HAUEHHH Y. NpHBeensl B [IpH/oKenny I1.

&<

&1

Puc. 7. Bujp saaunca HMOYJALCOB NPH PasjiHuHLIX 3HAYEHHAX na-
pamerpa % = P,/p*

‘Hafizem Buipaxkenue s yraa O* kax pyuxuun yraa § npu ¢pukcupo -
BaHHOM ,?*. OueBHIHO, YTO JISI ITOrO yA0GHee MoJab30BaTLHCH He (hopMy -
Joit (5.3"), a pewnts ypaBHenue (5.3) OTHOCHTENIBHO cos §*:
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—3, 12 E*sin® 9 £ | cos 8| V2 — m?12p2sin® %
p* 12 (1 — 42 cos®b) o

= 'L'{g tg? 9§ &+ Vl +(1 s 73 tg® 9

cos U =

N 1+, te®9 ’ (54
rjae
-3
ﬁ*

Tlas janbHeiiero noJe3Ho HMETb TaKKe 3aBHCHMOCTDb abco/moTHOH
BeJIMUMHbL MMYJIbCA YACTHIB! B JI-CHCTEME OT yIVIa BBUIETA B TOH JKe CH-
creme npH GHKCHPOBAHHOM p*, KOTOPYIO MOXKHO MHOJIY4HTb, TOACTABHB
puipaxenne (5.4) B dopmyay (3.10):

cos ¥
%, E*cos & & Tcos 87 V-p*s ey ﬁf sin? &
p= (0= B2 cos® 1)

e V I+ =23 te®s)
(1+ 17 tg* ¥) cos § '

[Tpoucxox/eHne AByX 3HAKOB B dopmyaax (5.4) u (5.5) u npaBuIO HX
ynoTpeGeH sl JIErKo NMOHATH C IIOMOLIBIO PHC. 7. W3 pucyHKa BUIHO, UTO
XapakTep CBSI3H MeXJy yriiaMu f u #* pasguueH H 3aBHCHT OT TOrO,
JIEXKHT M Hauaso KoopAuHAT O BHYTPH HJIM BHE 3/IIHIICA, YTO ONPEAe/Is -
eTCs OTHOLIEHHeM PaccTOsiHHs ¢ K GOJIbLIOH MOTYOCH SJIUIHNCA a:

(55)

¢ TeBeE* B 6
-—-=—-—;—-=—-;::.'.}ﬁ, (5-)
a Te P
T. €. B KOHEYHOM CUeTe OTHO- g
ieHuemM ckopocrei %. Pac- 7
CMOTPHM BCE BO3MOXKHbIE x=<1

cayyad (cM. pHc. 7).

1) x<1. Touka O Je-
JKUT BHYTPH 3JuiHmnca. Yroda
{ MoXKeT NpHHHMATh JoGhIe
3HAYEHHsI, NPH ITOM TMOAKO-
peHHoe Bbipaenue B (Hop-
mysnax (5.4) u (5.5) Bceraa
nojsokuteabno, Mexay O

Puc. 8. Xapaxtep 3aBHCHMOCTH
yraa § BbiTera yactuusl B JI-CH-
creme ot yraa $* B [[-cucteme
NpH pas3jHUHEIX 3HAYEHHAX Ma-
pamerpa == B./p*

=
raly |
=
sa
3

=
=

-



u % (1 coorBercTBeHHO Mexjay ¥ M p) cyllecTByeT MOHOTOHHAS
B3aUMHO OfHO3HauHas cBsi3b (puc. 8 u 9). IlpaBwio ynorpebienus
snakoB B (Qopmynaax (5.4) u (5.5): suak «+» npu 0<H<m/2;
3HaK «—» npH /2 <& <.

P"-’p‘}}m\
!
;P
)
=1 =1
J:_l
Pm-/r»]/zﬁg;.f L
|
Pt o |
e feocr” |
: 1
. Z 7w X F 0 g X
2 2 2

Puc. 9. Xapakrep 3aBHCHMOCTH aGCo/IIOTHON BEJHYHHBI HMIyJbca p oT yraa f} B
"

JI-cHcTeMe NpPH pasiHYHBIX 3HAUEHHAX mapamerpa = = PB,/P

3ameruM, 4TO mepBoe paBeHCTBO B (opMydie (5.4) MOKHO ObLIO Obl
sanucarth 6e3 3HaKa MOJYJisl y COS i H COOTBETCTBEHHO OMYCTHTh MHOXKH-
Tesb cos i}/|cos §| B nepBom paBenctse (5.5), HO TOr/1a IPABUJIO YNOTPeEs-
JIEHHs1 3HAKOB B MePBLIX H BTOPLIX paBeHcTBax (opmya (5.4) u (5.5)
Obi10 OB PA3JIMUHBIM, YTO MOTVIO Obl B Jla/IbHEHLLIEM IPHBECTH K NyTaHHIE.

[Tpu cos # = 41 BeanunHa p jgocTHraeT HaHGO/bUIErO0 H HAHMEHb-
LIero 3HayeHHs

pE) = p*y, (1 £ ). (5.7)

2) » = 1. Touxka O snexuT Ha s/auunce. Yroa i He MOMET MpPEBLI-

ware /2. Bce Qopmysbl cyulecTBEHHO VIIpoIiaioTCs; Tak, u3 ¢op-
myasl (5.3) caenyer

1 sin #* 1 {H* e
tgd= - rer = €T (5.8)
a u3 opmyast (5.5)
___2teosh
o= 7, (1 —B7 cos®9)’ (5.9)

Ces3b Mexxay & 1 8% (1 Mexay ) u p) TakxKe MOHOTOHHASI, B3AHMHO OJ(HO-
3HayHas (cM. puc. 8  9). DTOT yaCTHBIN Cayyail OueHb BayKeH JVIA Mpak-
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‘THKIH: BO-TIEPBHIX, OH PEasu3yercs NpH YIpyroM paccesHiii, BO-BTSph{x,
OH SIBJISIETCS Y/ILTPAPe/IATHBHCTCKHM IPE/EJIOM, KOraa p.— 1lup* —1.
Makcumanbioe 3Hauenue p (npu ¢ = 0):

piH =2p* v, (5.10)
MHHAMAJBHOS 3Hauenue p (mpu O = /2):
p) =0. (5.10)

3) » > 1. Hauano koopAuHar 0O B JI-cucteMe HaxXOJIHTCsH BHE
saaunca. Yroa ©F (4 COOTBETCTBEHHO MMITYJbC p) — ABy3Ha4yHas
dyukuus ot § (cm. puc. 81 9). O3patnas QyHKUHA — 3aBHCHMOCTb yriia
% or §* -— oJHO3HAUHA, HO HE MOHOTOHHA: YroJ } He MOXKeT MpeBbIllAaTh
HeKOTOPOTO 3HaueHHsl Hyaxc < 7U/2, NPH KOTOPOM BEKTOP p HANpABCH
10 KacaTeJbHOil K 3JUIHICY HMIYJbCOB, a MOJAKOPEHHOE BbIpAXKEHHE
B dopmyaax (5.4) u (5.9) obpawaercsd B Hy/b. Orciofa HaHIeM

A hyake

- 5.11
tg Fyaxe = T V’-g— 1 ( )
HJH
i 1 e V-1 5192
sin Qyake = o= BT e ————s ( ) )
B Ve o LS R

Yray Oyaxe B [[-cHcTeMe COOTBETCTBYET VroJ Yoaxe > T/2, TPHUEM>
goacrasass ¢opmyay (5.11) B Bepaxenne (5.4), umeeM

€08 Oyaxe = — % (5.13)

CooTBeTCTBYIOIMA UMY /IbC B JI-cHCTEME

JEDT+HEE=D] _

Puaxe = P

*
o« Jebe B o B 5.14
= 1'13“1/1_ = | P e

Be

B ¢opmyaax (5.4) u (5.5) HCmOJb3yOTCA ofa 3HaKa, MpPHYEM
*®
pellleHHe CO 3HAKOM «--» OTHOCHTCS K 9% > Fyaxe, @ peLICHHE CO

* *
sgakoM ¢—» K 0% < Oyaxc ’
MakcHMasibHOe 3Hauenue p nosyuaerca npu ¢ =0, ¢ =0, a MH-
guManpHOe — npu O =0, ¥ =m:

pE) =p*y (% 1) (5.15)

Bce NOMyueHHBIE COOTHOMIEHHSI, OTHOCSIIHECH K (PHKCHPOBAHHOMY
p*, MOTYT OHTh JIErKO NPHMEHEHbl H B C/yuae (PUKCHPOBAHHOTO HM-
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nyqasca p B JI-cucreme (uau B/P). s aTOro Hy’KHO NPOU3BECTH OObIU-
HYIO 3aMeHY:
Pe
K> — —ﬁ_ 3
5.16
pP=p% (5%

i = i

B 3akziouenne paccMOTpHM MNpejie/ibHble BbIPAKEHHs s (DOpMY.I
npeoGpasoBanus yriios (5.3) u (5.3"). YKe roBopua0OCE, UTO y/IbTpapeis-
THBHCTCKHM IIpeJeJIoM it BhipaxkeHus: (5.3) cayxkut dopmysa (5.8),
KOTOpasl 4acTo MPHMEHSETCH B KauecTBe NpHOAHKEHHOH. [leficTBUTeb-
HO, nMapameTp ¥ yiKe npu Jopenu-¢pakropax y, H y* > 2--3 mauo or-
JIHYAETCsl OT eIHHHIIbI:

1 | _

[Tostomy Bo MHOrHX 3aj1auax OTHOCHTEJIbHO GOs1ee IPOCTbIe hOpMYJIbl PH
® = 1 cayxar oueHb XOpOWHM NpuOJAMIKEHHeM st GOJblIel YacTu
YIVI0B (HCKJIOYeHHe cocTasisiior yrabl 3% &~ xt, koraa cos 0% ~ —1).
OcoGeHHo WHPOKO TaKkoe MPHOMHKEHHE HCIOB3YeTCH B GH3HKE KOCMH-
YECKHX JIyUeH.

YIbTpapensiTHBHCTCKHIT TIpejiest 06paTHOi (hOpMyJIbI (4.1") npu
B.—~1, p—1 ecms

. 1 sin # 1 i} ,
tgd ~ ¢ cos¥—1 =_*?Ctg_§-' (5.8

Xorsa Ans peanbHbIX YacTHIL OTHOLUeHHe P,/ yacTo GbiBaeT jeicTBH-
TeJIbHO G/IH3KO K e/IMHHLE Jaxe ¢ Gosblueii TOYHOCTbIO, yeM P/B* = x
(mockoNbKY B CpelHeM 3Heprusi YacTuil B JI-cucTeMe GOJbIUe, ueM HX
3HeprHs B [[-cucteme), yriibl BbleTa ¥ GOJbIIHHCTBA YAaCTHIL B JI-CHCTeMe
npH 3ToM 06bIYHO HeBesuKH. Tak uto cos O =~ 1 u sHamenatenn cos 9 —
— P/P B dopmysie (5.3") npencrasssier coGoit Manyio pasHOCTb ABYX
G/IM3KHX uHCeJd. 3TO 0OCTOSITENBCTBO MOKET OKAa3aThCsl HCTOYHHKOM
GOMBIIMX BBIYMCIHTENBHBIX OIIHGOK, MOITOMY MOJb30BATLCSA YJIbTPa-
peaATHBHCTCKOI (opmy.ioit (5.8") B kauectBe npudamkenxoit ans (5.3%)
HYKHO € H3BECTHOH OCTOPOXKHOCTBIO.

B nepeasituBucrckom cayuae (B, < 1, p*« 1) sanunc umnyabcos
(cM. pue. 6) B JI-cucTeMe NpeBpaLlaeTest B OKPYKHOCTL (a = b = p*),
KOTOpasl COBIIJl@eT C COOTBETCTBYIOMIEH OKPYIKHOCTBIO B [[-CHCTeMe
(roukn A, B u C na puc. 6 causawores B ofny). Maciira6 rpaHuyecKoro
NOCTPOCHHS yAOOHEE H3MEHHTb, MOJE/IHB BCE JIHHEHHBIE PasMepbl Ha
Maccy 4acTHIbI /71, T. €. OTKJa/IblBaTh CKOPOCTH, a He UMMyJ1bChl (puc. 10).
Dopmyast (5.3) u (5.3°) nepexoasaT B opmyJb!

tg ﬁ' = Sine T = *.ﬁg Si‘ﬂ*““ﬂ N
cos J* _]__iq_ p* cos ¥* 4B,
ﬁ*

(5.18)
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sin i

g = ——— =
5 cosﬂ-—-ﬁ:-‘_ A ﬁ’
# sind . 0} g"

=TPcosv—p,  (5.18) A
OG6umit xapaxtep cBfA3H
Mexay yraamu 0% u 4 (oM.

puc. 8) ocraercss HeuaMeH-
HBIM.

I[Ipu = >1 dopmyna
(5.12) npuHumaer Bup

L |

v

sin ‘l}MaKC = _ﬁ— =y
(4

(5.19)

a ¢opmyana (5.13) ocraercs ! 0"
HeusMeHHOH. Mexay yria- N oo
MH Byane H paxe cymrecT=-

BYeT OUEBHJHAs CBA3b

13:«1511«: — ﬁ'maxc + 'é;

(5.20)
Popmya (5.14) nepexoanT B

Puake = p* "/'%2_ l=
=mVp:—p". (5.21)
§ 6. MOCJNEOLOBATEJIbHbIE

INMPEOBPA30BAHHSA
JIOPEHLA

Paccmorpum B2 nocae-
JioBaresibHBIX npeofpasosa- )

uus Jlopenua. Takas 3aja-
ua IPCICTaBaer we TOILKo  PAC, 10, Bt snnuica inmyzucon » nepe
NPHHLHIHAIBHBIN  PHTEPEC,  y3yepen macmiTal — BMecTo HMAYABCOB OT/IO-
HO BCTPEHAETCH B NPAKTHKE  keHbl CKOPOCTH: @—%<1; f—u—1; g—2> |.
KHHEMATHYECKHX pPacueToB.

[Tyctb B oGwieM cyuyae ectb Tpu cucTeMbl KoopanHaT K, K* u K**¢
Y KOTOPLIX OJIHOHMEHHbBIC TPOCTPAHCTBEHHbIE OCH MapaslyIeJbHbI APYT
Apyry. Cucrema K* 1Buxercst otHocutensHo K co cKopocTbio B, a cu-
crema K** nBrxercs OTHOCHTeJAbHO K* cO CKOpOCTBIO P2, npuuem Bek-
TOphI f; U P, He napanieabHbl MexKAy coGoit. [TocaenoBaTenbHOCTb ABY X
npeobpasoBaunit Jlopenua
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K=K, §*=L(#) 9,

‘K*'_’“K**, C‘I’HZL“'};;) g:-k

(&, &F¥, &** —4-uMnyabChl HACTHLH B pacCMaTpPHBAeMbIX CHCTEMax
KOOPJMHAT) CBSI3bIBAET B KOHEYHOM cueTe 4-BeKTOpHI B cucTemax K

u K**:

(6.1)

K—K"*, 8" = L(B,) L (B,) . (6.2)

OOpatuMCsl K TIEOMETPHYECKOMY HCTOJIKOBAHHIO MPeo0pasoBaHuH
JlopeHua Kak IOBOPOTOB B yeThipexmMepHOM mpoctpaHcTse. IIpeoGpaso-
panug (6.1) o3HauaioT ABa 1OBOPOTA B Pas/HUHLIX MJOCKOCTAX, H pe-
3YyJILTAT ABYX II0BOPOTOB OPTOIOHANBHOI CHCTEMbI KOODJAHHAT 3aBHCHT OT
nopsjaka ux BeinodHeHus. CaejoBartebno, npeoGpasosanus JlopeHua
HEKOMMYTATHBHbL: Pe3yJbTaT ABYX NOC/AELOBATEIbHBIX NPeo6pasoBaHuit
3aBHCHT OT TOro, B KakKoM MOpsiiKe OHH npoussopsrtcs. Kpome TOro,
MOBOPOTHl BO B3aHMHO MePHeHAHKYAAPHBLIX MJIOCKOCTAX, BKJIIOUAIOIIHX
BPEMEHHYIO OCb, CKAXKEM, B INIOCKOCTAX XXy H XXy, O3HAUAIOT H HEKOTO-
npiil MOBOPOT B IVIOCKOCTH X;Xp. Takum 00pasoM, OKasbiBAeTCs, 4TO pe-
3VJbTaT [0C/e/loBaTe/IbHbIX npeobpasosanuii (6.2) sKBUBajieHTEH Npe-
obpasoBanuio JIopeHua co CKOpocTbio gy, PABHOH cymMme cKopocTeil B
u B, (7. e. ckopocru cucrembl K** orHocurenbHo K) niiroc TpexmepHbli
NPOCTPAHCTBEHHBIH TOBOPOT ¢ Marpuued D, aeficTByiouieil TOJIbKO Ha
NIPOCTPAHCTBEHHBIC COCTABJAOIWHE 4-BEKTOPA:

§** =D.L (By) & (6.3)

HJH
L(Bs) L (By) = D-L(By1), (6.4)
rae [em. gopuyay (4.5°)]

BB 11 [I,—;T‘_:j‘]' BBt 1] ]
oy = 71 (14 By Ba) ’
Va1 == V1 V2 (1 -+ By Bo)-

Marpuuy npoctpancTBeHHOro noBopota D MOXHO NOJYYHTb (KaK 3TO
cpueaano B pabore [13]) us marpuunoro paBescrsa (6.4). [loctynum He-
CcKoqbKO HHaue. [IpumennM npeobpasoBanue (6.3) K BEKTOPY CKOPOCTH
B K-cucreme, paBHomy Hy 0. Toraa B TpexmepHoi 3anuch [cm. gopmyay
(4.5)] cripaBa rionyuam Bektop D(—Psy,;), a ciieBa — CKOpOCTh cHcTeMbl K
otHocuTenbno K**, koropas parna cymme ckopocteit —fB; 0 —fa:

(6.5)

D(—Bs) = —Bi2 (6.6)
uim®
DBy = Bys- (6.6")
* 3amerHM, uto Qopmyna (6.6) npeacrasaser coGoit o6olieHHe COOTHOLIEHHS
(3.4).
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CkopocTb B, paBHa cymme ckopocteil B, u B, u nosyuaercs us P,
IepecTanoBKOIl

B =P, (6.7)
T. €.

BrtBava [ﬁ B1Bot-1
Pra = Te (181 82) ' (5:8)

B § 4 ormeuasnioch, UTO B PRAATHBHCTCKHI 3aKOH CJIOKEHHS CKOPO-
CTeil cJiaraembie BXOJSIT HECHMMETDHYHO, H PE3YJIbTHPYIOUHI BEKTOp
MeHseT CBOe Hanpas/ieHHe npH X nepecranoske. [IpeoGpasosanue D
KaK Das3 U ONUCHIBAET TAKOH M10BOPOT Pe3y/IbTHPYIOLILEH CKOPOCTH OT CJIo-
wenus B, u B,. CregosaresbHo, D — MOBOPOT OTHOCHTeLHO HAmnpas-
JAeHusa f; X Ba HA yroa ®, KOTOPBIH MOXHO ONPEJeHTb H3 PABEHCTB

[Bia X Barl TiYe (4=t +va+712)

SO = g = = T (1 O F g | P2 % B ©.9)
HJIH
_ BraBar (Iyrtyet1ie)?
COSO = S = M (Fw A Fra - (6.10)

[IpakTuyeckH ya00HO HaNpasJeHKA KOOPAHHATHBIX Oceil BLIOpAThL Tak,
4ToOBl CKOPOCTH By Obliia HANPABIEHA MO OCH X, & CKOPOCTH Py H By
nex<aau B MJ10CKOCTH XY, Torja

T1 0 0 ivyB,
0 1 0 0
0 0 1 0
e i’l’l Bl 0 0 Y1
1+ (v, —1)cos?a (y;—1)sinacosa 0 if,y,cosa
L@, = (yo—1) Si{;‘l acosa 14 (y, ; 1)sin?o 10 iﬁzo'yz sin a
— 1P, y,cosx — B, y,sina 0 Vs

LB, = (6.11)

(6.12)

rje o —yrojd Mexuay P, # ocbio x; L(B,) uMeeT Takoii ke BuJ,
Kak u Bblpaxenue (6.12), HO BMECTO o CTOUT @, — Yroa MEKAY Po,

E OCBIO X [0ty; JIETKO BBIPA3UThL C TOMOMLILIO GopMyJbl (6.5) uepes B,
2 M ]

cosw —sine 0 0

D_ sin cose 0 O

I ) 0 10 (6.13)
0 0 0 1

35



: — 11 e (1411t 12+ 121) : ’

Sin® = L (T (1 P2 P20 (699
B uacTHOM cJjyuae, korja P, u f, HampaBJIeHbl MO OJHOH TpPAMOH,
npeoGpasosannus L (B,) u L (B;) KOMMYTHDYIOT M

L(By) L B1) = L (Par):
D=1; (6.14)

ﬂzl = Piq.

B HepesATHBHCTCKOII MeXaHHKe, KOrja npeoGpasoBamiis Jlopenna nepe-
XOISIT B nipeoGpasosanua [anuaesi, cootHouenus (6.14) Beeraa Boinos-

HSAIOTCH.
§ 7. PEJIATHBHCTCKHE HHBAPHAHTDI

CyILeCTBYIOT Onpefie/ieHHble KOMOHHAIMH 13 KOMIOHEHT 4-BEKTOpOB,
KOTOpBIE OCTAIOTCS HEH3MEeHHBIMH B JII0GOi HHepLIHaNbHOH cHCTeMe OT-
cuera,— pesITHBICTCKHE HHBAPHAHTHL.

Ilepeuncayum HanGosee CyeCTBEHHbIE PeIATHBHCTCKHE HHBAPHAHTEL,
[OCTPOEHHBIE M3 4-HMIYJIbCOB:

1) ckansipHoe MPOH3BEEHHE ABYX 4-HMITYJIbCOB:

@1@25P1P2_E152=@T@;=PTP;—ETE;; (7.1)
2) xBajpat 4-uMmyJbca
3‘12 = l:l2 —_ E2 — 35*2 = p*?. —_ E*z —_ — m?'. (7.2)

Jlnsi ofHO# yacTHIBI KBajpaT 4-HMIyJbca paBeH B3ATOMY CO 3HAKOM
MHHYC KBajipaTy ee macchl. s KBajpaTa cyMMapHOro 4-ummyJibca coBo-
KYMHOCTH 1 HeB3aHMOJEHCTBYIOMHX YaCTHIL

(S () (8-

_ (—iw) - (_g p)ﬁigﬁ) (7.3)

NPHHATO HECKOJbKO PasiHYHbIX o0603HayeHHiH, a HMEeHHO
n 2 n “ 2 9
(30) - (o) -—rt=-mw-—s 0
= =l

rie £, — cymmapHasi nosiHasi S3HeprHs B ClCTeMe UEeHTPa HHePUHH JaH-
HOJl COBOKYTHOCTII HACTHIL. DTa BeJIHYHHA HAa3biBAGTCA TaKkKe SPheKTHB-
HOil MHBapHAHTHOI Maccoil (cM. § 8) u B 3Tom cayuyae oGosHauaercs

Gyksoit M. Kpome Toro, ans EZ yacto ncnonbayercsi 0603HAUEHHE S,
TAaK HaspiBaeMasi HHBAapHaHTHAs nepemenHas Manjenncrama®;

* OG nuBapHAHTHBIX NMepeMEHHBIX MojpoGuee cm. § 14.
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3) snemeHT 06beMa B NMpPOCTPAHCTBE 4-HMIYJIbCOB
§ (92 + m2) dt & = 8 (%% 4- m?) d* &%,
d4 & = dPM) dFP dF®) dg W, (7.4)
A g* = dgs*(l) d@::(zi d‘ﬂs*(\%) d(gw(*i} .

Hannyue 8-pynkuuit B ypasHenuu (7.4) o0ycJOB/ICHO TeM, UTO KOMIO-
HeHTBI 4-HMIYJbca YACTHIb! HE HE3AaBHCHMBI (B POTHBHOM clyyae Gblio
GBI TPOCTO PABEHCTBO 3/1eMEHTOB 06beMa B YeThIPeXMePHOM POCTPaHCTBEE
& = d*d*), a cBsAsanbl cooTHOWeHHeM (3.1), KoTopoe H YUHTHIBAETCA
8-pynxuusimu. IlpounTerpnpyem o6e 4acTH ypaBHEHHS (7.4) no uer-
BepTHIM KOMIIOHEHTaM 4-HMIyJbcoB & H &*, BOCNO/b3OBABIIHCH A/
5TOro oGbIYHON GopMyJIoi 115 §-PYHKIHH OT CIOKHOTO apryMeHTa

sifw=Y) —732_ = (7.5)

i dx,-

4\'=x‘-
rae x; —KopHu ypasuenus f(x)= 0.
B naHHOM clyyae

3(904 mt) = HEUHIE B ) (7.5)

u amanornuno aas 8 (9*° 4+ m?), u B pesy/bTaTe HHTErpPHPOBAHHS
MPHXOAUM K BBEIDAXKEHHIO
dsgr  dsF* (7.4')

¥

E E*
rae
d®p = dp,dp,dp,, d*p = dp’ dpy dps-

Taknm oOpasoM, B TeX BhIpaKeHHsX, Ile B KauecTse Juddepeniuana

durypupyior ssaements (7.4), HHTErpHpoOBaHLE MO 4-yMTyJIBCY YACTHILBL

CBOJAMTCA HA CaMOM JeJie K TPEeXKPaTHOMY HHTErpHPOBAHMIO MO JH(-

(pepennuanpHsiM saementam (7.4'). HMuBapnanTHOCTb (7.4") nerxo mno-

Ka3aTb M HENOCPEJCTBEHHO € MOMOLbI0 mpeoGpasosanuil Jlopenna;
4) nomepeyHblil HMITYJIbC

p.=psind = pL = p*sin®®. (7.6)

3aMeTHM, UTO B OTJIHYHE OT MePBbIX TPeX HHBADHAHTOB MONEPEYHbIH HM-
MyJbC — He HCTHHHbLII PeNATUBHCTCKHII HHBApHAHT, NOCKOALKY €ro
BeJMUMHA, BooOlIe roBOPfA, 3aBHCHT OT HarpaB/eHHs OTHOCHTEJIbHOTO
ABHIKEHHS JBYX cHCTeM KoopAuHar. OfHaKko OObIMHO 3TO HAMpaBjIeHHEe
(DMKCHPOBAHO, M HHBAPHAHTHOCTb MONEPEUHOrO HMIY/bCA IIHPOKO
MCIONB3YeTcsl B KHHEMaTHYeCKOM aHasHse. _
Hcnonb3oBanue peisTHBHCTCKMX HHBAPHAHTOB HEPENKO CYILIECTBeH-
HO oGjeryaer pacyersl. IIpHpaBHSB BbIpaXKEHHA PEeJAATHBHCTCKHX HH-
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BapHAHTOB B JIBYX DAasJHYHbLIX ClCTeMaX KOOPAHHAT, MOXKHO MOJYYHThb
COOTHOILIEHIISI MEXKAY KHHeMATIYeCKHMH XapaKTepHCTHKaMIL B 3THX ABYX
cucremax, He npuderasi K Gosiee TPOMO3AKHM BHIMHCACHHSAM C ABHBIM HC-
noab3oBannem npeobpasosaunit Jlopenua.

Ecan Kakylo-1100 BeJHYHHY MOKHO 3amlicaTh B Buje KOMGHHALHHU
PeIITHBIICTCKIX HHBApHAHTOB, TO TaKas 3amuch — HanGosee ofliee
Bhlpay<eHue AJIsi 3Toil BeIHYHHBI, CNpaBe/liiliBoe B JI060Ii clcTemMe KOop-
JauHat. BeiGop KOHKPETHOMH cHeTeMbl KOOPAHHAT /15 BhIYHCAEHHS BXOAA-
L{HX B 9TO BbIpayieHHE HHBAPHAHTOB AHKTYETCH COOGpa)KeHHsMH Mpo-
CTOTHI I YAOOCTBA, MPHYEM HHOTJA OTAe/bHbIe HHBaPHAHTBI BEIYHCISIOTCS
B pasliyHLIX CHCTeMax KOOpJHHAT.

§ 8. ONPEAEJEHHE XAPAKTEPHCTHK [[-CHCTEMBI
Mo UBMEPEHHUAM B J-CHCTEME

[Ipn KHHeMaTHYECKHX pacyeTax 4acTo BOSHHKAeT HeoGXOAHMOCTD MO
usMepenHsiM B JI-cucteme sHepruil i nmnyascos Ey, p; (0 = 1,2, ..., n)
HEKOTOPOIi COBOKYMHOCTH YacTHIL HaliTi ckopocTh f, (MIH JOpeHL-
(hakTop y,.) CHCTEMbI LEHTPA HHEPILHH 3Tl COBOKYIIHOCTH OTHOCHTEJBLHO
JI-cuctembl. [IBIIKeHHE LIEHTPA HHEPUHH OMHChIBAET JABHIKEHHE CHCTeMbl
YyacTHll KaK 1eJIoTO, H B 3TOM CMbIC/I€ OHO 2KBHBAJIEHTHO JABHKEHHIO He-
KOTOpOIl (PHKTHBHON YacTHIlBl ¢ sHeprueil

n

E= X E, (8.1)
i=]
HMH}I‘.HE:COM
n
P=2p (8.2)

¥ Maccoll, paBHOH mMOJHOI SHeprud B [[-cucTeme [CM. BbIpaxKe-
Hue (7.2)]:

n a2 n 2
- VIETTET e
Orcioza
>, Pi
B, = P E%I
¢ E T T n !
P E{
=l . (8'4)
E ff':: &
.hc = ﬁz J;' 1?1 = ri‘ = .
VI(E=)~(3»)
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B nepeasiTHBHCTCKOM npefiesiec 3TH (GOPMyJbl CBOAATCA K Clelyio-
IIHM:

M= 2 m; (8.5)

ﬂc: = e . (86)

Yaiile Bcero MpHXOAHTCS ONpPeleNATb XapaKTepHCTHKH [[-cHeTeMbl
JBYX CTaJIKHBAIOUIHUXCS YACTHIL dg; H Qyp [cM. paBenctso (B.1)]. B atom
ciayyae

E=Ey,+ Euz;]
8.7

P= Po; -+ Posi ( )
E,= V(Em‘i“ E)? — (Poy + Po2)® =

=V2(Em Ege — Doy Pos) + miy + Miy; (8.8)

Po1+Poz_
B. = Eg1+ Eqq Eos
Eo1+Lge o
V(Eon+Eo2)® — (PorF Po2)?

E{Il“!“ EO&

V2 (Etu Eos — Py pue) + mgl + m%z

Ye=

(8.9)

Dopmyasr (8.8) u (8.9) mas HauGosee yHOTPEGHTESLHOTO HaCTHOTO
cayyasi, Korjia oHa M3 IByX CTaJKHBAIOUHXCS YacTHl (Hamnpimep, ua-
CTHLA &ys) B JI-CHCTeMe MOKOHTCH, HMEIOT CJIefyIomiil BHJ:

1) Macchl CTaNKHBAIOUUXCS YACTHLL PA3NHYHBL (Mlgy 5= Mgo)

=V 2Eqy Mo+ m3y + mis; (8.10)
- —Pu__ V-1
. Eq1+ mge» B.= Mgy '

Yo+ n"i;
o (8.11)
7, = Eg1 - mgq Moy
(4
]/QE mﬂ-l-m + m? ‘/ Moz | (Mg 2
02 01 02 Bt e (mnl) 41
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TToneaHo uMeTb H OGPaTHYIO ¢:opMy.r1y—Bpra}KeHHe Yoy uepes Y.

Yoo = (v — 1) 22 4, 1/(‘?: — 1) o B (8.12)

My

ECJIH_.SHEPI‘HS‘I HaJeTaueil YacTHUL BeJHKa

Eoy > Moy, Mgy Mgy =+ 0, (8.13)
opmyasl (8.10) — (8.12) ynpomatercesa:
E‘.ZVQEM Mog; (8.10")
Eor , ;
Yo = ]/2,;;5 e (8.11")
Voo = 202 % (8.12")

2) Macchl CTaJKHBAIOUMXCS YACTHI[ OJAMHAKOBBL (Mg, = My;)

E, =V 2mq, (Eoy+ moy); (8.14)
—
ﬁc == ] ,{01 T
fo1 + (8 15)
Y, = Euf;mtlmm 'l/ Tor+1
01:'2?0—1- (8.16)

Ec/ii sHeprus HajeTalomell 4acTHUb! BesmKa [cM. BeIpaxkenne (8.13)],
TO

E,~V2my Ey; (8.14")
1/ Ea _ 1/ 101 ;
v =) (8.15")
Yor = 275- (8.16")

§ 9. KHHEMATHYECKHE XAPAKTEPHCTHKH OJLHOH YACTHILBI
B CHCTEME NOKOA OAPYIoM YACTHLLBI

Ilpu KHHEMATHYECKHX pacyerax Moje3Ho HMeTh (OpMYJbl IJs SHep-
THE OJHOH Y4acTHIBI (C 4-HMITYJILCOM &°;) OTHOCHTENBHO CHCTEMBI MOKOSI
apyro#t uactuusl (¢ 4-umnynncom &), B cucreme noxost BTopo# yacTHubl
4-nMnynbcel & # &5 NMEIOT BHJ

§2 = [pi?, iE?], & =0, im.}, 9.1)

2
rie E{¥ — uckomasi sHeprus.
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BOCHOJ’I!:SYEMCFI HHBAPHAHTHOCTLIO CKaJISIDHOrO INPOH3BEAEHH

&P &P = &, 9, (9.2)
OTCHO oA
E{Ey—
552]:‘—‘9‘)15:3= 1 2mapipsl (93}

.Hopenu-q)amop OTHOCHTEJILHOIO JIBHXKEHHS 3THX [ABYX YaCTHIL

Py Py EyEs—py
P o ST RS WO, (9.4)

ny Moy my my

OueBHJHO, YTO B CJyyae CTOJKHOBEHHS ABYX ABHKYIIHXCH UACTHIL Qg
W a4,y OTHOCHTeNbHasi sHeprusi EY]®) —3To Ta SKBUBAJNIEHTHAsE SHEPTIls,
KOTOPYIO JIOJIXKHA HMETh HasleTalollas yacTHIA &y; B OOBIYHOMH [I0CTAHOBKE
SKCMEPUMEHTa C HENOJABHXHOH MHILEHbBIO Gyp, YTOOBI JaTh Ty e Hep-
ruio B [[-cucreme:

E(BKB) Ewm En Eofﬂ;Pn: Poz , (9.3!)

HJH, €CJH [epenHucarb TO Ke camoe JJif KHHETHYECKHX BHE]}FHf{l

T{U9IRB} - To1 Toa -+ Ma Toi:“ Moz To1 — Po1 Poz . (9_3»}
02

Paccmorpum iBa npumepa ucrnosbsosanusi opmyast (9.3") mii (9.3"):

1) u3MeHeHHe 3HEPrHH B3aHMOJEHCTBHA 3a cueT BHYTPHAJEPHOTO
JBHIKEHUST HYKJOHOB MHIIeHH. OGbIUHO B SKCepHMeHTaX MyyoK YacTHIL
BBLICOKOH HEeprHM HanpapiseTcsi Ha HeMoJABIKHLIH OJIOK BelecTBa-MH-
meHu. BBUJly Hanwuusi BHYTPHSAJEPHOTO ABHXKEHHS peajibHasi SHEPTHs
B3aUMOJIEHCTBHS B KaXK/A0OM HHAHBHIYaJbHOM aKTe jaxke NMpH MOHO3Hep-
reTHYeCKOM NajaioiieM Iyuke GyJieT HecKoJbKo pasnuuna. Hanpmmep,
€c/IM 3HeprHs Hajeraiowero HykaoHa Ty = 70 [98, a KHHeTHYeCKas
SHeprusi. HyK/aoHa B saape Ty, = 25 Mss, To B ABYX KpaHHHUX cjaydasx,
KOTrJla HyKJIOH B sifipe JiBHMKeTcs JH0O napaselnbHo, JH00 aHTHnapais-
JIeJIbHO HaJIeTaionieMy HYK/IOHY, 3HaueHHsl SKBHBAJEHTHOH SHEPrHH no
dopmyaie (9.3") pasub! cootserctBenno: To1" = 54 I'ae u Tg)\" = 86 I'ss.
Tax xak npu sToM Haseraolias YacTHILA — YJbTpape/siTHBHCTCKasi,
a yacTHIa-MHILIEHD B sijipe — HepeasiTuBHCTeKasi, popmydy (9.3") MoxkHO
sanucaTh B 6ojiee NMpocToM BHIE

E‘cﬂ““):sﬁm( 1 o Pos ) (9.5)

Mgy

2) BcTpeuHesle nyuku. JIBa OfMHAKOBBLIX TyuKa YacTHI BbICOKOI
SHepruM HampasJeHbl HascTpeuy Apyr Apyry (Eg = E;;, my,=

=My, Pog=Pyys Poy Poa = —P31)

2 2
2E;,— my,

EGI™ = (9.6)

41

Mgy



‘Hampumep, Aas TPOTOHHBIX BCTPeYHBIX MYydykoB npu Eg, = 30 I'ss
ESF™ = 1900 I'se. Tlpu KuHeMaTHUeCKHX pacyeTax uYacTo OBIBAIOT

£

*
HeoOXOAMMEI 3HaueHuss sHeprudt E ,, E;Q H HMIYJIbCOB p;l H Dy
-cTasMKHBatoumuxcs yactui B [[-cucreme. Kak yxe oTMeuasoch B § 8,
I[-cucTeMy MOMKHO CUMTATh COBNajaioled ¢ CHCTeMOH NOKOS He-
KOTOpOH (PUKTHBHOH wyacTHLUbl ¢ MaccoH M =E, H 4-uUMIyJbCOM
Py, + oy, mNO3TOMY, 3aMeHAss B BhpaxkeHHH (9.3) m,—>M u
Gy = Fo; + Ty, TOSYUAEM HYIKHBIE (DOPMVJIBL

il 2 2 9
mgl_'ganlﬁ)ﬂa__,‘gm Enz_'pm pueTmﬂl_Ec+mUl Moz

Eo = —
Al = EC E: 2Ec ] (g 7)
2 2 .
EY. o Mgy — P01 P0s _ o1 Eog— Py Pop T Mo _ E;+ mgg—mgy
Be= E, - E, = 2E, '
252 3
N N V [Ef — (Mgy =+ Mgy) ][EC_(mUI — Moyy) ] -
Por = Po2 = 2E, =
/ E?2 —m2 —m2)% —dam? m?
/ 1 02 o1 Mop2
oV Eemm ) (9.8)

2F,

B uacTHoM ciyyae, Korja OflHa M3 CTAJKHBAIOUHXCH YacTHL B J/-CH-
cTeMe (ay,) moKoutesi, popMyJisl (9.7) u (9.8) umetor caeayomuii BHA:
1) Maccel CTanKUBAIOUWUXCS YACTHIL PASIUUHBL (Mg, 5= MMy,):

2
Eqy Moy + o1

— : -
V2EOI my, + m3, + m3,
Moz
To1 p +1
® 0l .
Yo1 = = =5 2
02 02
— L[] 41
2701"”01 I (m’Ol) i"

Ej

3

(9.9)

2
€
Ey my, + Moy

)/ 2Ey mg, + m3, + m3,
Mog
Tor Ty
?32 . 'VC___ / e 2 ;
., Moz | (Mo
V 2:01mm+( ) +1

Moy

&
EU'Z

* ok Po1Mgg .
Po1 = Poz = — —
V2‘501 Mo, + Mgy + Mgy

2 —
o L i M (9.10)
02 m m 3
2rorfie + (T2)" 4.

Moy My
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Ecan sHeprusa Haserawoueil vacTuupbl sesuka [cm. BeIpaxkenue (8.13)],
TO opMyast (9.9) u (9.10) ynpouatores:

* _p* _ E; V Egymog __ ]/ To1Mg1 s |
EDI‘—'EOBZ— 9 = =SS =S

TR o 9.9")
* |/ Jor M2, v Tot o1,
Vo1 = 2 my,’ 02 2 my’
% & . * i
Poy =Poy =Ey =Ey; (9.107)
2) Macchl CTa/NKHBAIOMUXCSL YaCTHLL OJMHAKOBbI (1mgy = myy):
* * E gy (Egy=-m
TR _21:_ = V o1 ( 021'} o) _ Moy Vo; -

?;l = T;Q =V
psl — ,052 - V Moy (5021—”101) == V ‘”0127'01 = My, VTol;‘ 1 . (9.12)

§ 10. 3AKOHbl COXPAHEHHWSI 3HEPTHH H MMIIYJIbLCA,
9HEPTETHYECKHE NMOPOTH PEAKILUN

B sinepnoii peaxunn obuiero Tuna (cm. Benenue)
Ay + Ao —>a, +a,+ ... +a, (10.1)

0OBIYHO ¢ GOJIBLIOH CTENEHbIo TOYHOCTH CTaJKHBAIOLIHECH YaCTHLBI MOXK-
HO CYHTATHL HBOJIH]JOBBHHOI:[ CI-ICTEMOﬁ, H, CJIEOBATEJILHO, JJIS HEe BhI-
MOJIHAIOTCA 3aKOHBI COXpaHeHHSH MOJTHOH SHEPTHH M IOJHOro HMMNyJbca

Eoy 4 Egs = E,+E+...+ E, (10.2)
Por + Po2 =Py + P2+ ... P,y (10.3)

HJIH B UYEThIpEXMEepHOH 3amucH '
5’01—{* 5‘302= @1+§52+ wale —|" g%"' (104)

Ipencrasum B soipaxenun (10.2) mosHble SHEPrHH YACTHIL KAK CYMMbi
KHHETHYECKHX 3Hepruil u Macc yacrun, [cm. dopmyay (2.2)]:

(T()l + To2) + (mgy + Mgg) = (T]_ -+ Ts + ...+ Tn) -+
+ (my + my ... +m,). (10.2")

Penarusuctckuit 3akon coxpanenuss sueprun (10.2) o6oGimaer jsa
KJ1aCCHYECKHX 3aKOHA COXPAaHEHHS — 3aKOH COXPAHEHHS KHHETHYeCKON
SHepruM [mepBble CKOGKH B o6enx wuactsix cootHowenus (10.2°)] u
3aKOH COXPaHEHHs Macchl (BTOpble CKOGKH), OCKOJIbKY B PeJATHBHCTC-
KOif MeXaHHUKe BOSMOXKHbI B3aHMOIpEBPALIEHUS! KHHETHIECKOH SHeprHu
M SHeprHH MoKos. Bennmunna

Q = (moy + myg) — (my + my + ... + m,) =
=T+ T+ .. +T,) —(Toy + Too) (10.5)
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HasblBaeTcs SHeprHeil peakuuu. BeanunHa Q — peJATHBHCTCKHH HHBa-
PHAHT M I0STOMY CJYXKHT OJAHO3HAYHOMH XapaKTepHCTHKON peakuuu
6e30THOCHTENILHO K CHCTeMe KOOpAHHAT, B KOTOpOil HaOMofaercs peak-
wust. 3HaK Q onpeessieT XapakTep SHepreTHYecKoro GasaHca peakiHi:

1) Q > 0, B peakumuu MPOHCXOJHT BhJIEHHE KHHETHYECKOH SHEep-
FHH 33 cYeT YMEHDLLIEHHs SHepPTHH NOKOs; TaKHe peakKiHH HasplBaOTCs
9K309HEpreTHUeCKHMH. DK309HEepreTHueckas peaxiug MOXKeT HATH B
NpUHLUHNE TpPH JI000H SHEPrHH CTAaJKHBAIOUMXCA YACTHIL,

2) Q < 0, B peaknuy 3HepPrusi NOKOS BO3pacTaer 3a CHUET yMEHb-
HIeHHs KHHEeTHUecKoll 3HepPTHH; TaKue peaKlHH Ha3blBAOTCHA SHAO3HEP-
retuueckumMu. QUEeBHHO, UTO IHJ03HEpreTHYeCKas peakuus MOXKeT HATH
JIMIUb HAYHHAS C HEKOTOPOTO MOPOrOBOTO 3HAYEHH s KHHETHYECKOIT SHep-
THH CTAJKHBAIOIMXCS YACTHIL,

3) Q = 0, 3ToT cayuail NPaKTHUECKH BO3MOXKEH JIMUIb MpH 72 = 2,
T. €. B peakiuH YNpyroro paccesiHHs 4acTHIL, MPH KOTOPOH B oGuieM
c/1yyae MPOHCXONUT NepepacnpeieseHie KHHETHIECKOH SHeprHH MEKAY
JBYMsl CTaJKHBAIOMMUMHCH YacTHILAMH.

ITpumepoM 5K309HEPreTHYECKHX PeaKUui MOTYT CJYKHTb PEaKLHH
IeNeHNsl TSXKEJNbIX silep WJIH peakluH TepMOsAePHOro CHHTEsa, Ha-
npumep d + d— He* +n (Q = 3,25 Mss) uan d + t — He* +
+ n (Q = 17,6 Mas).

DK305HepreTHUECKOH peakluell ABISETCs TakxkKe pacrnaj, YacTHLbI
no cxeme

aﬂ__)—al_}_az"{'"'an' (101,)

B sToM ciayyae BenuuHa Q paBHA CYMMapHOH KHHETHYECKOH SHepriu
NpOLYKTOB pacnaja B [[-cicteme, KoTopasi COBNAJAeT C CHCTEMOH NOKOs
pacnajaoieiicst yactuubl (E, = m). Benuunny (Q ynoGHO BEIPa3HTh
yepes H3MepsieMble SKCIEPHMEHTaJbHO SHEprHH E; M HMIYABCH P;
NPOAYKTOB pacraja [em. Boipaxkenue (8.3)]:

/ fon 2 n 2 n
o=V (25)-(Z0) -Zm w08

= = =
THnHYHBIM NnpHMEpOM BH,H,OSHepFeTH'-I&CKO}?I peaxuml ABJAAETCHA [PO-
1ecc MHOMKeCTBEHHOTO 061383OBEIHHH JacTHL. HOpOFOBOE 3HAYEHHE 3HEDP-

rHH HajeTatoueil yactuipl E§°°" B 9HA09HEPreTHYeCKOl peakiii ocy-

eCTBAsieTCsl TOTJa, KOTJa BCe BTOpPHYHbIe uacTHibl B [[-chcTeme
nokosTcs, T. €.

E{mopor) _ ‘f_,: m,. (10.7)

OTMeTHM, UTO TIPH 3TOM KHHETHUYeCKasl sHeprus cTaJKHBaOHXCAd 4ya-
) P
CTHL
(nopor) (nopor)
T: = E;" — (mgy + mgp) = — Q. (10.8)
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Bossena obe uactu pasercrBa (10.4) B kBajpar, uMeeM

(Sorer) 4 P,)2 = (é‘,@f)g - #(2 m‘.)g. (10.9)

=1

Pewas ypasuenue (10.9) OTHOCHTEJNHHO ESPP°" | nonyuaem
1 z % 2 2
EFPN = Eo, [( > m;) — moy — Moz | +
2 (E2,— Poq cos* ) =

" 12

2
+ & cO8 By / l(z mi) -—-m§1—-m§2J —4m%1(E§2—5‘%2 C052’&1s) ’

i=1
(10.10)
rjue 1;—'—' yroa MeXAy HUMNYJAbCaMH Poy H Pog.

S
SN\

JIN
3 \
\

\

0 500 000 ppy, Mol

Puc. 11. 3asucuMocTb TOPOTOBOIl KHHETHYECKOH SHEpruH
HaJeTalomeil YacTHIL Tg‘l"p‘mmﬁ o6pasoBaHH A Mapel HYK-
foH — anTHHYKaIoH B peakuun N + N - N + N +

+ N + N or BeanHuMHE HMIYJbCAa Pos HYKJOHA-MHIIEHH B
spe, HampaBJeHHOTO HABCTpedy HBHKEHHIO HajeTaiome
YaCTHIIBL.

[IpuBesieM uacTHble Cayyan (GopMyJibl (10.10):
1) yacTHIa-MHIIEHb gy JBIIKETCS B TOM XK€ HampaBJeHHH, 4TO H

HaJIeTaloNas YacTHIA Gy, lcos ¥ys = -1, 3HaK «+» B popmyse (10.11)]

win ‘HaBcTpeuy eit [cos ¥, = —1, 3HaK «—» B (opmyse (10.11)]:
’ n 2
B [( > mt) —m%l—-mfm—l
(nopor) __ i=1
Eo) omZ, e o
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. n 2 12
2
Pog [(2’”;) _'mgl'_m52] — 4mg; m3,
i=1

2
2myy

o

(10.11)

IToporosast sHeprusi yMeHbLIAeTCs, €CJIM YACTHIA-MHUIEHb JBHIKETCS
HaBCTpedy HajeTaiollell yacTuie. B sKCnepuMeHTaqbHO! mnpaKTHKe
HEpeJlKo HCIIO/Ib3YeTCst TakKoe YMeHbIUEHHe OPOroBOoil SHEPrHH 3a CyeT
BHYTDHSAJEPHOrO JBIDKeHHsI HYK/IOHOB. B KauecTBe miutiocTpauun Ha
puc. 11 noxasana seiyucsiennas no gopmyie (10.11) saBucumocts nopo-
rOBOIl SHEPrHH /IS 06pa3oBaHHsl HyKJIOH-aHTHHYKJIOHHOM napel B peak-
uat N+ N—> N+ N+ N + N or BelHuHHH HMOYJABCA Poy
HYKJIOHA-MHLUIEHH B siipe [cunTas, 4To py, HANpaB/IEeH TOUHO HABCTpedy
HMIYJIbCY Pop HaNeTaloMiell YaCTHIbl — 3HaK «—>» B dopmyae (10.11)];
2) YacTHUA-MHIIEHD gy MOKOHTCA (Poz = 0)

n 2 X
2 2
Zfﬂf) -—-mm--mo,_,

Eijnlopor) = (:‘=I

s . (10.12)
KHHETI/I‘IECK&H noporosas BHG]JI‘HH
n 2
( > mi) — (Mg, T My,)?
nopor i= ] 2
T(m e : 2y - =l g::_}'m”)] ) (10'12’)

B Ilpunoxennu III npuseseHs! noporoBble SHEPruH HEKOTOPHIX peak-
LHH KaK JJIst MOKOSILIErocst HyKJIOHA-MHLIEHH, TaK H JIsi ABHXKYLIErocs
B s1pe ¢ Ty, = 25 Mas. '

Inaepa 2

NNPEOBPA3OBAHHWE NJU®PEPEHUHUAJBbHBIX
CEYEHHUH (PACNPEAEJIEHUH)

§ 11. 9¢PEKTHBHBIE CEYEHHS B3AHMOILEHWCTBHSA
H PACNPENEJNEHHSI ®H3WYECKHX BEJHYHH

Baxneiilinas xapaktepHcTHKa J10G0H SANEpHON peakuuu — BeposiT-
HOCTb €e OCYIUecTB/IeHHst. PaccMOTPHM OMpele/leHHYI0 SIIePHYIO peak-
ILHIO THHIA

an + @z —> a, + az + a; + ... + an

CHayaJa B ﬂ-cac’reme, T. €. B OObIYHOH MOCTAHOBKE SKCIEepHMEeHTa, Korja
MMyYOK HacTHI| dy HanpaBJasieTCd Ha HEMOABHXMKHYIO MHILEHb, cojepxa~
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LLYIO YACTHUBI @gz. OYeBHAHO, YTO YHCJIO B3aHMOJeHCTBHI A" pac-
CMaTpHBAEMOro THNA, MPOUCILIEIINX B 3JIeMeHTe o6bema MHllenn AV 3a
Bpemsi Af, IpONOPIHOHANBHO NOTOKY OGOMOApAHPYIOMHX YacTHL, joy
(4HCJIO YACTHIL Qo; Yepes efHHHIY TJIOLLa[H B SAHHHIY BpPeMeHH), IJIOT-
HOCTH YaCTHI{ MHILEHH gz (YHCJIO YACTHIL Qo B eAHHHILE 00BeMa), a TaKKe
BesqiMuKHe syeMeHTa o6beMa AV u Bpemenu Af:

Koa(duuueHT nponopuHOHATbHOCTH C, HMEIOIHil, KaK HEeTpyJHO
yG6eAHTLCS, pa3MEPHOCTD IIOIIA/H, XapaKTepH3yeT BepOsiTHOCTb AaHHOM
siJlepHO# peaKUHH H HasbiBaeTcsi 3(pQeKTHBHLIM MONepPeuHbIM CeYeHHeM
(unM COKpAIllEHHO MPOCTO ceueHHeM). B KauecTBe eIMHHLBLI H3MEpeHNs
ceueHusl B sifiepHoit (usuKe npuHAT 6apH, pasHbiil 10— cx®, nanGonee
ynoTpefuTenbHa B (hH3KKe BHICOKHX SHEPrHH MPOH3BOAHAS BeIHYHHA —
musnGapu (1027 cm?).

QO6biuHO fifiepHBle peaKUHH HaG/I0AaloTcs B HEKOTOPOM KOHEUHOM
o6peme V (Hanpumep, B ctonKe dhoTosmybenil, paboueM oGbeMe My3sblpb-
KOBO# Kamepsl H T. J1.), IPH 9TOM NOJHOE YHCJIO B3aUMOJAEHCTBHH

N = Oy AL 3 jo AV, (11.2)

(MOTOK jo; 3aBHCHT OT NPOCTPAHCTBEHHOH KOOPAHHATbI — OT IIyGHHLE
B MHILEHH). 3aMeTHM, UTO BeJHYHHA

L=AtSjo AV (11.3)

paBHAa CyMMapHOii JUTHHE CJIeJloB BCeX HaJIeTalolUlHX YacTHIL ¢g; B 00beMe
V 3a Bce Bpemsi HaGmiogenusi. OTciofa ceflyeT npakTHYeCKH HCMOMb3y-
emasi hopmyJia Aasi U3MEpEHUs] CeyeHHsi
b
i A, (11.4)
Lngy
Onpesienenne ceyeHus ¢ momouipio Bolpaxenusi (11.1) orHocutes K
JI-cucteme. Teneps Heo6X04UMO 0GOCIUIMTE 3TO ONpejeNeHue g NPous-
BOJILHOH CHCTeMbl KOOpAHHAT. [TocKonbKy BejqHUYHHA G XapaKTepH3yeT
BEPOSITHOCTL OCYILECTBJeHUsl TaHHOIT peaKiliy, a 3Ta BepOsiTHOCTb J0J1K-
Ha ObITH OFHOH H TOIH e B /11060l cHCTeMe KOOpPJHHAT, TO II CeyeHlie o
clefyeT OnpelesiuTb Tak, YToGbl OHO GbIJIO PeJNATHBHCTCKHM HHBapHaH-
TOM

io® (11.5)

QOueBnjHo, uTo JeBass yacTh paBeHctBa (11.1), T. e. umcio B3auMoO-
nefictBuit A — pensiTHBHCTCKHIT HHBapuaHt. Ilpoussenenne AfAV
B MpPaBOH YacTH — YeTbIpeXMepHbIH 00beM, T. . TaKKe PeATHBHCTCKHIIL
nuBapHaut. CnefoBaTe/ibHO, AJisi TOro 4To6hl G ObLIO HHBAapHAHTOM,.
HeoOXOINHMO HHBApHAaHTHBIM 00pa3oM onpefeuTb M IPOH3BEEHIe
Jjorloy- OG03HAYMM Yepes 1y, TJIOTHOCTh YHC/IA YACTHLL Qg; B HX cOOCT-
BEHHOH CHCTeMe MNOKOsl, TOrAa B JI-cHcTeMe HX [LIOTHOCTh Oyjler
NoyYoy (MOCKONBKY TpexmepHbiii 06beM PeNATHBHCTCKH COKpallaercs)
B TOK joy = MgyYoiPo;, OTCIOAA

AT



fﬂlnwa=nolnoz'\’mﬁol=nu1ﬂozll/?%1—l- (11.6)

Tenepb HYXKHO HAlITH PeATHBUCTCKI HHBADHAHTHOE BBIPAXKEHHE, KOTO-
poe B JI-cHcTeMe PABHO BBIPAXKEHHIO (11.6). OueBupnHO, UTO IJIsT 3TOrO
crneayer y,, B pasencrse (11.6) sameHuTs JlopeH1-(haKTopoM Y, OTHOCH-
TeJbHOTO JBWXKEHHs JBYX CTajKuBaiomuxcs yacTHI [cM. dopmyay

(9.4)1:

o 2
oy toe )/ 0 —1 = 7808 )/ (S Fo)' —miymiz,  (11.6)
rae &gy 1 Py — 4-HMIYJBCHI CTATKHBAIONHXCS YACTHIL B TIPOH3BOJIbLHOH
CHCTeMe KOOpPJAHMHAT; flgz — TeNeph IUIOTHOCTh YHC/IA YaCTHLl @gy B HX
COGCTBEHHOI CHCTeME MOKOST, KOTOopast paHbliie CoBnajana ¢ J/-CHCTeMOH.
CuiefloBaTesIbHO, B MPOU3BOJIBHON CHCTeMe KOOpAHHAT

VuTu) —mints y, (1L.1)

"
= n
ANV =0My; Ny o i

BbisiCHHB NPHHIUMHAJBHYIO CTOPOHY Aena, /s AanbHEHUIHX pac-
cyjlennii Bocrionpsyemcs BoipaxkenneM (11.4). Ceuenne (11.4) onpege-
JeTCSl UHCAOM ./ BCEX C/IyuaeB JAaHHOIl peakI(Uy U 103TOMY HasblBaeT-
cl TMOJHBIM (WIH HHTerpanbHbiM) ceyennem. [as Gosee JeTanbHOM
HH(OPMAIUH O PacCMATPHBAEMO peaKiiil HeoGXOLHMO oTo6paTh cpeiH
cayyaeB B3aMMOJEHCTBHS Te, B KOTOPHIX XapaKTepHCTHKH BTOPHUHBIX
YaCTHI, yAOBMETBOPSIOT ONpeie/NeHHbIM KpuTepusM. YHeao duy” Takux
cyuaeB B3aHMOJEHCTBHsS XapaKTepusyer AH(depeHUHANIbHOE CeueHHe

do = 22 (11.7)

Lﬂug

AHaTOTHYHO MOXKHO BBecTH u d*c¢, d®c u T. A. B 3aBHCHMOCTH OT YHCJa
HE3aBUCHMBIX NAPAaMETPOB, 10 KOTOPbIM MPOH3BOAUTCS OTGOP Clydaes.
YacTo BBIIEAAIOTCS TaKle B3aHMOJEHCTBUs, B KOTOPLIX BTOpHYHASA ya-
CTHIA ONpEleNeHHOro copra o6/1ajaeT HMIYJbCOM B 3aJaHHOM HHTep-
Bane (p, p + dp) u ucnyckaercs B 3alanHOM Hanpasiexun (¥, @) B aJ1e-
MEHT TeJiecHOTo yriia d<2, a Mo HMMyJbCcaM H yrylaM OCTalbHBEIX BTOPHY-
HBIX YACTHIL NPOM3BOANTCS ycpelHeHHe. Hucao TakuX B3aHMOJENCTBHII
d®/" 3aBucut or p, ¢, ¢ U NPOMOPIHOHANBHO dp U dS:

@ =fp, 9, ¢)dpdQ, (11.8)
oTCIoAa
Bpo=02HN _[0%9 4,40 (11.9)
Lnog L”yog

Iuddepennuanbubie cedenns do, d*c 1 T. A., KaK H OJHOE CeYeHHe 6 —
DeNATHBHCTCKHE MHBADHAHTHI, OJHAKO OOBIMHO HCHOMb3YIOTCA JH(-
(epenIHanbHble CeYeHHs, OTHECEHHble K BhIODAHHBIM HHTEPBA/IaM He-
3aBHCHMBIX 11aPaMeTPOB, T. €. BeJIHYHMHb! THIA d*a/dpdQ, doldp, do/dQ u
T. 1. OTH BeJHYMHbl TPONOPLHOHAJbHBI pacnpeieseHusmM yucaa N
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BTOPHYHLIX YACTHIL BbICJCHHOTO THIA B JAHHOH PeaKIHH 10 BbIOPaHHBIM
He3aBlCHMBIM [apaMeTpaM, B YAaCTHOCTH, B IPHBEJEHHOM ClIyyae — 110
umnyabeam 1t yraam. [TockonbKy B KauecTse NMEPBHYHOrO IKCHEPHMEH-
TaJbHOrO MaTepiasia Moay4alT HMeHHO pacrnpejeseHns BTOPHYHBIX Ya-

CTHL, TO MHl B lajibHeiileM uaule Oyj1eM NpujiepKHBaTbcst TEPMHHA pac-
d2N 1| dN 1 dN
TpejiesieHHe I HCMOJb30BaTh 0003HAYEHHSA —; * a0’ N dp N a0

T. 0. Muoxuresinb 1/N BBegeH AJ1 HOPMHPOBKH pacnpejesieHuss Ha
euHuLy, T. €.

C((1 &N _
) (W&;&E) dpdQ =1 (11.10)
04

¢ 1. . TIpeoGpasoBaHne pacrnpeje/eHyii H3 ONHOH CHCTEMBl KOOPAHHAT

B APYTYIO (B 4acTHOCTH, U3 []-cHcTeMbl B JI-CHCTeMY) MpeACTaBisieT Baxk-
HYIO MPaKTHUECKYIO 3a/auy, K PElIeHHIO KOTOPOH 1 mepeiifen.

§ 12. AKOBHAHBI

Pacemotpim BHayane mnpeoGpasoBanue ABaXAbl An(depeHinanb-
HOTO CeueHHs
1 d@N
—.——=F(p, 0 ;
N dpdo (», 9, @), (12.1)
npuueM AJis KOHKDETHOCTH ofpaTHMcs K rnpeoOpasosaHuio us Li-cu-
CTeMbl B JI-CHCTEMY, OMHS O TOM, YTO BCE NMOJYy4YeHHbIe POPMYJIbl B PAB-
HOI1 Mepe CrpaBelJIHBbl I JJ15 IBYX NPOHM3BOJbHLIX HHEPLHANBHBIX CH-
cTeM oTcuera. [IJisl 3THX PAcCYETOB eCTECTBEHHO HCIO/bL30BaTh cepuye-
CKHe KOODAHMHATHI, HANMpaBHB, KaK OObMHO, MOIAPHYIO OCb BIOJDbL BeK-
Topa P, (cm. § 3).
Uyies10 yacTULL B 3aJlaHHbIX HHTepBalax HMIYJbca M TEJIECHOro yria
B OJHOIl CHCTeMe KOOPJAHMHAT PaBHO YHCJY YACTHI[ B COOTBETCTBYIOULHX
MHTEpBaJIaX HMIYJBCA Il TEJIECHOTO YIVia B JPYToii CHCTeMe KOOpAHHAT
1 &N 1 dN®
(_ ; dpdQ = (. . —=>— ) dp" . (12.2)
N dpdQ \N*  dp*dQ*
C MaTeMaTHYeCKOil TOUKH 3peHHsI IO CYILeCTBY MPOH3BOJAHTCH IMPOCTO
3aMeHa TepeMeHHbIX

p*, cos 9%, ¢* —p, cos ¥, . (12.3)

Bamerum Jiilb, YTO MOCKOAbKY a3HMyTasbHbIH YroJl HHBapHaHTeH OT-
HOCHTeJIbHO Tpeobpasosatii JIopesia (¢* = ), To pakTHYeCKH Beeria
JIeJ10 CBOANTCS K 3aMeHe TOJbKO JABYX MepeMeHHbIX, 3aKOH npeodpasoBa-
HHS KOTOPBIX HE 3aBHCHT OT a3HMyTaJlbHOTO YIVIa, MO3TOMY B JajbHEi-
ieM B CHMBOJe siKoGuaHa Gy/ieM OIyCKaTh asHMyTa/bHble YIVIbl. TaKHM

obpasom,

1 d: N 1 d2 N*
— ——- L S B J‘ *, 1}* ) 9 . !
N dpd®  N* dp*do* (p*, cos 9*/p, cos B) (12.4)

I
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rae J (...)— COOTBETCTBYIOUUH sIKOOHAH,
dp* dQ* = J (p*, cos 9*/p, cos ¥) dp dQ. (12.5)

BMeCTO TOTO YTOObI BLIYHCASTH OOLIYHEIC BbIpaxKeHHs AJsi iKoGHaHa
yepes yacTHbIE IPOH3BOJHBIE, TIPOLLE BOCMONB30BATHCS PEMATHBHCTCKOU
uHBapHaHTHOCTBIO Beanuussl d*p/E [cm. dopmyay (7.4 ). B coepuuec-
KHX KOOpAHHATax _

d*p = p*dpsin® dd do = p*dp d; ] (12.6)
ds p* = p** dp* sin 9* d0* do* = p*2dp*dQ
H BbipakeHue (7.4") MOxHO mepenucaTtb B BHIE

2 a
p* # 0% = P .
= ap dQ 7 dp d<. (12.7)
Us cootrowenuit (12.1) u (12.7) caepyer, 4TO BeJHUHHA
E (_l_ﬂ)= E* (L. g ) (12.8)
pP \N dpdQ p*= \ N*  dp*dQ*

peastusncTckuil nuapuant. Takum oGpasom,

: E* p? E#  sin?§*
E ¢ 3 S'ﬂ' = s = —, ——— 12.9
J (P , cos9%/p, co ) E p* E sin® ( )
[mocaieHee paBeHcTBO (12.9) BbiTeKaeT u3 HHBapHAHTHOCTH MONEPEIHOro

umnyabca, cM. dopmyay (7.5)]. ’
I}icno.ﬂbsyﬁ cootroutenus (3.10), (3.10), (3.12) u (3.12°), npuxonum

K cjelylomueli CBi3H MeXJy pacmpefiefieHHaAMH B ABYX CHCTEMaX:
1 4N _ (1 d*N* 1, (E —pB cos¥) p*
N dpd® N* dp* dQ* hf (E —pB,cos 3)2 — mﬂ E
2 1—p B ¥
_ (L aar 10 ( ﬁmcaos__)_r, (12.10)
N*  dp*d®*) 2 (cosﬂ—ﬁcjﬁ) - sin® 1
npuuem B [[-cucTeme pacrpejieienne B NpaBoii 4acTi paBeHCTBA (12.10)
JOMIKHO ObiTh BHIPAKEHO C TMOMOILBIO NPeoGpasoBaHiH Jlopenua
[eM. coornouwenust (3.10)] uepes BesHuHHb B JI-cucTeme:

LN pepr 9%, ¢f) = F*[p* (p, 9), 9 (p, 9), 0l (12:11)
N* dp*du*
CneflyeT OTMETHTb, UTO PaBEHCTBO (12.4), ctporo roBopsi, CnpaBeAHBO
NpH B3aHMHO OJHO3HAYHOM COOTBETCTBHH MEXY TOHUKaMII (p, cos V) 1
(p*, cos 9¥). B nmpoTuBHOM cayyae, €c/H 6bl Touke (p, cos ¥) cOOTBETCT-
BOBAJO HECKOJBKO Touek (p}, cos ¥), TO BMECTO paBEHCTBA (12.4)

cJieioBano Obl HanucaTh CyMMY [0 3THM TOUKaM

| BN _ oL BN e oc8*n, cosd). (12..12)
N dpdﬂ-—zkl(N* 5 dp*dil”)k (pk’ & )

&
Kak nerko coo0pasiTb, CBfA3b MEXK/Y TOUKAMH (p, cos ﬁ_) u (p, cos 9%),
ocyiecTBisieMasi MpeoGpasoBaHHAMH JlopeHia, OIHO3HAauyHa Be3sje,
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kpome ToukH (p=vyp,. m, #==0), Kotopoit B [[-cHcTeme coOTBeTCTBYET
MHOKecTBO ToueK (p* = 0, 0% — nioGoe 3HayeHue). ITO O3HAYAET, UTO
paBeHcTBOM (12.4) mpakTHYecKH Bcerja MOXKHO MOJIb30BAThCH.
Hapsany c pacnpeienenueMm no HMOy/abcaM NPHMEHSAETCH M pacnpe-
2
JeJIeHIe 10 SHEPTHSIM - * 7o, CBSI3h MENy STHMH paclpeleeHHsAMH
yCTAHABJIHBACTCS 3JEMEHTAPHO C IMOMOLLBIO COOTHOLIEHHA
pdp = E dE. (12.13)
PensTuBucTCKIil IIHBAPHAHT 15 IHEPreTHYECKOro pacnpejesenis, "Ha-
JIOTHYHBII cooTHoweHuio (12.8), nmeer BHJ

| W d* N 1 1 d? N*
“p"(?' dEdSS)—_F(—N—*'dE*d&!*} e
¥ COOTBETCTBYIOUUH SKOOH aH
i e
J(E*, cos 9* /E, cosﬁ-):—p—=m—“{;—-. (12.1 %)
p* sin

Orcro,ua noJjqydaeM CBsI3b MEXJY pacrpenenenlamit B IBYX C.lCTeMax
KOOpJAHHAT

1, &N _ (1 &Nt p _
N dEdu (N* dE* do* ) VEE—the b=
Z( L 2 ] ! . (12.16)
N*® dE*de* ]/‘(f, (cos & —B, 1)* + sin® §
B uccaenosanuaxX 1o ¢usHKe BHICOKMX vHCpiHH Hepeiko (urypu-
pyloT JuddepeHuuHasbHble pacnpefesetnss B ./ CHCTEMe IO OAHOM

KakoH-ub0 nepeMeHHOH — yIrJoBOe paclipeieseite i\; . % HJIH HM-
! 93
1 an | _ 1 dN
MyJbCHOE pacrpejejeHne — . —— (n.:m IHEPreTHYecKoe — .
N dp N dE

OueBHJHO, YTO AJIs1 NOJNYYEHHS TAKHX pacnpejliesieHuil ABaXKAbL aucp-
= ] d* N
(bzpeHnMAaNIbHOE pacnpejeseHne R JIOJKHO OBITE IPOMHTETPHU-
i dpdid
pPOBAHO MO BTOPOI NepeMeHHOH.

dl
paCCI‘.IGT])IIM CHayaJla yIvioBoe pacnpelieyienne Ii? ' E% Hpam‘nqecxn

BCerja 3HAYHTENbHO TMpOLLe MPOHHTErPHPOBATH [0 HMIYJAbCAM B
[]-cucreme, nosToMy [/ TOJYYEHISI YIVIOBOTO pacnpefiesieHns B JI-cu-
cTeme BMecTo 3ameHbi (12.2) gesaercs 3ameHa rnepeMeHHBIX

p*, cos 0%, ¢* — p*, cos ¥, «, (12.17)
KOTOpasi OCYLIECTBIAETCS ¢ NoMolLblo Gopmydsl (5.4). Hkobuan npeob-
pasoBanus (12.17) nmeer Bug:

d cos ¥

dcos &

pE=const
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J (p*, cos 0%/p*, cos O) = ‘




12 [-.«.:t V1+0=97 tg“a]2

2
leos3 9| (1+12te?8)" )/ 1+ (1—)  te®d

2 * o Al |
% [ﬁcE [cus&|i]/£‘5—m3a’_l ’ (12.18)

at p* V E*2__ 2 g2

rae

a=|cos®| YT+ y2tg® =V vZ(1 —BZcos*¥). (12.19)

Xapakrep 3aBucHMocTH sikoGnana J(p*, cos 8*/p, cos ) or yrue %
B JI-cHcTeMe, O4eBHAHO, TAKOB JKe, KaK 1 XapaKTep 3aBHCHVOCTH yriia U™
(cm. puc. 8). Hamomuum npaBuo ynoTpeG/ieHHs 3HAKOB B BbIpaXEHHH
(12.18) u onpefesiuM nmpejiebl HHTeTPHPOBaHHsL 10 P* IPH PA3HBIX 3HA-
yenusix napamerpa x = PB/p* = BLE*/p*. 1) » < luau p* > VePern.
SIkoGuaH — olHO3HAuHAsA Py uKins yraa &, sHak «+»npu 0 < & < a1/2
U 3HaK «—» npH /2 < & < . Huwanit npejies HETErpHpOBaHHs p* =
=B, BepXHuii npefiel onpelesiieTcs I paHHIell HMITY1bCHOrO CeKTpa
B [[-cucteme p* = Prp 2) %> 1 man p* < yBem. SkoGuan — ABy3HaY-
Has GyHKIHA yria @, ynorpebinaiores 06a 3HaKa B BeIPaXKeHHH (12.18),
H YIJIOBOE pacmipefielieHHe JOJKHO NpeACTaBsATh COGOH cymmy ABYX
geroB. [Tpu % > | noa sajanneM yraom ¢ B JI-cucreme MOHLYT JHUlb
Te YaCTHLbI, A/ KOTOPBIX NpPEIeNbHbIl Yo, Onpe/leisiemblii paBeHcT-
BoM (5.12), npesbimtaer §. Orciofia HUKHHH TNPEAeN HHTErpHPOBAHHSA
p* = y.pom sin &, a Bepxuuit p* = ypcm.

[ToABOAs HTOT, MpHBEAEM OKOHYaTeslbHble (OpMYJbl AIs YIOBOro
pacrnpefiesienus B JI-cucreme B CJIEIYIOMEM BHAE: °

a) mpu 0O <~

18 m :

L o L 1 d*N* .
B Y [(‘F.M)+J+("')+(N*'dp“dsz*)_‘f—(m)_]dp +
Tcﬁcrnsinn
*
pr‘p I e
® 5 [F'MLM(--—)@*; (12.20)
v ‘fcﬁcm

6) npu %<z‘}§ﬁ

*

Pr

1 L
N od S (N* " dp*dQ*

TeBem

) J_(...)dp*, (12.20")

rJie HHAEKCH «--» Il ¢—» 03HAYAIOT 3HAKH, KOTOphie CieflyeT 6paTh B Bbl-
paxenuu (12.18) pus skoGuana u B gopmyJe (5.4) gna cos 9%; ¢ no-
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MOLIbI0 TmocsiefHeil Gopmydasl pacnpenenenne B [[-cucTeMe BbipaXKeHO
yepes p* u U:
1 d* N* F* (p*. §* * F*1p* &* (p*
i (p*, 0%, @*) = F*[p*, 8" (p*, ®) ¢]. (12.21)
Kak yxe ormeuasiock B § 5, 1jisi MHOTHX 3aflad XOPOLIHM NpHOIHAKeE-
HHeM cayxKar dopmyasl npu x = 1. B 3ToM ciyyae sxoGHaH

2
4y;cos ¥ . 4 cos B
4 - 2 2
a 12 (1 —PZcos®d

J(p*, cos &*/p*, cos ¥) = 2 (12.18")

H He 3aBHCHT OT p*, II09TOMY €r'0 MOXKHO BbIHECTH H3-I10]| 3HaKa HHTerpa-
na B seipaxenusax (12.20) u (12.207).
OGpaTtnMcst Temepb K BBIYHCJIEHHIO HMITYJBCHOIO pacripejleieHHs

I dN o

N dp B 3ToM ciyuae Tak:Ke yjAoOHeil cBecTH 3ajauy K
HHTErPHPOBAHHIO MO HMMyJbcaM B [[-cucreme, c/ieslaB BMeCTO 3aMeHb
(12.2) sameHy nepeMeHHBIX

B JI-cucreme

p*, cos 0%, ¢* —>p*, p, ¢ (12.22)
C TIOMOILBIO COOTHOLICHHS
cos @ = E—1eE” (12.23)
Te Be P*
[em. cooTHowenue (3.107)]. SIkoGman sToro mpeodpasoBaHHs
0 cos &* 1

J (p*, cos 9*/p*, p) = = oL (24
(p P, p) B |peconst ~ 7Bopt " E )

1 d dp*
dp*dQ* = — . 222 | P 4ot 12.25
B E p* ¥ ( )

Hckomos uMn YJbCHOE pacrnpepe/ieHHe
1]

2=

(AT Y
W) e 49 (1226)

0

L o»
N dp Yebe E

| # "> »

P
re mpefesbl WHTErPUPOBAHHA MO p* ompejessioTcst (MpH (UKCHPO-
BaHHOM 3HaueHuH p) yciosueM ¢ =0 u & =m, T. e.

Pi=VV(ELB.p)P—m?, (12.27)

a pacnpenesiense B I[-cucteMe ¢ momouibio dopmyast (12.23) npend-
CTaBJieHo B BHJe (QYHKUHH p* H p:
1 d* N* * * ok Ok [k
W - g = (0" 9% 00 = F*[p, 00 (5", p), ol (12.28)
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Yacrto npeanoJiaraeTcs, 4HToO HMeeT MECTO asuMyTaJibHasd H30TPOIIHS,
I d N* .
e. F -W H& 3aBHCHT OT ¢, TOorja
P

1 dN 2m

L ,
N = E (12.26")

"ol %

U @Nt
J L N* " dprdor) p*
p_

Hepemco BO3HHKAET TaKiKe HeoOXOAHMOCThb BbIUHC/AHTh pacrnpejesne-
HHe€ 10 NOoNePeyHbIM HMIYJAbCaM; 3TO pacnpeliejieHne — pe.ﬂHTHBHCTCKHIjI

MHBAPHAHT H €ro BbIYHCJIEHHE MpOolle BCEro NpOH3BECTH B H‘CHCTEM&,
cjieniaB 3aMeHY MepeMEHHbIX

p*,cos¥*, ¢*—p , 0% ¢ (12.29)
no gopmyJe
Py
P'= (12.30)

H 3aTeM MpOUHTErpuposas no 4* u no ¢.
S1xo6uan mpeoGpasosanus (12.29) paseH

i dp* a HE
J(p*,cosﬁ*!pL,ﬁ)=|%.—E£;+ =1 (12.31)
H
“_a:ph
oy B j Y L BN g d 12.32
N . dpJ_ - ) . (N* dp*dg*) ('P! ( . ]
”rp 0
rie

ﬁ:p=arcsin(pj);
Pep

1 d N* % ¢k Ok % P ik ”
I'dﬂ*dg*=ﬁ (p*, 9%, @*) = F* [p*(p,, 0%), 0", ¢]. (12.33)

Yaine Bcero MpUXOAMTCA HMETh AeJIO C pacmpefienenusamu B [[-cucreme,
o6aalaloniMH a3HMYTalbHOIl M30TpONHUEH M CHMMETPHUHBLIMH OTHOCH-
TEJBHO HAampaBjleHHs «BIEpel — Haszaly:

F*(p*, 0%, @*) = F* (p*, %) = F* (p*, n— 9%),  (12.34)

B 3TOM cCJayuae

1 d>N* 5 ¢
} * dp}. = 4n j (F ] dp* dg*) do*. (]232)

§ 13. HECKOJIbBKO YACTHBIX C/IYUYAEB
NMPEOBPA30BAHHSA PACIPENEJIEHHH
PaccMoTpuM npeoGpasoBaHHe HECKOJDbKHX ONpe/eeHHBIX BHIOB
pacnpefiesieHHil, 4acTo BCTPEYaloUXCs B NPaKTHKE KHHEMAaTHIECKOro
aHa/1H3a. )
1. Umnyase yactuupl B L[-cHcTeMe NOCTOAHEH (= po), a yrJosoe
pacnpesiejienHe H30TPOMHO:

I d@N* L e #
W""W'Ea(p po)- (13.1)

Ioncrasass Bepaxkenue (13.1) B dopmyast (12.20) u (12.20),
MoJiyyaeM CJEAYIOIHe BbIpaXKeHHsi [Jisi YIJIOBOTO  pacmpele/eHHs
B Jl-cucteme (puc. 12):

Be Eg
4 1.0 > 1
Po

Fl

a) npu p;<mvcﬁc (KUZ

A

1 i "
-~ % = Tl;[.ﬁ.(pﬁ, cos® pr,‘cos 9) + J—(po, cos 9*/po, cos 13)] =
1 [ —f) et
20 cos3 9 (1412 tg29)? V 1+ (1 —xp) 17 te®®

1 42 lEBZ 1+ B? cos?¥) — m? a”]

- i N (13.2)
4 a“pE ]/Ez,s — ma*
0 { L) ‘3: ﬂMﬂIGC!
rae Oyaxe onpenessercst coorouennem (5.11) mm (5.12):
e 1
T NN | DI - N (13.3)

mic pe 'l/l 4 ("% = 1) 'i'g
HanoMHuM, 4To BeJWuHHa a Ghbina BBejena (opmyJod (12.19). Mox-
HO mokasaTh [l4], uto B JI-cucTeme B KOHyce C YIJIOM pacTsopa

0= arc’[g‘i::,i copepxkurcs He Menee 90% Bcex HacTHIL;
. S c .
6) mpu po > my P, (%e<1)

1 dN 1
T'ﬁ . 4—3"'(,03, cos 9*/po, cos &) =
= 1 . T? ['4"-0:]‘.‘ l/!1+(1—x%) 73tg2&12
~ dn

|cos? | (1412 tg2 )2 V 14+-(1 —=3) 12 te?y (13.4)

1. % [0 Eylcosd| £ VEY —ma]”

I

4m atp* VE;S —ma?
0o <,
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(ynorpebnenne 3HakoB cM. B § 12). Ecam macca wactunn m =0,
dopmyna (13.4) sHauuTeNbHO YHpOLIAETCS:
1 dwn 1 1 1 '
VR I T TR (13.4°

Cpennuii yron B JI-cucTeMe, COOTBETCTBYIOIMI pacmpepeseHUIo
(13.4),

5_( L1, 9sin9ddde _ m 1 4
'&~JJ. 42 (TP cos ) 2 B, [1—_——_fc(l+ﬁc)]’ (13.5)

uTo npH v, > 1 naer

2 1
=~ . 13.5°
2 1’ ( )

B) Ml YNPYroro pAacCesiHHs M YJbTPAPEJIATHBHCTCKOrO Mpeesa,
koraa Bo— 1 m p.— 1, npumensietca dopmyaa npu %o = 1 [cM. BBI-
paxenue (12.18")]:

AN
N " dQ

1 1 cos &
= ————. 13.6
Ty (1—52 cos?h)? ( )

Cpeanuit yros B JI-CHCTeMe B 3TOM CJyuae

n 2=
= 1 1 HcosHsindddde ™ 1
o= [-2.k, oo O .. TR
j‘g‘ T Tf (I—Bf cos? 3)2 2 qe+1 ( »

YTO NpH Yy, > | TakkKe NPHBOAHT K cooTHoweHnuio (13.57).

DHepreTHYeCcKoe pacnpejieieHHe B JI-CHCTeMe, COOTBETCTBYIOlee
Beipaxenuo (13.1), no dopmyne (12.26°) [c yueTOM BBIpaMKeHHsd
(12.13)] umeeT caenyouuii BHA:

o
-E_i

oy
N -

E (1 dN 1 1

== = .
=7 (N 'dp)— 2 | O (P —p) =g (13.8)

LN
S

| *

p

T. €. 3TO- paBHOMepHOe, He 3aBHcsllee oT E paenpejefenue:
B HHTepBaJe

Ve (Es —B,p6) < E < y.(Eb + B, po)s (13.9)
a4 BHE 3TOro HHTEepBaJa
1 dN
T . _d_E' = 0

(puc. 13).
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k=1

SE
~l=

3B 3ak. 1924

0
Ko<t

B 90 0

29> 1

12. ¥rnoBele pacnpeneieHust B JI-cHcTeMe, cooTBeTcTByloliHe pacnpemenenusn (13.1) u (13.14) B I[[-ch-

Puc.

cTeme,



Pacnpesesienne 1O TIONEPEYHBHIM HMOYJbcaM 110 BbIPAXKEHHIO
(12.32°)

n/2

1 dN P, * #

T'E:j 5 (W——pg)dl‘}. (13.10)
:}']‘_p

Bocnosbszopasiiics 00buHOM (opMmyJiol 1st 6-QYyHKUHH OT CJIOXK-
HOro apryMeHTa, NoJyuuM

1 dN Py

= e (13.11)
M Vel
HamuGoJiee BeposiTHOE 3HaUeHHE IONEPeYyHOro MMIyJbca
PP = pos (13.12)
a cpejHee 3HaYEHHE
ps
0 2
—~ p, dp T
PL= __*—"L*T;—Z‘ _———‘TP{] (13.13)
poV P o—p1

0

&
2. UMnyabc uacTHupl B [[-cHCTEME [OCTOSHEH (= p‘})’ a yrJoBoe
pacnpejieleHde NPONOPLUHOHAILHO YeTHOH crenenu cosd* [16]:

L _@N*  Zk4 1 c29*8 (p* — pb), 13.14
P Tpram = - cos™t 8 (p* — po) ( )

rje k—1enoe 4YHCJIO.

Takne »xe BbIKNaJKH, KaK ¥ B 0. 1, NPUBOAST K CJEAYIOLHM
pesy/ibTaTam. YTJoBoe pacnpejesieHHe B JI-cucTeMe (cm. puc. 12):

Et
a) npu py<my,B, (%u=B‘*°>I)

Pg

L AN _ 241, 1
cos? & (1+ 12 tg29) 2V 1°4 (1—22) 12 1g% 9

N dQ 4z
x (| =i terd + VI + 1—x3) ¥itgo | x
X (% + V 1+ (1—x) tgrd )+
+ [xavftg21&+ V1+0—x) Vg 0] x

X (ta—V 1+ (1 —x)) Vtges)’}; (13.15)
Oéﬁ -~<.\ﬂ'uaxc;
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riie Uyaxe, KaK H NPeXJe, onpejensercs paseHcTBoM (13.3);
6) npu po > my.Be (%o <T1)

| _dN _ 2%+1 1

—_— = p—— == X
NoaR AT eossy | (1442 tg29) 22 ) T (1— 62) 2 tg? o

r , 2%
X (—xnvftgz'&:}:]/ l+(1—x§)?§tg21‘}] X

x (%0 V14 (1—xd) v tg%0)"; (13.16)
0<t<nm

(ynorpebsienne 3nakoB cM. B § 12);
B) NPH %o =1 yJbTpapensaTUBHCTCKUM mnpemed (ﬁﬁ—r 1, B.—1)

1 dN %41 T ( L—gte?h 3%
N dQ T cos3H (14 42tg20)% \ 1+ 12tg?s
_ %1 cos 11—(2—53) cos® & |* (13.17)
T 2 (1 —BE cos?y)? 1 —p2cos?d |’ ’
0<d<7.

YraioBoe pacnpejesiedne B Jl-cucreme oGaajaer ABYMs XapakTep-
HbIMH MaKCHMYMaMH, OTPaXalouLliM1 K BIepes H Ha3ajl B pacnpejene-
uun (13.14). Tlepsblil MakcHMyM COOTBETCTBYET Hampae/ienuio Bnepej

fhaxe 0, (13.18)

[Tonoxenne BToporo MakcHMYMa B OGLLEM C/Iydae BbIPaXKaeTesi JOBOABHO
rpomMosaKuMil QopmyJiamu. Hanpumep, Ansi cpasHHTENbHO NpPOCTOI
Kpusoit (13.17)

i &1 2k + 12 | 3k(k+ 1 : 2k 41
tg”ﬂi“mt:?[l/ (l _— 2';" ) ke (3:‘1' ).__(]—- TL_ ):]. (1319)

e c

Econ v, 3 1, ¢opmyna (13.19) cywectsenso ynpouiaercs

i SR ]
fgoim o VIFL (13.19")
i
Munnvym mexay 97 u 93" na xpusoit (13.17) onpeaensercs
BBIDaXKEeHHEM

tg G = L (13.20)

le
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uepretuueckoe pacnpefesenne B J/-cucteme (puc.l3):
1 dN_ 2%+1 ( E~T.:EE)%, l
N dE " 248 po \ tcBero /
1. (Es—B.po) < E < v, (E+ Be po)- I

(13.21)

1.aN
N dE

5
231:}3.9;0

3
2505

R A, 1
255 \f(\ /
o
7 (Eg5:Fp) ) FelEPels) E

Puc. 13. DuepreTHyeckHe pacnpejieieHHa B J/-cHcTeMe, COOTBETCTBYIOUIHE pac-
npexenerusm (13.1) u (13.14) B I[-cucreme,

Pacnpesesienne Mo nonepeyHbM HMIYJbCaM
2kh—1

o —pl) T
= (2 + 1) Py ""’QH",L) (13.22)
» pa

A, aN
N dp

HauGouee BEpOsITHOE 3HAUEHHE IMOoINepedHoro UM yJbCa

®
Bep Py
pIT =2 (13.23)
Cpe,u,Hee 3HA4YeHHE IOMIepedyHoro HMMyJbCca

= __ ® 24+ 1)1 =
pPL= 2212 " I (& + 1) Po- (1324)

3. Yrnosoe pacmpejenedne B [[-cHCTEME H30TPOITHO, A HMITYJbC-
HOe pacrpejie/ieHse NponopuHOHaAIbHO p*1E**:

1 d*N* A mp*?

NE dp*dQ* e £+ (1325)
il e oW
0 < P = Prp
rae A — HOPMHPOBOUYHAs KOHCTAHTa.

Takoe pacnpe/ieieHHe BbITEKAET 13 TeOPHH MHOMKECTBEHHOTO o6paso-
BaHHA yacTi, npeinoxennoii IeiisenGeprom [15], n ero npeoGpasosa-
HHe HeoJHOKpaTHO obcyxkpanoch [16].

[Tpexkae Bcero HaiiieM HOPMHPOBOYHYIO KOHCTAHTY A

®

Prp " G
1 S mp*gdp* 1 ( Prp mprp
—_— | 2 —— (arelg———— | (13.26)
A ) E#t 2 \ m m? +P::
Ecan prp > m, TO
G —— (13.26")

*®
Prp
YrJoBoe pacnpejiesieHne, BbIYHCJIEHHOE MO (GopMyJIaM (12.9), Mox-

HO 3amkcaTh B CJeAylolleM BHJe, CIpaBeJJIMBOM BO BCEM HHTEpBAJe
yraos ¢ (0 < &< x):

2 B ‘ 2 2
1 dN A 1 1 4237 cos” # ) (VT —a*
W"T{_ZH'TZ{ 5 aresin | ——5—— | +
LI " \ Trp
12 1 —a?
+arcsin (B, cos ¢) | -+ (——— —,) B, cos & ———%—] , (13.27)
Te -Irp Trp

rle BesmuMHA a onpefeasercs Boipaxenuem (12.19). Ilpu 7y, >1H

"r’:,,>>1 JST TIOAABJAAIONIEro GOJbIIMHCTBA YACTHI, HAYUHUX B KOHYCE
¢ yraom pactsopa O = 3/y,, BTOPHM H TPETbHM HJCHAMH B (uryp-
HBIX CKOOKAaX MOXKHO TipeHeOpeub, a AapKCHHYCHl B NMEpBOM HJEHE
3aMeHHTb HAa 7/2. B pe3yJbTaTe MoJydaeM MpOCTYIO NPHOJHNKEHHYIO
Gopmy.ry
1 av A 1 (14 2cos*8) 3
A e ey T (13.28)

HmnyabcHoe pacnpejesieHHe HMeeT ypesBpIYaHO WPOCTOH BHA

1 dan mp?

Y = Ay, ——— 13.29

N " dp Ve (p2+1§m2)2 ( )
npuyeM HauGoJiee BepOsTHOE 3HAYEHHE HMMIYJ/bCA

peeP =y, m. (13.30)
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pECﬂ'pE,ﬂ,EJ]EHHe MO nonepeyHbIM HMNYyJbCaM

I dv A mp | [ <V (mT+pk) (0} —p2) -

N Py 2 (mz—f—ﬁi)aﬂ 2 p’:i—]—mz
: 2 2
— l/u‘ij (13.31)
m2 -i-—ﬂ‘:;

*
Ecau prp > m, 10

1 av A moy i T 2 (P_2L+r::2)3/2 (13.32)
N dp, T2 D e i T
pJ. (m +p.l_) 3 p[*;
Beluncsienne p; TpeGyer rpOMO3AKHX BBIKJAANOK. 3aMeTHM JIHIB,
" =

4TO C POCTOM prp, CPeJHEE 3HAUeHHWe p JOrapHPMHYECKH PACXOIUT-
co

*

pr~min Ze (13.33)

4. ¥Yraosoe pacnpepesenue B [[-cucteMe H30TPOMHO, 4 HMIYJbC-
HO€ pacnpenesenne omuceiBaercss ¢opmynoii Bose —I[lnanka npu
Temneparype 7

LN L e 1)
N @t~ Im mRE = = a2 P)
g™ 1 | (13.34)

s |
T ]

rae T — B 3HEpPreTHYeCKHX eIHHHIAX.

Muoxntens 1/F,(z) — HOpMHpOBOUHBLl, BenuiHa Fa(2) onpefesser-
csi ke [em. popmyay (13.41) u puc. 14]. Pacnpeneneniie Tuna (13.34)
npu Ttemneparype T ~m (z~1) wupoko ucnosnayeres, HampHMmep,
B PasMIIYHBIX MOJAEJNAX MHOXECTBeHHOH reHepauuu uacrui [17, 18).

Jlnsi BblaNC/IEHHs YIVIOBOTO pacrpefeieHHsi B JI-cucTeMe Cienaem
Cielyiollne ynpouaiomie npeinoiokenns. PaccMoTpiM npakTHuecK
HYXKHBIH B IPHJIOXKEHHAX Caydail y. > |; TOTJa YHCIO YACTHIL, JIeTALLIX
oA yraamu Gosbuie 90°, npeHeGPeRIMO MaO, H MOMKHO OFpaHHUNTHCS
BblaHcaennem unterpana (12.20). Kpome Toro, Tak Kak npu p* > y,B. m

J_(p*, cos 9*/p*, cos ®) & J4(p*, cos0*/p*, cos ),

HHTErpan (12.20) MoxHO mNpHGAHMKEHHO 3anuCcATb B cienyoue M
BHJIE:

1

a:.|5.
-

:ali J © (p*) [I4 (...) + = (... )ldp* =

1o B, msind
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[GRikak

oc

] IL

T 2nFy(2)a 2
1

a* 1 tdt 13.35)
+(1 T?)‘l‘rtz-—llez“r—l : (
e cpeJsaHa 3aMeHa nepemeHHhsx
e (13.36)
ma

senuunHa a onpeiensiercst gopmydaoit (12.19).

10 ¢
AN\ N
w’ \\ \~
AN .,
N B
N\
\ NF)
07 \\ P ~C
]
N \\
. NN
10 ~ ~
AN R
< AN
N AW
10-4{ 2 3 4 5 ) X

Puc. 14. Tpaduku dyukuuit Fi(x), Fu(x), f(x).

PasnoXHB MHOXKHTENb, COAEPIKAIIME IKCIIOHEHTY, B PN

oo

1 3 e (13.37)

et —1

n=I
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(9T0 MOKHO cAestaTh, NOCKONBKY ¥ = zal > | ue—* — manas BeJIHYIIHA)
H BOCIO/Ib30BABLIHCh (MOCJE HHTErPHPOBAHHA MO YacTsm) topmynoit
(cMm. dopmyay (3.387) na kuuru [19])

oc

1
5'(x2—1)x—ne—u-rdx= : (i) T KLy,  (13.38)

l’ ;-t "

rae K, (x) — unaanppuyeckas (yHKIHS MHUMOTO aprymenta; I'(x)—
raMMa-QyHKIHs, OKOHYATEILHO MOJYYHM

2
1 Te 1 * a®
_N_-%g = e T {(2— T—f) F,(za) + (1 — g)Fg (za);; (13.39)

i = K, (no) (13.40)
. n=1
Filg)=y Hale) (13.41}

n=1

DyHKuHH Fy(x) u Fo(x) s sHadenniix = 1 — 7 NpHBeeHbI HA puC. 14.
Panbi (13.40) u (13.41) ObICTPO CXOAATCSH: HX aCHMIOTOTHYECKHE BbIpae-
HHA npH x > 1 UMeIOT cielyomuil Buj:

Fi) =} Z e (1+ 2.1) (13.40')

= 15 F
R~ &= (1+?-%). (13.41")

X

Ha pue. 15 npusezenst yrioswie pacnpejenenus m-Me30HOB, Bbi-
YHC/IEHHble no dopmyne (13.39), ans HeCKOJBKMX 3HAYEHMIl Y. H 2.
Hmnynscroe pacnpenenenne no Gopmyne (12.26") umeer Bun

E*

+
1 dnN 1 1 E*dE*
WV dp T TP miF @ | T (13.42)

& e m — ]
Bocnonbsosasunics cHosa pasnoxenueM (13.37), nociue 3/IEMEHTapHOTO
HHTETDHPOBAHHSA MOJYUHM

1 dN 1 1
N d_p_ = 27, B, m W _E_ lf(x—) = f (x+]!, (1343)

rue
O | 1
f(JC)Z Z_n_e—-nx(x_!__?); (1344)
n=|1
xe =% (E & B, p). (13.45)
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cooTBeTCTRYIOUMEe pacnpeneteniio (13.34) B Il-cucrewme.

15. ¥raopble pacnpeaenenuss B J-cHcteme,

Puc.



Dynxuus f(x) AaHa Ha puc. 14 ans uHTepBana 3HaueHui x = 1—7.
Psap pns f(x) CXOAHTCA OYeHb OLICTPO, M YXKe NpPH X > 2 ¢ IOrpeLl-
HOCTBIO MeHee 5% MOMXHO OrpaHHUHTLCS MEepPBBIM YJEeHOM:

Flx) = (x -+ 1)e*. (13.44")

Wil

002

001 il

0 | 1 2 3 4 &5 6 7 & 9 10 v 12 p e

003

002

001

;. 1 2 3 4 5 6 7 &8 g 10 1 12p/lbre

Puc, 16. UmnynbcHble pacnpefenexus B J[-cHCTeME, COOTBETCTBYIOUIHE pachnpe-
neaenio (13.34) B f-cucreme.

Dopmyna (13.43) cyuiecTBenHo ynpouiaercs npu v, > 1, Korja noaas-
Jasomee GoJbUIHHCTBO BTOPHUHBIX YACTHIL B JI-cHCTeMe YJIbTpapeasiTH-

66

BucTCKHE (E =~ p). B 3T0M cayuae cienyer monbsosaTees s AT
NPHGIHKEHHBIMH Bolpaxennamu [cM. dopmydst (4.11) i (4.12)]

x, w ZLkp .
m
I (13.45")
z Te 1
x‘“’T(‘rcm +-5 )

Tak xak x_/x, < 1, a f(x) —GbicTpo yObiBawomasi GyHKUHs OT X, TO
F(x) > f(x). (13.46)

C yuerom Bhipaxenuii (13.44'), (13.45') u (13.46) noayuaem

e

_l_ Eﬁw 1 1 z p e m 3 —]-"rT o
N 'dp ~ 2ym 'z‘iF,_(z)[T( Te M + P )+ l]e

(13.47)
3aMeTHM, uTO pacnpejesieHHe 0 BeJHUHHE

t= bl o B (13.48)

Te M Ten

B 3TOM MPHOJIMXKEHHH HE 3aBHCHT OT Y, H B 5TOM CMbICJe fIBJISETCS
yHUBEpCANbHOH (yHKIHElT:

1 dN . 1 z 1y —i(iwl-L) ’
T_EZW[_?(H.T)TIF 2 ST (18.471)

HanGonee BeposTHoe sHauenwe umnysbca ompegensercs NpUGIHMKEH-
HO TIPOCTBIM COOTHOLIEHHEM

preP=y.m (13.49)
H He 3aBHCHT OT 2.
Kax BugHO us Bbipaxenust (13.47), npu 3HaueHusix pP>y.m
HMIyJBCHOE pacrnpejie/ieHHe SKCMOHeHIHANbHO yOblBaeT, T. e,

4

| aN 1 | - QT(.‘ m L4

—_— —

. ~ ——. 2
N dp 4‘(5 m ng(z}p

(13.47")

Ha puc. 16 npusenens uMnyJbcHble pachpepesenus T-ME@30HOB, Bbl-
unc/eHHbie 1o ¢gopmyne (13.43) aas HeCKOJBKHX 3SHAYEHHIT VoM 2

F'masa 3

KHHEMATHKA B3AUMOJENCTBUMH
C OBPA3OBAHHUEM [BYX YACTHULL

Ora riaBa nocesuleHa KHHEMATHKe peakiiii, B pesyJibTate KOTOpbIX
B KOHEYHOM COCTOSIHHH BO3HHKAIOT TOJBKO JIBE UaCTHILI. TaKoe Bbijese-
HHE /By X4aCTHYHBEIX PeaKIHH JAUKTYeTCs] HeKOTOPHIMH COOGpaKeHHSAMH:
BO-NIEPBBIX, TaKHe peaKLHH YPe3BbIYAHHO pacnpocTpaHeHbl B fjep-
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HOil (u3uKe., DTO M yNpyroe paccesHHe 4YacTHI, W Heynpyrue npo-
{ecChl B3aHMHBIX MpPEBPAILEHHMI 3JEMEHTAPHBIX . YacTHL (Hampumep,
©+p—>Xt+K,p+p>n+n y+p>at+nuT L) K pac-
najbl 4acTHl (Hanpumep, " —p -+ v,, A°—=>p4a° B T. A.), H
orpoMHoe GOJBLIMHCTBO SIEPHBIX peaKuuii B 006JaCTH SHEPrHH 10
HECKOJIbKHX COT Meras/eKTpoHBoJbT (nanpumep, d -+ d—,He? 4 n,
N4+ n—sCl4+purT A i )

BO-BTOPbIX, KHHEMATHUYeCKHii aHanu3 peakiuui ¢ ABYMA YacTHUaMH
B KOHEUHOM CCCTOSIHHI MOKeT ObiTb TNpPOH3BE[eH 3HAYIITeNbHO ITIO/THEe,
yeM aHaJi3 peakiuuil ¢ GONBIIHM UHCIOM YaCTHI, TaK KaK OrpaHnyeHus,
HaKJablBaeMble 3aKOHAMH COXPAHeHHs SHEPTHH H HMIyJbca, 0COGEHHO
CHJILHO MPOSBJSAIOTCA MMEHHO B JABYXYACTHYHbIX peakuusx. JleHcTBH-
TeNbHO, KHHeMaTHKa 3THX peakiiilil B 3Ha4HTeIbHOH Mepe onpesensercs
TeM, UTO He3aBHCHMO OT KOHKPETHOrO THMAa B3aHMOJEHCTBHSI NPOLYKThI
peakiliy pasjeraiorcs B [[-cHCTeMe NOJ, YTIIoM 180°, a ux 3Heprun B TOM
JKe CHCTeMe 3aBIHCSIT TOJIbKO OT MacC YacTHIL H HayajlbHOH SHEepPTHH;

B-TPEeTbHX, HEKOTOpble 3ajaull, OTHOCAIIHECS K MHOMXECTBEHHOI re-
HEepalNK YacTill, N0 CYUIeCTBY CBOAATCA K 3ajaye ¢ ABYyMs 4acTHUAaMH
B KOHEUHOM COCTOSIHHMII — NyTeM OO0DbeJHHeHHS BTOPHYHBIX YacCTHIL B
onpejiesieHHble IPYMIbl H 3aMEHbl OJHOAKTHON reHepaltil MHOIHX YacTHLL
HECKOJMBbKHMH MOCJAEN0BATe/IbHbIMH aKTaMH, B KaJIoM H3 KOTOPbIX
ob6pasyercs N0 JiBe€ YACTHLBI.

§ 14. MHBAPHAHTHBIE NEPEMEHHBIE

HauanbHoe 1 KoHeYHOE COCTOSIHHSA peakuiH nepexoja ABYX HacTHIL
B JiB€ 4acTHILbI

Qoy + Qg = Ay + Qs (14.1)

MOMTHOCTBIO OMpeAeAOTCs (eCiil OTBIeYbCs OT AHCKPETHBIX XapakTepil-
CTHK: CMHA, N30TOMHYECKOro CMHHA M T. [A.) 3afaHHeM 4-HMIyJbCo-
o1y P2, &1, T2, 11 BEPOATHOCTH NEPEXOJA MOMKET 3aBHCETb TOJLKO OT
3THX 4-MMIYJ1bCOB, TIPHYEM MOC/eAH e N0JXKHbBl BXOAHTH B PeJITHBHCT,
CKH MHBapHAHTHBIX KOMOHMHAIHMAX, MOCKOJIbKY CamMa BepOATHOCTH nepe-
X0/la — DEeJATHBHCTCKH HHBAapHAHTHAR BeiuyuHa. Jlerko cooGpasiThb
YTO M3 YEThIPEX 4-HMMYAbCOB MOXKHO MOCTPOHTH AECATH PeNATHBHCTCKHX
HHBapHAHTOB, CPeH KOTOPbIX YeTbipe — 3TO MPOCTO KBaapaThbl 4-1M-
MyJbCOB, T. €. KBaJpaThl MACC yYacTBYIOIIHX B peaKUHH 4acTHIL, KOTO-
pble MPeACTABAAIOT CO00il (PMKCHPOBAHHbIE MAPAMETPbl H HE MOTYT (HTY-
pHpPOBaThL B KauecTBe KIIHEMATHYECKHX IepPeMEHHbIX, a Ha OCTaBLIHECs
LIeCTh MHBAPHAHTOB 3aKOHAMH COXDaHeHHS SHEPTHH H HMIYJbca Ha-
K/1aJblBaloTCsl ueThipe CBsi3i. Takum o00pas3oM, JBYXUYacTHYHbiEe peax-
LHH KHHEMATHYECKH MOJHOCTBIO OMHCHIBAIOTCH JBYMSI HE3aBHCHMbIMH
nepeMeHHbIMH. B KayecTBe TaKHX NepeMeHHbIX MOXHO, HampHMep, Bbl-
Gparb suepruio E,, HaleTaloulei yacTuipl [cunTtas, KaK sT0 yaule BCero
i GbIBaeT, YTO YACTHILA-MHUILEHD gy NOKOHTCS (pHC. 17)] u yroa pacces-
HHSI OJHOTO 13 MPOAYKTOB peakinu (B JaHHOM CJyuae YacTHUbI ;)
B JI-cucteme ¥, nin B L]-cucteme ®1. Sueprus Eq u yron 9,—Henocpen-
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CTBEHHO l13MepsiéMble B 3KCNEPHMEHTE BeJIHYHHEI, OJHAKO HX HCHOJb30-
BaHHe He Bcerjaa }'II,OGHO, MOCKOJIbKY OHH He SIBJAIOTCA PeNATHBHCTCKHMH
HHBapHaHTaMi, H B mnocjieiHee BpeMH, ocoBeHHO B CBA3H C pasBHTHEM
TEOPHH AHCNEPCHOHHBIX COOTHOIUEHHH H KOMIVIEKCHBIX MOMEHTOB, LWIHPO-
KO HCNOAb3YIOTCH HHBAPHAHTHBLIE nepeMeHHbIe

s =—(Poy -+ Pog)? = — (P1+ Do) (14.2)
t = —(Poy — P12 = — (Pos— Pa). (14.3)
My
Pi‘
o7
;”.:rr Por=Pp f;faT Pos 4 Py My

Py

a 2§

Puc. 17. KaptHua B3auMoJIefiCTBHS ¢ IBYMA YacTHUAMH B KOHEYHOM CO-
CTOSHHH: a — B JI-cicteme; 6 — B L-cHcreme

Du3HyeCKUii CMBIC/I TEPEMEHHBIX § U { U HX CBfI3b C HEHHBAPHAHTHBIMH
nepeMeHHbLIMU OueBHAHbI. [leperenHasi s paBHA KBajpary IOJIHOI SHep-
run B I[-cucreme [em. dopmy.nt (8.8) u (8.10)]:

§= Ef- = m%] += mgz + 2Eq; Moy = (mMoy + Moa)® + 2Mga Ty, =
= (Eo1 + Eb2)® = mi + my+2 (E,Ex—p,pa) =
= (ET—I—E;P. (14.27)

I[Tepemennas ¢ copepKuT HHpopManuio 00 yrie paccesHlis U paBHa
B2ATOMY C OGpATHLIM 3HAKOM KBaJIpaTy nepelaBaeMoro 4-nmiynsea (Ams
nocJieiell BendHHbl OGBIYHO HCMOMb3yeTcs: oGo3Hayenne A%):

2 2
t=—A= moy -+ my -‘-2(50151—,001,01(305'&1) =
2 2 * # * #® %
= mg; + m; — 2 (Eo1 E1 — por picos ) =
2 2
= mag 4+ ms — 2E, gy = (Mos — My)® — 2mgy T, (14.3")
B TexHHKE AUCIEPCHOHHBIX COOTHOLIEHHH H KOMIJICKCHBIX MOMEHTOB
00bIYHO JJIsi CHMMETpHH BBOJHMTCS TpeThbs HHBAapHAHTHAs NepemMeHHast
U=—(Poy— Pt = — (Por— P (14.4)
EcrecTBeHHO, YTO H3 TpeX NMepeMeHHBbIX S, £, & TObKO JiBe He3aBHCHMBIL.
Kak J1erko yOeIHTHCS, YUHTEIBAS 3aKOH COXpaHeHust Py + Poo=F11
-+ 9Py, 3TH TPH NepeMeHHble CBA3aHbI PABEHCTBOM

s+t +u = mg; 4 moa + mi + ma. (14.5)
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Ina neneit Hacrosimel KHHIH JOCTATOYHO OTPaHHYHTBLCA TOJBKO
TNepEeMEHHLIMH § M £, HCIIOMIB3Y 5 00 THIIA 3aMUCH KHHEMATHYECKHX COOT-
HOLIEHHH — M C TIOMOILBIO HHBADHAHTHBIX IT€PEMEHHbIX S, / U HEHHBa-
PHAHTHBIX BeJMUHH Eo (MM py;) u Oy (unm 97). ITpuBenem nHeckonbKo
OCHOBHbIX KHHEMATHYECKHX COOTHOWIGHHH /s JBYXUACTHUHBIX peak-
umit. B § 9 yxke nonyuensr dopmyss s sHeprimii u HMIYJI6COB CTaJKH-
Baomuxcs vactui B [[-cucreme [cm. dopmyast (9.7)—(9.10)]; ans
YR0GCTBA NPHBEEM HX ellle Pas, BEIPA3HUB Yepes s

2
E = Egy Moy + Mg, _ s+ mgy —mdy ;
VQEol”‘oz—i—mg; +m3, 2Vs ’ (14.6)
) .
B Egy Moy + Moy _ S—mgy+mgy
V2Em Mog+miy +m3y 2V's ,
| 2501 Mo, + Moy 4 Mgy
— Vs —(mor+ mg2)®| [s — (mgg — meg)?]
2Ys -
_ V(s-—mgl —mSQ)Q —4.'1131 mgQ
— Vs : (14.7)

AHaJlorHuHble POPMYJIEI, KAK JIETKO MOHATH M0 HX BBIBOLY (CM. (hop:
MyJsl (9.7)], cnpaBexauBel H s YacTHI, — NPOAYKTOB peaKLH-

ET= 250;’"02""”‘31 - mg.ﬁ,-}-mf—mg _ s—f-m?—-mg .
21/215'01 mm—}-mgl —f—m,g2 2V's '
E;=2Eﬂlmog—]—mg|—l—mgg—mf-{-mg _ s—rnf+m§ . 14
2 VzEni Moy + my + mgy h 2V's :
s s V(2Eol Mgy + mgl + mgg —mf—mﬁ)g — 4m? m?
P1=py= _ DR
2 ) 2E, my, + mg, + md,
= V=¥ mPTs—(m—mpp) _ V(s —m] — md)® —am¥ m3
T = 53 . (14.9)

Beipaxkenue jusi smepruii B JI-cucreme uepes s U ! caenyer us ¢op-

My (14.2°) u (14.3') ¢ yuetom 3aKoHa coxpaHeHWS SHeprum (E
+ Ey = Eg; + myy): ’ ’ i

(14.10)
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B s—l—t—-m§1~m§ . (14.11)

2mgs ?

2 2
E2=Ml . (14.12)

2mgg

CkopocTb [[-CHCTEMEI OTHOCHTEJIBHO J//-CHCTEMBI

B, = Poir V [s — (mgy + mgs)*] [s — (g1 —Mga)*] _
€ Egrt e s—mg, + m¢,
]/'(s — mdy —mdy)?—4myg, ma, 14.13)
- 2 P (1%
§— gy + My
H COOTBETCTBEHHO
2 2
E m s—mg +m
e el ias = ol P, (1aad)

V 2Eq, my, + ""3| = mgz 2mes) s

Us ¢opmya (14.3") u (14.6) —(14.9) nonyyaem BbipaKkeHHs HJis
yIJIOB paccesiHus 9] u 0, yepes HHBapHAHTHbIE NEPEMEHHBIE:

_ cos 9] =
B s24s [23 - (mgl -|-m(2;2 —[—mf - mg)] -+ (mf” —m{%Q) (m? —m_ﬁ_) (14 15)
V (s —m, —1:132]2 — 4m}, mEQ-V(s—m? — m3)%— 4m? m}

cosih, =

(s— mg, —mgy) (s +t—mgy — m3) + 2m3y (t—md, —m?) . (14.16)

V(s—- mgl — mgg)g— 4mglm§2- V (s Fi— mg | — mg)z—- 4»1? m3

Jlnsi ynpyroro paccesHus (Mg, = my, Moy = my) popmyasl (14.15) u
(14.16) ynpouiaioTcs

= (14.15")

(my + m) 1[5 — (my— ma)?]’

cost; =1+ o
cost, =
_ [s — (my + mg)*] [s — (my — ma)?] + ¢ (s — m} + m3)
N VIs— (my + mo)*I[s — (my — ma)?] V' [s+-E—(my+mo)?*] [s+1 — (my—m2)?] '
(14.16")

3ameruM, uTO MpH KHHEMaTHYECKHX pacdyeTax Hepeiko YAOGHO
npexcrapisaTh peakuuio (14.1) uaymeit B ABa sTana: o6pasoBaHie H Nno-
CJIelyIOIHIi pacnaji HeKOTOPOH KoMmayHJA-YacTHLbl o

aﬂ;‘i“aua_"aﬂ_yal_]"aa- (141']
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OueBHJIHO, YTO KOMIAyHJ-YaCTHIA MOKOHTCS OTHOCHTE/NbHO L[-CHCTeMbl
11 ce Macca paBHa J/'s. Takas KnuemaTiyeckast KOHIEMIHS YKe HCOMb30-
Banach B§ 8 npu BBIYHC/ICHHH XapaKTepHCTHK L]-cicTemsl. HiKe MHOTHE
KitHemaTnyeckHe GopMyJibl GyAyT BbIDAaKeHbl yepes s, / H Macchl yac-
CTHIL B KOHEYHOM COCTOSIHHH — uepes /7, 1 1y, [TofoGHast sannch yno6Ha
TeM, 4TO OHA B PABHOH MEpe OTHOCHTCA 1 K PeaKi{iil NpeBpaileHns By X
yacti B Ase (torga Js=E, = N —npocto nosuas JHEprus B
L-cucreme unn sdpdekTuBHas macca), u K pacnany HecrtaOWJbLHOII ya-
CTHILI HAH PE30HAHCA HA JIBE YacTHUbL (M B 3TOM cayuae |/'s = m, umeer
usnueckuil cMbICa peasbHOR Macchl pacrafaiou efics YACTHLBL, A Y, —
ee JopeHi-haKTopa).

§ 15. CBA3b MEXY 3HEPIHMEH M YIJiOM BBIJIETA
NMPOAYKTA PEAKLHUH

CooTHolIeHHe MeXAy SHepTHeil i YoM Bbliera NPOAyKTa peakijiu
B J/-cicTeme B JBYXYAaCTHYHBIX DPeAKISX MOJHOCTHIO onpepeJsiercs
3ajiauieM Eq (11 s) M He 3aBHCHT OT XapaKTepa caMoro B3auMO/HCTBHS.
Hopcrasnsis sripaxkenus (14.8) u (14.4) bopmyay (5.5), nonyuaem nns
BTOPHYHOIl YaCTHUbI a

B .

2 2 2y
2!(501—{—1%2) — Py cos® Y,

] {(En] + mog) (2B imgg + My + mie—

— mi~+m,)+ po; | cos B, | X

X V(2B oy Moy + m§y + mEa— m} — m3)’ — dm2 (m2 + pa; sin 0,)) =

1 2 2
= — e
2Vs7, (1 —BZ cos? 9,) {(S mii + m3) &

=4 P, |cosd, | V(s—- my —m3)* — 4m3 (m3 + sy2 2 sin®9,) } (15.1)

Ilpi neoGxomuMocTH Pe 1t Y MOXKHO BbIpa3HTL yepes s H Macchl cTal-
KHBAIOWHXCS yacTHIL 110 popmynam (14.13) n (14.14). Beuny rpomMo3j-
KOCTH He Gy/leM BbIMHCHIBATL AHANIOTHYHOE BhIpazKeHue 1is Ey, KoTopoe
MOXKHO NOJMYYHTb M3 opmyssl (15.1), momeHsiB mecramu m; H my W
samennB ¥, Ha 0,. Kax Gb10 nokasano s § 5, XapakTep 3aBHCHMOCTH E,
or %, u npaBmsIo ynorpednenns snakos B popmy.e (15.1) Ol pe/leI0TC s
BeaHYHHON [9]

Hy = ﬁrfﬁ; =
_ s=mi4m] [s — (o1 F 2T [s — (g1 — mg)?] (152)
g mgl - mgg ] [s— (my 4= ma)?] [s— (my — my)?] :

Hanomuum, uto npu %, < 1 sueprus E, — oxHosHaunas bynkuus yraa
"2, 1 B popmydte (15.1) crenyer ynorTpe6asts sHak «—-» npi 0.< Vo La/2
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H 3HaK «—» npH /2 < ¥, < m (MAH MOXKHO OMYCTHUTb 3HAK MO-
Aynst y cos $ u TOrZa ynorpe6asTh TONLKO SHAK «+»), a npH %y > 1
sHeprusi E, — fiBysHauyHas QyHKuus ¢, H COOTBETCTBEHHO HCMOMbB3YIOT-
cs1 o6a 3HakKa B dopmydie (15.1), npuuem 0 < O, < Fyane < /2.

Kpurtuueckoe sHayenne %,, npH KOTODOM MeHsieTCs XapaKTep 3a-
BHcHMOCTH E5 ot ¥, paBHO 1, 4To cooTBeTcTBYET

2 2 2 2
Ma (Mg, —m —m., (m;—m .
s(kp) — z( ol 02) 02( 1 2) (15.3)
My — Myg
H KHHeTHUYeCKOH SHEepruu HaJIeTaoued YacTHILE!

K 2 — My — —+ iy — my) c
TE“P) — (g1 4 my my 5 (:;::}—(m;;zj‘ Moa 1 2 (1 4)

[ans nonyuenns dopmya (15.3) u (15.4) npoute npHpaBHATEL JOpeHI-
daxTopl Y. = 73, a He pewarb ypasHenue (15.2)]. Bennunna T§("
MOXET NpPHHHMATh B 3aBHCHMOCTH OT COOTHOUIEHHS| MEXJy Maccami
Y4YacTBYIOIHX B peakLHH YacTHI U HedusHyecKye 3HaueHusi. JleicTBH-

TeJIbHO, Té’}” HMeeT (PH3HUECKHI CMBICJ, eclH

T{]“ip’ >0 (15.5)
JJisi 9K309HepreTHYeCKHX peakiuil H YOPYroro paccesiHus
"

2P 5 vl (15.6)

AJIst SHAO3HEpreTHYeCKHX peakuuii. Tloporosasi KuHernueckasi sneprus
[em.  dopmyay (10.12°]

T&nlopor] _ _(mi+ my)? %E;nm —+ mge)? ) (15.7)

Ycnosus (15.5) u (15.6) o3HayaioT, 4TO0 KPUTHUECKOE 3HAYCHHE SHEPTH i

T6", npn KoTopom MeHsieTcst XapakTep 3aBHCHMOCTH E 0T 95, CylmecT-
ByeT B CJEIYIOIUX CJyyasix:

1) B 5K205HEPreTHUECKHX DPEaKUHAX (MMgy -+ Mgy >> My -+ my) npH
my > my,, npuued ecan Toy < TGP, 10 %, < 1, a ecam Ty > THP,
TO %, > 1;

2) B SHJO3HEPreTHYECKHX DPeAKUHAX (Mg + Mgy < my + my) npn
my < Mgy, npudeM ecin To < TGP, To %> 1, a ecan Top> T4,
TO %5 <_ 1. CXemaTHYeCKH XapaKTep 3aBHCHMOCTH %y OT Ty H Ep oT Oy
NIPH PasiHYHBIX COOTHOLICHHAX MEXIY MaccaMmi My, Mgz, My, My TO-
Ka3aH Ha pHC. 18, 3aHMCTBOBAaHHOM (B HECKOJILKO NepepaboTaHHOM BHJE)
H3 ctateu [9].

ITpu %5 > 1 yroa ¥, He MoxKeT 6bITh GosbiLe npeaenbHoro yraa @ ayaxe
(§ 1.5), dyHKIHOHANBHYIO 3aBHCHMOCTb KOTOPOTO OT § MK Eqy mONydnM
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a = 0). mgf‘f'mﬂz:'mf‘f'mz
X
2 ?2' )
M= My !
Mpz=1Tp
Tor
Mpy< My
Mpa>my
oA
Mpy> My
Mpy<mMy:
L “—
0 w0

Puc. 18. Xapakrep 3aBHCHMOCTH %y OT Toy H Ty oT

>0,  mytmyy=mtm,
}’}K
Mpy=Mmy
Mpy™My
1
0 w
Zh '
% A
Mpy<my "=
Myz=My
L -
o
0 w4
Mgy =My
Mgz=My

Yo (npH pasznuyHEIX QHKCHPOBAHHBIX

anauennsnx To)[9].




a<0; Mg+ Myg < My +My
Xz : \~h ?:?
e
Myy<my =3
Myz<My ' -
02)
" To1
0 w4,
oo %
N
Mgy >y | S
2)
Ta® To 9
0 7
<7 B T
. I
[ Mg <y 1 —I | g
mﬂzbmz ] I\
TR \
e
0 @ g

Puc. 18 (npogonkenie)

nojcTaHoBKoll Boipaxenus (14.14) u BTopoil cTpokH Bhipaxenus (14.6)
B dopmyny (5.12):

mox _V'is —(my -+ my)?1 [s — (my — ma)*] _
my "y [s — (mo1 —+ mgs)®I[s — (mar— Mg2)?]

sin Toyake=

Pl 2 3 2 P z
V [QEMmM—I—mm + myg — (my + mg}3] [2501""034"’”01 —L—mw—(ml—mz)il
2my oy

(15.8)

§ 16. TPA®GHYECKMH METOJ, ONPEAENEHHA KHHEMATHYECKHUX
XAPAKTEPHCTHK

Jlnis HaXoMKAeHH KHHEMATHUEeCKHX XapaKTePHCTHK BTOPHYHLIX Ya-
crui B JJ-clicTeMe, B 4acTHOCTH, M 3aBHCHMOCTH HMIYJBLCOB OT YrIia
BbLIET4, O KOTOPOH LA peyb B MpeAblAylleM maparpade, 4acTo MpH-
MeHsieTcsl echbMa  Haryisj-
HBI rpaduyecknii  MeTof,
OCHOBaHHbBIII Ha NMOCTPOEHHH
SJJIMACA  HMIYJBbCOB  (CM.
§ 5). Ilapamerpm aaaumnca
PMIYJBCOB  ONpeJesIsioTest
BEJIHYHHOH Yy, H HMIYJILCOM
qacTur'sl B I[-cucreme, a mo-
CKOJIBKY B JBYXYaCTHUHBIX
peaKuusx py = pa, TO -
anne A1 obenxX BTOPHYHBIX
Y&CTIUIL OJAMH H TOT e (pHC.
1, u,. IloncraBasas gopmy-
ael (14.7) u (14.14) B BHIp2-
JKeHHs1 g noJiyocei sJaum-
ca [cm. dopmyay (5.2) u
cJeAyIOIWHH 3a Heil TeKcr),
napaMeTpsl JJIHICA MOMKHO
BBIDA3HTL 4Yepe3 s HAH Egy,
(1 Maccel yacTHi):

4=

AN
L Cr=geSeEf | C2=FeleEr )
J
Puc. 19. IBa cmocoGa nocTpoeHHs 3JJHI-
ca -HMIYJbCOB AJ ABYXYAaCTHYHLIX peakmuii.

* ®
a@=YoP1=YeP2=
___PorMoe (Ep1 +myg) _

2E 3 oz + mﬁl + mgg .

14 [s — (my + mg)*] [s — (my — my)?]
2Vs

Pog Mog
VQEM Mog + myy + m3,

=" (16.1)
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_ V[s— (mt m)’I [s — (my — my)?]
= T . (16.2)

[TpakTnuecku yao0HeH, BOCNOJ/Ib30OBABIUHCh TEM OOGCTOATENILCTBOM, UTO

& * “
¥4 02 = @, NpOU3BECTH CBOETro pPoJa OTPaKeHHe 3JJunca JJsi OJHOH
M3 YacTHIl H OTKJaAbIBaTb OTPE3KH

2 __ 2
Por (2E oy mos + m, 4 mby + mi — m3) B

2 P
2 (2E 01 ms + mig; + m5y)

G = VcﬁrET =

s+ m?—mg

— YC ﬁ(,' 2_'/;_ ; (16.3)
2 =7,B B o Po1 (2!501 Mmye mﬁ, - mﬁg —m? + m%) B
2 ePe -2 2(2501 m.,g-[-mgl +m(2)2)
s —m} + m}
=Tbe—gym— (16.3)

2)'s

0 pasHble CTOPOHBLI OT leHTpa SJUIHICA, KaK NoKasaHo Ha puc. 19, 0.
Jls1st TaKoro mocTpoeHHs JOCTATOYHO MOJIL30BATHCS TOJNLKO BEpXHeil mo-
JIOBHHOI1 3sJHMCa HMOYJAbcoB. Ilpu 3ToM nosyyaeMm B YIOOHOM /s OT-
cuera BHJE yros pasiera P NpoAyKToB peakuuH (cm. § 17). Beanuuna
orpeska 0,0, paBHa, OYEBUAHO, HMMYJIbCY HaJeTalOLIell YaCTHLbI

0,05 = po;. (16.4)

Taxum oGpasom, mpouesypa rpaduyeckoro onpejejeHds KHHeMa-
THYECKIIX XapaKTepHCTHK MPOAYKTOB peaKLHH COCTOHT B CJEAYIOIeM:

1) BBIUMCASIIOTCS TOJAYOCH 3JJunca a u b mo ¢dopmyiam (16.1) u
(16.2) u napamerpsl ¢; 1 ¢z o Gopmyiam (16.3) u (16.3"). 3amernm, 4o
€CJIH HauajbHOE COCTOsIHHE MpeicTaBaseT co6oii CTONKHOBEHHE ABYX
YacTHll, OJHA H3 KOTOPHIX TOKOMTCSI, TO JJA BBIYHCJAEHHI CJIELYeT
MOJIb30BATHCA B YKasaHHbIX GopMyJiaXx BhipaxkeHHem yepe3 Eg. Ecau
JKe paccMaTpHBaercs pacraj HecTaGuJbHOH YaCTHLb, TO YA0OHeil Bbl-
pax<eHus 4depes s, Ije MOJ S cjefyeT MojpasyMeBaTh KBaJpaT MaccChl
pacnajiaioueiicsi yacTuupl (S= mg), a moa Pr M Y. — €e CKOPOCTb
JiopeHu-(haKTop;

2) n106bIM H3BECTHHIM CrOcoGOM (HampuMep, TeM, KOTOpbiii OmHCaH
B § D) mo 3ajlaHHbIM MOJYOCSM @ H b BbIYEPYHBACTCA JLIMIC, H MO 00e
CTOPOHEI OT €r0 LEHTPA Ha PACCTOAHUAX C; H €3 HameyaioTcs Touku O,
u O

3) BappHpYA B KejlaeMbIX Mpefiesax yroJ BblIeTa OJHOIl 13 4acTHIL
(Hanpumep, 1‘}'|), noJIyuaeM C IMOMOLIbIO TPAHCIOPTHPA M JIHHEHKH BCe
HE(}ﬁXOﬂ,I'[MbIE KHHeMaTH4YeCKHe XapaKTepHCTHKH [NpOAYKTOB peakKLi.

PacemoTpum HECKONLKO KOHKPETHBIX MPHMEPOB MOCTPOCHHS JLHIICa
HMIYJILCOB.
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1. ¥npyroe paccesnue
JIBYX uacTun, (mg = My,
Mgs = ). TpH BO3MONK-
HBIX cJyuyas YOpyroro
paccesiHuA: a) My=Mz=
=m, 6) my > my H B)
my < My HIJNIOCTPHPYIOT-
cs puc. 20. Jlns nepBo-
HayaJbHO MOKOHBLIEHCS
yacTulbl %g = 1, H OHA
BCerja BbUIeTaeT MOJ yr-
som Menbme 90°, a ee
HUMIYJIBC Mochie paccesi-
HHsi onpepensiercss dop-
mynoit (5.9):

2 2y Becos 94 (16.5
Pe l—ﬂf cos?®y )

[as Haneraomei ya-
CTHIbI MpefesibHbIH yTOJ
CyLIECTBYeT JIHUIb TpH
paccesiHHH TsXKeJNOH 4ya-
CTHIIBI Ha JIeTKOH.

B cayuae ynpyroro
paccesiHHsl JBYX 4acTHIL
OJMHAKOBOH Macchl ¥y =
= %y, = | M, HCHOIB3YS
dopmyay  (5.8), mocie
3JieMeHTapHbIX Mpeobpa-
30BaHHUH NOJyYaeM noJies-
HOE COOTHOLIEHHE

ctg 9, ctg ¥y =y =

1012“!'1 = %_{_ 1,
(16.6)

KOTOpoe [Mo3BOJisieT Ofl-
pe/le/IiTh IHEPTHIO Halje-
Talomlel YacTHULBI MO yr-
Jaam paccesinus Oy H 0.

2. Pacmap =n°— 2y
(puc. 21). Touku Oy u O,
coBRaaaloT ¢ Gokycamu
sanunca (cm. § 5), mpe-
JeJIbHBIX YFJIOB HCNyCKa-
HHSl Y-KBaHTOB He Cyllle-
CTBYeT.

Fr Po f2

my< My
Puc., 20. danunc HMNyJabCOB JJsl ynpyroro pac-

cestHus.
|
I

B_— -
Uy ! 3
; ; G

Pue. 21. 3aaunc HMOYALCOB ISl peaxklHB
n® - 2y.
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§ 17. ¥roJ1 PA3JIETA NMPOAYKTOB PEAKILHH

B kayectBe 00beKTa KMHEMATHYECKOTO aHAMH3a HApSIy C YIJIaMH
BBlJIeTa BTOPHYHBIX YacTHL ¥ u ¥, yacTo hurypupyer cymma sTux yrios,
T. €. yroJ pasiiera MpOAYKTOB peakunu B JI-cucreme (cM. puc. 19, 6):

Y =10+ 0. (17.1)
KunemaTuueckie COOTHOIICHHST, CBSI3aHHbIE C YIJIOM Pa3JjieTa, 0COGEHHO
CYULECTBEHHEI /ISl PeaKIHi, B KOTOPLIX MO TOH WIH HHOH NMpHYHHE He-
U3BECTHO HanpaBiieHHe JBH)KeHUS NEPBHYHOH YAaCTHIHI M MO3TOMY H3-
MepEeHIIsl TOpPo3Hb yryos U, i ¥y HEBO3MOKHLI.

Bynewm cunrats, yTo 3ajansl sHeprus Eg (1711 s) u Macesl Beex yyact-
BYIOIIX B PeaKUHHM YaCTHL, KOTOPLI€ OJHO3HAYHO OMNPEAeNsioT y. H
napamerpsl %, = Bo/Bi 1 %5 = Po/Ps leM. Bripaxenns (14.14) u (15.2)].
[Tockonbiy

P = 0] 4 05 =, (17.2)

TO C MOMOLLBI0 cooTHoweHus (5.3") yrabsl ¥, u ¥y MOXKHO NpeACTaBUTh
B BuJe (QYHKUHH TOJIBKO ONHCTO yria,—Hanpumep, ¥;:

B sin 9}
tgd A 1 + cos 9] ’ (17.3)

1 sin-S}T
tgdy=—- (17.3")

.
fe %9 —cos ¥

3aMeTHM, YTO B JIBYXYaCTHYHBIX peakuusx yrisl 0, u &, kKecTKo cBssa
Hbl MeXKay coGoi. [lefictBuTenbHo, nekimouas 97 u3 pasencts (17.3)
u (17.3'), nonyuaem cieiyiouryio cBsizb Mexay &, u 9,:

[(1 —%y) ctg Oy + (1 + %) ctg Bo] [(1 4-2,) ctg &, +
+ (1 — %) ctg 8,] = (%, + %,)% y2, (17.4)

XapakTep KOTOPOil IPH PasINUHbiX 3HAYCHUSX %; H %y HILIIOCTPUPYeETCH
puc. 22, 3aHMCTBOBaHHBIM M3 0030pa [9].
Ioacrasus coothowenns (17.3) n (17.3) B popmyay (17.1), Bripasum

P Kak QyHKIHIO OT 9}
| 1 sin é}’:

- ¢ l:l uiﬁ-ﬁT ] ; [
p = arctg ?.—_—nl-g—cosﬁf -+ arctg | -

]. (17.5)

le g —cCOS 8?

3asucumoctsb (17.5) nmeer aoBosbHO ci0KHbIE XapakTep. [Ipoananusu”
pyem cHauaja MpocToil cayuail, Koria ofe BTOPHYHBIE YACTHIE HMEIOT
ONMHAKOBYIO Maccy: fM; = My = M H COOTBETCTBEHHO %; = Xy = X,
HanomuumM, 4TO ecinu peakius mpeicTasisieT co60il pacrmajl 4acTHLB
C Maccoi Mgy, TO BO BCEX MNPHBEIEHHLIX HUKe GopMyJax clefyeT mo-

JNOXKHTb § = m%, Poi = Poy Ye = Yo-
80

a0

0 90 d,, 220

Puc. 22, Cea3b MeXIy yraaMmH BbLIeTa YACTHIL B ABYXYACTHUHBIX peakuusx npu
PA3INUHBIX SHAYCHHAX %y M %y [9]. Onywens cayyau, oTIHYAOULHECT OT NPH-
BEJIEHHBIX HA PHCYHKE NepecTaHOBKON Xy H !

l—wy <l ma< ;22— =1,2,<1; 83—, =1, ua=1; d—uy> 1, 2g< 1) §=—uy > 1,
rg=1; 6 —xy>1, 2a> 1.
1. aN
) (+) a
P £ £ Ny
W
7

ha
: Ny

(
%Wm ;1& /‘g

* 0 cosily”
cos iy cosdyy,) %

. 1 dN
Puc. 23. Tpaduku ¢z(cos %},) Hogr e ) AN Caydas my= e = m.
5 (5 — 4m=)'

I—n<l; 2—2>1, 8m2; 8 — , s < 8m2, V
* % > 5> x=1, 85 m2, poy > A —3
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Uccnenopanne sKeTpemymoB GyHKiuH P(cos &1) NPHBOANT K CIEAy-

jouuM pesysbratam (puc. 23):
1) ecnu WMIyJbC HajeTaiouled YacTHILbI

K / —*4!?12]
oy < PO = JERAS=2ID, (52”1 , (17.6)
YTO COOTBETCTBYET
Pot Vr; < 1,

" =
]/(s + py) (s —4am?)

# e
TO CVILECTBYET TOJbKO MHHHMYM MPH cos,= 0, paBHbIK

1 Vs —dm?
i) = 2 arctg s 2 aretg ———, (17.7%
H | H3MeHAETCS B HHTEpBaJe
P <P < (17.8)

2) ecom
kp)y Vs (s—4m?)

,L"(:1>,0(01p =g ! (17.9)
4TO COOTBETCTBYET % > 1, TO MOTYT OCYMECTBJSTHCH ABE BOSMONXK-
HOCTH: .

a) s >8m* n P (cos¥)) obaajaer ABYMs OJHHAKOBBIMH CHMMET-
PHUYHBIMH MaKCHMyMaMmi MpH

-

2 a
26— 1)
cos 0 = :fl/l*T__l— =

p%l (s — 8m2) -+ s (s — 4m?)

1
:::I:ﬂ s —dm? *

(17.10)

paBHLIMH

.‘.*
w(gwu“c) ) arctg - arctg
V2

—1) (2 —1) VE—+*

= arct - : (17.11)
= ]/4m‘3 pgl — s(s—4m?)

*®
¥ OTHOCHTEJbHbIM MHHAMYMOM Mexay mumu mpu cos ¥=0, KOTOpBIiE
onpeneasercs Qopmyoii (17.7). Yroa pasiera usMeHseTCs B HHTEP-

BaJie
0<P<PPo < 25 S (112
82

6) s< 8m? wu Toria 1 (cos®) obnagaeT ABYMS MakcHMyMamu
[cm. Boipaxenus (17.10) u (17.11)] Juwb TMPH YCJIOBHH

Vs (s —4m?) 5 (s —4m?)
om <P << V—g;lzm?-, (17.13)

s (s —4m*)
Por > V 8m* —s

a npu

by, F30/0
40

20 %
Lar
08k

K=2x

04
02r
I S " L T 1 T I T /|
0 30 60 99 120 150y, epad

Puc. 24. OGnacts paspewmienubx yrios pasaera B
3aBHCHMOCTH OT HMMyJbca pacnajgaioumelics YacTHIM
A enyvas my = m, (pacnag K — 2m).

a ®
Ha KpuBoit 1 (cos®]) ocTaeTcss TOJNBKO ONMH MAKCHMYM, COOTBET-

e *
CTByIomHUA cos®; =0 u YHCIEHHO BBIpasKAOUHHCS dopmydoit, ko-
Topas coBnajaer ¢ paBeHcTBoM (17.7)

Vs — 4m?
Po
[lpusenennsie paccysKuenusi nMokassiBaior, yTo KaXJIoMy 3Ha4YeHHIO

Por OTBEYAeT onpejiesieHHas 00/1acTb paspelleHHbIX 3HAYEeHHI P. Bka-

4€CTBe HINTIOCTpALMH HA puC. 24 nokasaHa (LUTPHXOBKOI1) o6uacTh pas-

PCIICHHBIX 3HAYCHUI P A KOHKpeTHOro pacnaga K — 2.

o SHauHTeNILHO CJIOKHEe OGCTOHT [0, eCIH MAcChl BTOPHYHBIX Ya-

HIL PAsJHYHbL: /My % My (115 OmpefeneHHocTH GYAEGM CYHTAaTh, 4TO
.. *
My <My ¥ COOTBETCTBEHHO %, <~ %5). 3HAYEHNS COS ¥}, COOTBETCTBYIO-

4* 83

lpgmaxc) =9 arctg (l 7. 14)



upe skeTpeMymam P(cos U1), onpeiensiorcs KyGHUECKHM ypaBHEHHEM

cos? 0] — [1 - 1273— (1 — %, %) | cOS ) — —r;?j (%, —%s) =0
‘ _ G (17.15)

& 7. an

,;; _E,{" ELfﬂ' z N v

raly

W‘-"ﬂ_ _________ I ]
n 2 5/2

q-f 0 cosdf

. 1 dN
Puc. 25. Tpaguku &(cos 97) i 37 - qy Aan cayua my < my:

f—uy<l, ap<lt 2—uy<1, 1> 11 §—%,>1, 22> 1.

He BuaBasch B moapoGHmii ananus pewennii ypasHenus (17.15),
OTMETHM, YTO CYULECTBYIOT TPH 00JAacTH KauyecTBEHHO PasjHyHOrO mo-

Begenus P(cos 97) (puc. 25):
1) %, <1, %, <1 um
poy < L=t mal s — (o — )] (17.16)

L] - #
B sroit ob6mactu 1 (cos 97) o6nanaer munuMymoM POHH) mpu cos &1 >0
U yroJa ' npoberaeT 3HaueHWsl B MHTepBaJe

Yo L p L (17.8")
2) u, <1, %, >1 um
Vs — (my+ mg)?][s — (my — ms)*] <

2msy

& poy < Y=+ mPT[s — (my —ma)] (17.17)

2m,

~ Yrost { MOMKET NPHHHMATH JIOGble 3HaueHHs

0P, (17.18)
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3) #, >1, ®o >1 uim

poy > YE=m T maPlls—(m—m) (17.19)

2my

B 3aBHCHMOCTH OT COOTHOLICHHSI MEXLy S, m; H m, QyHKLHS
P(cos ;) MONKET MMETb KaK [Ba MaKCHMyMa DasjMYHOH BBICOTHI, TaK

oy, 136/¢ ——

4,0 A"..,p -,n—f‘-

20 /
10

)

06

04

4,2

o1t ,
0,08 - /
! : 1 1 J

0’050 30 50 a0 20 150 o, epad

Puc. 26. OGnacte paspemleHHLIX YrJaoB pasjera B 3aBH-
CHMOCTH OT HMMYyJbCa pacrnajawmouleiica 4acTHUB MJad Ciay-
wag my; < m, (pacnag A - p + 7).

U OfMH, HO B JioGOM cJjyuyae yroj 1\ He IMpeBhIllaeT HEKOTOPOro
1 L]
yraa Ppae) (goropomy coorserctByer cos ity < 0):

0 p < pmane) L = (17.127)

B kauectpe mamocTpauuy mpHBeieM (yHKUIHIO ¥ (cos 97) (cM. puc. 25)
M 06iacTh paspelleHHbIX 3HayeHu#t P (puc. 26) I KOHKDETHOTO
pacnaga A°—p - n—.
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OG6paTumcst Temepb K BBIYMCJIEHHIO pacnpejiesleHus Mo yrJjam pas-

neta B Jl-cucteme %-%. 13 oueBuiHOro COOTHOLIEHHS

1 av 1 AN d cos %]T

5 'WzT'm v (17.20)
clenyer, HTOI B cgytlae H30TPOMHOrO pasJjera BTOPHYHBIX YacTHIL B
L-cucreme (ﬁ . dcc::{}: = ﬁ g—:(‘:\;—*a?— = 1?2) pacnpejeseHHe o yraam

fia;glera TOJIHOCTBIO OnpeJiesisieTcst TPOH3BOAHOIL d cos &1/d (cm. puc. 23
). B toukax, rie gynkunus P (cos®d]) focTHraeT SKCTPEMYMOB, pac-

n et .. EY 7
penenenue N ay obpaiaercsi B 6eCKOHEYHOCTh H B 3HAUHTENLHOH Jlof1e

% .
Koﬁbl‘mu YIJbl P PYNOHPYIOTCSt BOJH3H SKCTPeMalbHLIX 3HAYEHHI —
a4YecTBEHHO 3TO MOHATHO 3 puc. 23 u 25.

JInst HaxOKACHHA aHATHTHYECKOTO BEIPaKEHH S Kl( - E—ﬁ KaK QyHKIHH

‘P:"f‘ﬂeﬂOBaJm 6bl pewnTs ypasHenue (17.5) oTHocHTenbHO cos &) =

I (%) 1 noxcrasute B cootHowenue (17.20). Onuako B obuieM cayuae

a 3aJla9a UPesBLIYAHHO C/I0XKHA, H Npoille npouddepeninpoBars 06-

patHyIo pyHKuHI0 P (cos ¥) u MONYUNTH HYXKHOE pacrpe/ieieHue B napa-
*

METpHYECKOM BHJE, BbIOpaB B KauecTBe mapamerpa yroa O:

1 1 dye 1 1 dn*

N . d — ———— = [ e . ———— b4
N dcos»‘}T dyp (N* dcos&’:)

d cos }]

sin -31; [;f (‘!._1 - cos tl?)g - sin? ‘JT] [;f (—.cg — cos E}T)2 -+ sin? 1‘}”; I
Tc("i“‘“"—z}l(]‘g—' 1) cos® “T —| (nf— 1) + Ti(] — %1%2) |C05 “T — "{3("1 - 'fv:}] )
(17.21)

Cam yron onpegnensiercst o popmyJie (17.5), KOTOpyIo MOXKHO 3amHCaTh
B 0oJiee KOMMAKTHOM BHJE

Yo (%1 + %) sin 8]
2 -
v ('.f.l-|—c05 «‘}T) (‘f-z — cos &T) — sin? {}T

tgy=

(17.22)

ﬂp}’I‘HM y,ﬂ,06HbIM napaMeTpH4YeCKHM MNpelcTaBjJeHHeM pacnpejene-
HHA N -‘E ABJISIETCH €ro BhIpaKeHHe yepe3 HEPIHH BTOPHUYHBIX YaCTHLL

B JI-cucreme {21]2, Corniacio npeoGpasosaunsm Jlopenua cos &) u
JHEprisi BTOPHUHOIl YacTULbI CBA3AHbLI JHHEiHO:

Ey— 1. E}

cos¥] = -
Te ﬁcP]

, (17.23)

[103TOMY 3aBHCHMOCTD 1 (COS 9}), npuseienxas Ha puc. 23 u 25, npu
COOTBETCTBYIOILEM H3MEHEHIH WKa/bl (HHKHAS 1IKana Ha yKa3aHHbIX
pHCYHKaX) OJHOBDEMEHHO MpPEJCTAaB/IACT 3aBHCHMOCTD P(E,) u

dyp N Te Be -D*; b -

[Moacrapasis 3aBucHMocThb (17.24) B COOTHOIIEHHE (17.20), nonyuaem
{npu usorponun B L[-cucteme):

1L dv _ 1 _|dE 17.2
a 2-;c|3cp7|d¢ \ (17.25)

d cos %] 1 .dE, (17.24)

Ilast onpefenenust dE,/dp (tounee, oGpaTHOM BeJHYHHbI dp/dE,) BbI-
pasuM ¥ yepes SHeprHil BTOPHUHBIX YACTHIL [eM. mpeanoc/eHIOn CTPOKY
pasencta (14.2')l:
1 2 2
E1 Eg—_2. (s—ml ——n12)

COSIP e 1 Pa L] (17.26)

#, npoauddepeHIHpOBaB 3TO PABEHCTBO, OKOHYATEIbHO MOMYIHM
1 dN |
—_——— = X
d = *
N odv o 2y Bpy

o .
PiRaNEY . (17.27)

X
1
E pim}—E,pim} +—2-(s—m?—mg) (E, p3—E, p?)

Tlpu nuddepenunposannu pasenctsa (17.26) Gblio yuTeHO TO o6cTos-
TeabeTBo, uTo E, i E, CBA3aHBI 3aKOHOM COXDAHEHHS SHEPTHH™:

E\+Ey=Vpti+s, (17.28)
@ MO3TOMY
dE
e, (17.29)

Pagenctso (17.28) no3posisieT HCKIOYHTL N3 PABEHCTB (17.26) u (17.27)
o 1 dN
9HEPrHIO OJHOI H3 BTOPHYHBIX YACTHIL H MPEACTABHTDH bug- e BHJE
yHKUHI TOALKO OJAHOrO Mapamerpa, HanmpHMep SHEpriH E,. daa no-
CTpOeHHs pacnpe/iesieHis napamerp £y HYXHO BapbupoBaTh B HHTEPBATE

Ve (E} —Bept) < Er < 1o (ET + Bepi) - (17.30)
* Ecau peakuust npejcrasiser cooil pacnai uecTaGuaBHOI yacTHUB (8 =

= mg). To pasenctso (17.28) npespamaercs B Ey + Ey = Eo.
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3aMeTuM, 4TO I/l YNPYrOro paccesHHs JABYX YaCTHI OLMHAKOBOMH
Maccel cooTHoweHue (17.26) umeer BuA

cosp— I1T2 (17.26")
P1Pe
B HepeasTHBUCTCKOM mnpejesie mpaBasi 4acTh CooTHoweHus (17.26")
OYEeHb Maja, H yToJl pasjiera Bcerja HMeeT OfHO H TO XKe 3HAYeHHe | =
= 1t/2 (3nnunc Ha puc. 20, a npeBpallaeTcs B OKPYKHOCTB).
IIpuBenem, HakoHell, OfHH BaXKHBIit YaCTHbIH cJ1yyail, Korja pacnpe-
JeJieHHe Mo YIJy passieTa MoKeT GbiTh NPOCTO MOJYYEHO B SBHOM BHIE.
Peub ujer o pacnaje Ha ABe 4acTHUb! HyJ1eBOH Macchl (m; = m, = 0),
MPHMEPOM MOTYT CJYXHTb pacnafbl 0 —s 29 WJIH N —s 29 (3aaunc
HMIYJbCOB CM. Ha pric. 21). B sTom cayuae

#y = %y = B, <1 (17.31)

H OCYILECTB/ISACTCH CHTYallHs, HIIOCTpPHpYeMasi KpHuBoil / Ha puc. 23,
T. €. Yroa { 3ak/oueH B HHTepBase Y M) L 7, npuyem

1|J("m")

S B.. (17.32)

cos

3ameTuM, YTO NMpH peanusalMH MHHUMANBHOTO YIJla 3HEpPTHH BTOPHY-
HBIX YACTHI OAHHAKOBbI (cM. puc. 21). Papencrso (17.22) npu ycaoBun
(17.31) moxHO npeoGpasoBats K BHALY

N '/ﬁg——coszi
cosdi=o ¥ ~ = 2 (17.33)

Be sin

o|le

L]
Huddepenunpys paserctso (17.33) u yunteiBasi, uto cos®] Hmeer
ABa 3HAYEHHS MPHU 3aJaHHOM P, MPHXOAHM K OKOHYATENbHOI (opmyae
(mns1 u3orponHoro passera B [[-cucreme):

P
1 av_1—B ]

2
A T . e,
g e sin? -% Vﬁf —c052-1-2Ii

(17.34)

§ 18. MEPENABAEMBIA 4-HMNYJbLC U NEPEJABAEMAS
KHHETHYECKAS 3HEPIHs

Paccmotpum noapoGueii dopmysy ans KsagpaTa mepeiaBaeMOro
4-uMnyJabca B JBYyXYacTHYHOIH peakiuu. Bowucaum A® B [[-cucreme,
AJist 3TOTO NMOJACTABHM BTOpHIE YacTH paseHcTs (14.6)—(14.9) B coorser-
CTBYIOLLYIO YacThb paseHcTBa (14.3') M nocse HEKOTOPHIX NpeoGpaso-
BaHHH MOJYYHM

2 9

A? = —t = A + 4po1pi sin® —-, (18.1)
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2
rie A — MHHHMAJBHOE  snauende A2, KoTopoe peasmsyetcst npu
paccesinuu Brnepex (9] =0):
2 2,
Ag _ s Il . ’”31 —+ myg -+ my -+ mf,’ e (mgi — mg?) (m? -—mg) o
MMH 2 l s 52

__V -1_'(”3014—’”02)2 1___(mm""""“02}2 1 _ (my+-m,)? 1_(’“1—'”12)2 ]

| S | e Ll £

(18.2)

ITpu Gosblmx sHeprusx, Korjia
2 2 2 2
§ > moy, Mog, mi, ma, (18.3)

Guryphsie ckoGkn B BeIpaxenun (18.2) npefcTaBasior co6oii pasHOCTb
ABYX GNIH3KHX BEJHYHH, YTO MOMKET CJIYXKHTh HCTOYHHKOM OLIHCOK TPH
pacuerax. Ilostomy KBajpaTHblil KOpeHb C/leflyeT PasNoKHTb B PAJ MO

BeTHYHHAM mi/s (m; — Ji06as 13 YeThbipex Macc), YTO MOoc/Ie IPOMO3AKHX
a2
BLIK/IAI0K [C TOUHOCTBIO M0 useHOB (m;/s)*] mpuBOAHT K hopmy.e:

m2, —m?) (m2, — m?2
AR s (mg, |)S( 02 —m3) L

(m§) mgy — m? m3) [(m%i + m3y) — (m? + mg)]
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i T
1 9 |
L (3, — ) (m2y — ) (m, —m) () -
+ (m,m3, —m2m2) [(mﬁ (M) — (m3 + mg)zj ) (18.4)

HPH OueHb BOJIBILIHX JHEPrHsaX MOXKHO OrpaHHYHTHCS NnepBbIM e~
HOM, IpPH 3TOM TaK:Ke

s V5
por = pi =~ LS (18.5)

H
A~ (’”’3’_’”?1(’”59 . sin® (18.6)

Has ynpyroro paccesust Ajyy = 0, u nostomy Beersa A2 > 0. B o6-
leM c/1yyae B 3aBHCHMOCTH OT COOTHOLLEHHS MeX]1y Maccami nepeiaBa-
eMbIH 4-HMITYJIbC MOKET ObITh KaK 1POCTpaHCTBEHHONOA0GHEIM (A2 > 0),
TaK 1 BpeMeHunofoouemv (A* < 0) Bektopom. MoxuHo copmynnpoBarh
caenyiouryio Teopemy [22]: ecii BbIMOMHAIOTCH yCAOBHS

(my — my;) (Mg — mgy) > 0; |

(my 4 moy) (Mg + Mgy) >0, | (18.7)
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To mepejgaBaeMblil 4-HMNYJbC BCerja IpoCTpPaHCTBEHHONOAOGEH
A?>0. (18.8)
BaHoll XapaKTepHCTHKOH yNpYyroro paccesHusi Ha HEMOJABHMKHOII
MULICHH SIBJISETCSl KHHeTHUecKasi SHepris, TepsieMas HaJeTaiouel ya-

cTHueil (¢ Maccol myy = m,) U nepegaBaeMasi MOKOHBILEIICS 10 coyape-
HHSI YacTHLE-MHLIEHH (C Maccolt my, = fy):

AT =T —T;=T,. (18.9)
Uz dopmyast (15.1) nocae
f“—gfﬁm — HEeKOTOpLIX MpeodpasoBaHilil
10 ___.._-_-__—-‘i_— noJlyyaem:
g AT =T, =

2 2
2my pyy cOs™ g

o (EOI-,L mg)g—pﬁl c05292 ’
(18.10)

Hanomuum (cMm. puc. 18 n
puc. 21), 4To mpH ynpyrom
paccesiHuH Y YaCTHLbI-MHILe-
HU % = 1 u yroa ¥, 3ak-
gioued B unTepBase 0 <
< 0, < /2, nostomy AT
MOHOTOHHO MEHSIeTCH OT Hy-
Js1 0 MaKCHMa/JlbHOro 3Ha-
YEeHHHA

(AT)(Ma[\'cJ P
_ 2my To1 (Toy 4 2mmy)
2T gymo(my-mg)?®

Pue. 27. MakcumanbHaa [d0JA KHHETHUECKOI (18—“)
3HEPrHH (AT)-““"‘C!Tor; TepAeMas PaMH‘"”’*-‘:l npu paccesnun Bnepei. Hs
liacmu.amuKrégirlimfxnc};};;g’r(]))élgielgril.}m Ha T BHIDAIKEHHST (18.11) BHIHO,
YTO paccenBaroulasacs yacTH-
a MOXKeT IOJHOCTLIO nepe-
A4Th (.:!BOIO KHHETHYECKYIO SHEPTHIO YacTHIE-MHILIEHH JIIWb 0PI pac-
CesHHI YacTHI, C O,H.I{HaKOBOﬁ Maccoi

(AT)ES) = Ty, (18.11%)

Ha puc. 27, saumcroBaHHoM 13 o63o0pa [7], npusesena Makcumab-

Has fona suepruu (AT)Maxe)/T, . Tepsiemast pas/iM4yHbBIMH YaCTHILAMHU IIPH

YIpyroM paccestHHH Ha MOKOsuXcsi mpoToHax. [lisi mpouecca oGpa-

30BaHHs O-3/1EKTPOHOB YacTHUAMH Gojiee TsIKEJBIMIf, YeM 3/1eKTPOHbI

(m1>>ms), npu suepruu Eoy, << mi/2my dopmyna (18.11) npubankenHe
sanucebiBaercss B Gosiee MPOCTOM BHJE:

(&T)(a(am:) ~ 2m2(T’gI = 1) (1812)

0'59 a5 10 15 20 25 Ty M3
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§ 19. IH®PEPEHLUHAJIbHBIE CEYEHHA

Paccmorpum cHauana auddepeniinanbible ceueHs (pacnpeaeseHiis)
IBYXUaCTHUHBIX peakuufi npu (PHKCHPOBAHHEIX 3HEPTHH M Hampae-
JieHHH ABHMXKeHUsI mepBHuHOil yacTuiupl. Has npeoGpasoBaHus ceueHuit
CYLIECTBEHHOE 3HAaYeHHe HMeeT XapaKTepHast 0COOeHHOCTh JBYX4acTHY-
HBIX peakiil, KoTopasi COCTOHT B TOM, YTO HMIYJbC BTOPHUHOH 4Ya-
cTHUb * B [[-cucTeme MOCTOSIHEH H He 3aBHCHT OT YIVia BbljeTa 01.
B 3THX ycnoBHAX cHCTeMa KHHEMaTHYECKH MOJHOCTBIO ONpeJessiercs

*
yryioMm Buliiera U (npefnosnaraercst a3uMyTaabHasi H30TPONHSI) U OTHOILIe-
Hue ceueHuit B J7- u [[-cucremax paBHo fikoGuany J(p*, cos ¢/p, cos &,):

d:/d:* 1 dN 1 dN*

dQ, [ 4Qf — N "dQ /) N¥aoT
% I 6‘cosﬂT
=J(p", cos®}/p", cos?) = Deean, |56 (19.1)

B § 12 siko6uan J(p*, cos®1/p*, cos ;) ¢ nomoutkio dopmyast (12.18)
Obl mpejcTaBieH KakK QyHKuua yraa B Jl-cucreme 1 uMmnyasca B -
cucreme. ITosiesHo HMeTb TakyKe RblpaykeHHst A5 IKOGHAHA Yepes3 yrod
H MMIYJbC B OJHOH Kakoi-nnco cucreme. YToObl MOJAy4HTh TaKoe Bbl-
paxeHue, Hanpumep, yepes BeanduHol B [[-cucreme, mpoanpdepen-
HpyeM ypaBHeHie (5.3") i noc/ie HEKOTOPBIX MpeoGpa3oBaHuil MOy HM:

sin® }'iT 1

sin® ¥ 1 | 14 %, cos 8] | -

J(p, cos®i/pl, 9,) =

. [(f (cos {!T - ?.i)2 - sin? E}T]3/2

= i aee®] U
rane
B. B.E]
X’l = ®
By Py

AHarmoruyHo MOXKHO BBIPA3HUTH AKOOHaH yepes3 BEJHYHHLI B JI-cucreme:

¥

le I—ﬁ—‘_cosal

By
2
cos ¥, —%) +sin? 9y
1

J(p*, cos®i/p’, cosf}l)z[ 2( ]3,2. (19.27)
2

Ecau yraoBoe pacnpejeneHiie BTOpHYHBIX YaCTHIL B [[-cHcTeMe H30-

TPOTMHO HJIH MPOMOPILHOHATBHO YETHOH cTerneHu cos ¥, TO yIJoBoe H
3HepreTHYeCKoe pacnpefeneHis B JI-cHcTeMe OMHCHIBAIOTCS MOJyYeH-
Heivu B § 13 dopmynamu (13.2)—(13.24) (cMm. Takxke puc. 12 u 13).

* st KOHKpeTHOCTH GyJeM FOBOPHTb O YaCTHILE dy.
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i *
Juddepeninanbusie cedeHns d3/dQ, u do™/d<2, nerko BerpasiTh 4epes
WHBAapHaHTHOe NidpepeHunanbHoe cedenne do/dl. Tak, B []-cucreme

do*® do 1 di 1 = #ds
ZTPOIPIE—

E_H‘E"dcos‘ﬂ

V Is— (o1 + Moe)?] [s — (g — fge)*] [s — (my 4 ma)?] [s — (my — my)?]
= 4ms

da
X 5 (19.3)
[ans monyuenust dt/d cos 0] HyXHO npojuddepeHIUpoBaTh ypaBHEHHE
(14.3") unu o6paruyo dyukiuio (14.15)l. Auanoruyno

ds ds 1 dt
= 0O Toos i (19.4)

a dt/d cos 9, (Tounee, o6patHas Benuunna d cos Oy/df) onpenenserca aud-
¢epennupoBanieM paseHcra (14.16). IloayuenHoe BbipaxkeHHe J0-
BOJIbHO POMO3JIKO, MPHBEJEM €ro JIHib B YaCTHOM C/1yyae, KOrja Macchl
BCEX YeThIPEeX YacTHIL PaBHbI Mexay coboil

(g = Mg =My == My =m):
ds (s —4m?)'/2 (st —am?)' /2 (s + 1)%/% ds (19.5)
a2, 4zm? /s dt’ ’

Ces3b Mexay AupdepeHrHanbHbpIMI cedeHnsaMH (pacrpefeeHHsIMHU)
IBYX IPOAYKTOB peaKilHi, YaCTHIL @, 1 da, B JI-cUCTeME HMEeeT BHJ,
W NEE
dQ,/ dQs~ N 'd2, N dQy  d9, __
sin 9 (1 —%3) tg by + (1 += %) tgd,
Cosin® ¥ (1—ad)tgd + (1 + oy n)tedy
rae BeanyuHa | d cos &,/dcos ¥, | Haliiena auddepenmupobannem pa-
BeHcrBa (17.4). Ecnu ucronbzoBaTh coortHowenue (19.6) ana onpege-
NeHus AuddepeHLHaNbHOTO pacnpeene s 0HOro NpoAykKTa peakiuuu
(HampuMep, YacTHIbI ) 1O AH((EPEHIHATBHOMY pacnpeieJIeHHIO ApY-
roro NpoAyKTa peakiuH (4acTHilbl @;), To yroa Beuiera ¥, J0MKeH ObITh

BBIpAKeH yepes yroJ Bbuiera ¥y, a A5 3TOro cJelyeT PellTh ypaBHe-
uue (17.4) orHocurensho U:

dcos iy
dcosihy

; (19.6)

1 —=2)tgd
tg @, — (1—si) 2, . (19.7)

— () & () VI (1= 3) Z te7 D,

[IpaBusio ynoTpeG/ieHus 3HaKOB B 3TOM PABEHCTEE OmpejeisieTcs BeJii-
UHHOH ¥, (CM. puc. 22): ecnn %, < 1, T0 ¥ — oaHo3HauHasa GyHKUHA Ty
u B pasenctse (19.7) mcnosnpayercst 3Hak «+» mpu 0 <8, < a//2 n
sHaK «—» npu 7/2< & < m; ecan ke %; > 1, T0 ¥y — ABy3HAUHAs
¢yukius 9, u B pasexctBe (19.7) ynorpebGasiorcs ob6a 3Haxa.
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§ 20. CBAA3b ME)XAY CHNEKTPOM HECTABHJIbHBIX YACTHIL
H CNEKTPAMH NMPOAYKTOB HX PACHNAIA

Bcee npusenentbie B § 19 popMmyiel, KaK y:Ke 0TMe4aa0Ch, OTHOCATCS
K (HUKCHPOBAHHOH 3HEpPruu i (DHKCHPOBAHHOMY HAmpaBJeHHIO JBIKe-
HUS TIepBHYHBIX yacThi,. Ecsu e, Kak 3T0 yacTo GblBaeT B peabHbIX
YCIOBHSIX, HMEETCSl KaKOi-To CINEKTpP MepBHYHLIX YAaCTHIL, TO SHepreTH-
yecKoe 11 YIJIOBOE pacrpefiesieHHsl BTOPHYHBIX YacTHI, 3aBHCAT OT BHAA
9TOro crektpa. B Taxux ciayyasx HHTeprperauus Haln10JaeMblX Ha
onbiTe pacnpefeseniit BTOPHYHBIX YaCTHI, CYIIECTBEHHO YCJIOXKHAETCH
H 3auacTylo OKasbiBaeTCsl HeOAHO3HayHOil. OrpaHHYiMCA MpPaKTHYECKH
BaXKHBLIM UACTHBIM CJyyYaeM pacnaja HecTaOH/bLHOI YacTHLEI

ay—>-a, + a,, (20.1)

MPOHCXOASALIHNM H30TPOMHO B CHCTEME MOKOs YacTHLlbl @, PaccmoTpum
cHayana TObKO SHepreTHYecKHe pacnpee/ieHHus, CunTas X ycpelHeH-
HBIMH 10 YIJIaM BblJIeTa 4acTHIL (HIH HHTepPNpeTHPYs HX KaK OTHOCALLH-
ecsl K M30TPOIMHOMY YIJIOBOMY pacnpejiesleHHIo).

[lycte sHepreTHueckuil CreKTp pacmajalouiuxcs yacTui a, B JI-
cucreme (WK B HEKOTOPOH MPOH3BOJNBHON CHCTeMEe KOOpAHHAT)

1 dN
AR W (E,). (20.2)
OuepreTHyeckoe pacmpeesieHHe NpoAyKTa pacrnaja (A1 KOHKPETHO-
CTH — YAaCTHLBI @,) NpH (GHKCHPOBaHHOM 3HaueHHn E, onuceiBaeTcs
tdopmynamu (13.8) n (13.9):

1 dN 1 My
— = — = - ; 20.3
N dE, 270Bop1 2py p1 ( )
Yo (Ey—Bopy) < E; < 70 (Ey+ Bopy)s (20.4)

rde £, ¥ p, — COOTBETCTBEHHO IHEPTUSA ¥ HMIYJbC YACTHLBI @; B CH-
cTeMe IOKOsl 4acTHIb® @, KOTOpbie corsacHo Qopmynaam (14.3) u
(14.9) BbipakatoTcs yepe3 MacChl H He 3aBHCAT OT Ejy:

2 2 2
& my - my — Mgy .

i, (20.5)
v VRSP 20.)
0

* CHeTeMa MoKOsl YacTHUB @y coBnafaer ¢ I[-cuctemoli pacnana (20.1), n aas
bu3HyecKHX BEJHUYHH B 3TOH cHCTeMe MOXKHO ObiJIO Gbl MCNOJb30BaTh OGbIYHBIE
0003HaueHHs CO «3Be3NOYKOIi», OJHAKO MEl COXPAHHM NocaefHne Ana [[-cHeTeMbl
peaxkunH, B KOTOPOil 06pa3yiOTCs CaMH YACTHILE @y (CM. HHXKE BTOPYIO 4acTb 3TOTO
naparpada).
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Ilna  nosydYenus 3SHEPreTHYECKOro pachpefiesieHHst YacTHUbl a; ¢
yuetoMm criekrpa (20.8) dopmyana (20.3) nomxHa GbiTh NPOHHTErPHPOBaHA
no E, ¢ Becom W (E), u BmecTo (20.3) nonyuaem

£GP
1 dN _m W (E,)
i =FE) =32 J" T, (20.7)
ey
ITpepensl HHTErPUPOBAHHUS
E%i) =;L:2£'(El EI :I:}}lpJ (20-8)
1

OnpefesisiioTCs H3 YCJOBHsi, 4ToObl MpH H3MeHeHHH E, B HHTepBaie
ES < By & E.‘f‘j ¢ukcupoBanHoe 3HaueHne E; monajano B HHTepBai
(20.4), u E§ (E§™')—raxoe snauenue Ey, npu KOTOPOM PHKCHPOBAHHASI
BesanuuHa E, coBmnajaer ¢ mpaBoii (neBoii) rpanuuei nurepsana (20.4)

Ei =25 (E1 +B5 p1); (20.9)
[£1 = +67 (E: — 57 p1)],
YTO peajiudyercs MpH BblJieTe MPOAYKTAa pacnaja d,; B CHCTeME NOKos
pacnajaiouieiicst YacTHIbI @, Bnepes (Hasan). Pewenne pasencrsa (20.9)
orsocuteasno ES) (ESY) u npusoznt kx dopmyae (20.8).

XapakTep 3aBHCHMOCTH npefleioB HHTerpuposanus E§~ n E§H
ot E,; pasnuuen (puc. 28): npu p;=0 ES =ES™ = E,my/my, a 3atem
¢ poctoM E, BeqMUHHA EST nenpepoiBro Bo3pactaer, a E§ chauasa
npoxoaut yepes munumym E§ = m, npu E; = E,. Taxoe nosezenue
ﬂpe}le.HOB HHTErpHpoBaHns l'Ip[lBO}l[IT K onpefesieHHbIM 3aKOHOMEPHO-
CTAM B CHEKTpe BTOPHYHLIX YacTHL. B peanbHBIX YCJOBHAX CHEKTP
MepBHYHAIX YACTHLL OFPaHHYeH CO CTOPOHLI BOMbLUHX 3HEPTHH HEKOTOPOH
nocrosiHHoil BeauyiHoit U, tak uto W(Ey) = 0 npu E, > U. Ilpoana-

JIH3HPYEM CJACACTBHS TAKOro OrpaHHYEHHs JiAd 3HEpreTHYecKoro pac-
npenejgeHus BTOPHYHBLIX yacTuiL*. PaCCMOTpHM CHayaJa

—

U=Un < 2oE (20.10)
my
torga B uHrerpase (20.7) BepxHHM npefesnom Oyner Koncranta U(D) u

cnekrp F(E,) Oyger ¢yHKuueil TOlIbKO HMMXHEro mnpefiena E{™. To-
CKOJIBKY Ka)KJAOMY 3HAueHHIO mpefesia B 3TOM cllydae COOTBETCTBYIOT

IBa 3HaueHus SHeprui BropuuHoi uvactuusl (E; = E; < E; n E; =

= E| > E| — u nogplHTerpanpHass ¢yHKuHs B Boipaxenun (20.7)
MOJNIOXKHTE/IbHA, TO B JHEPreTHYeCKOM pacnpefieieHHH BTOPHYHBLIX Ya-

* HauGosee noapoGHo 5TH Bonpockl neeaeosansl B paGotax I, M. Konbiiosa
[23].
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cTHIl HaGnlojaercs XapakTepHelit Makcumym * npu E; = E;, a B Tou-
Kax E, u E| 3HaueHHs CHeKTpa COBNAafaoT

F(E}) = F(E)), (20.11)
IIpHYEM JJid BeJHYHH E'l H E'I BBHITIOJIHAETCA YCJIOBHE

5151—51P;=ELET—51PI- (20.12)

"

| /
ol / b

(=)
£

m ~
m £

b,-rﬂ

My

1
m-& B E -EF g £

Puc. 28. 3aBHCHMOCTb NpPEJeNOB HHTErpHpOBaHHA B Buipamennn (20.7) or Ey,

Bripasus ¢ nomouisio gopmy.t (20.5) u (20.6) FEL H 51 yepes Macchl YacTHIL,
rnocjie HeKOTOphIX npeobpasoBaniii cootHowenue (20.12) mMoxHO mepe-
nucatb B Buae [23)

E'4’5"’—|—,¢;"p"—|—m2 E'E“—{- ’p”+2m2—n2
‘I// 15 2| 1 1+|/ 1% pt;: 2 f'.(20.l3)

My =

CBOMHCTRO CeKTPa BTOPHYHBIX YaCTHIL, Bbipaxaemoe paBeHcTBami (20.12)
nau (20.13), uHoraa HaspBAIOT JorapH(MHYECKOH CHMMeTpHell crekTpa
[23, 24]; 310 HasBaHHe CBs3aHO C TeM, YTO «GBICTPOTA» YACTHILL dy
[§ 2, bopmyast (2.7), a TakxKe dopmyJsl (20.24)] norapudmuuecky Bbl-
pakaercs yepes ee 3HEPrHI0 H HMIIYJbC

ry=InErtPL (20.14)

my

* B 3aBMCHMOCTH OT BHJA CMIeKTPa MePBHUHLIX YACTHIL 3TOT MAKCHMYM MOKET
npejicTaBaaTh coboif MUK HAH naato (cM. HHXKe pHc. 29).
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H cooTHouienue (20.12) mepenuckiBaeTcsl B BHAE

ry—ry=r;—r (20.15)
HIIH

o ryry

=L, (20.15")

T. €. cnekTp «ObieTpot» (20.14) Ans BTOPHYHON YACTHIBI CHMMETpHYEH

OTHOCHTE/IbHO TOYKII MaKCHMyMa ry.
Ilycte manee U = U2, rpe

% E,<U® < %g_ (E3 + p)). (20.16)
Bennuuna (E; -+ pi)my/m; —s10 3sHauenue BEDXHEro npeena HHTer-
pupoBaniisi B dopmyne (20.7) B Touke E; = E,, rie HIXHHI npeen
HHTerpHPOBaHHA JocTHraerT MuHumyma. Taxum o6Gpasom, uHTepBas
HHTErpHpOBaHHA Haubonblinil B Touke E; = E,;, a cnpasa M c/1eBa o
Hee HHTerPHPOBAHHE NPOH3BOJUTCS JIILIb 110 YACTH 3TOrO HHTEepBaJa H,
CJle/loBaTeIbHO, To-npexkHeMy npu E; = E; pacnpefenenye BTOPHUHBIX
gacTHI OyJleT HMeThb XapakTepHblit MakcuMyM. OJHAKO Tenepb CBOiCTBA
cummerpui (20.12) man (20.13) ana ToueK, rje BBINOMHAETCS YCJIOBHE
(20.11), mposiBasiercss B OrpaHHYEHHOI YacTH pacrpeleeHus BOJIN3H
MaKCHMyMa, TOYHee, B HHTepBa/e 3Hepriiif BTOPHYHONH YaCTHIBL

E{ < E\ < E{;

(DB 5 U2 _ 2 .
UM Ey Plnl/-[ I my = mlch_(u ”"rl); I (20.17)

E® = m,ch(3r; —u), J

rie u — «GpICTpOTa», coorsercTBylowas U, 1. e. U = m,chu.

E(la) -

CMBICTT BeJIMUHH Eﬂ“’ H E(l"” nousTed u3 puc. 28. Ilyets, Haxowerr,

U= Um>%;- (B} + 1. (20.18)
1

TlockonbKy B TOUKe, Iie HHKHUIT Ipefie nHTerpupoBanns E§ ) = U3,
pacnpeznesenne F(E;) = 0, To B M106oM ci1yyae orpaHHYEHHONO MepBHY-
HOTO CreKTpa B SHEPreTHYECKOM pacrpejiesieHHH MPOAYKTOB pacnaja
F(E,) nonxHebl H&ﬁJIiO}IaTbCH OJIMH HJIH HECKOJIBKO MaKcHMyMoB. OHako
Tenepe npu E; > E, uHTepBaN HHTerpupoBaHHs B Bhipawenuu (20.7)
¢ poctom E; Bce Bpemsi CABHTAeTCst B CTOPOHY GOJIBLIMX SHEPTHIl mep-
BHYHOH YaCTHIBI, MOITOMY KOJHYECTBO MAKCHMYyMOB H HX MOJOMKEHHE
ONpENESAIOTCS YIKE KOHKDETHBIM BIJIOM CHEKTpa NEePBHYHBIX YaCTHIL
W (E,). O6obmennem cBoiictsa cummerpun (20.12), KoTopoe oTHOCHIOCH

€6

K TOYKaMm C OAHHAaKOBbIM 3HauenueM F(E;) [em. coorHowenne (20.11)],
B O0LUeM C/1yyae OTPaHHYEHHOTO IEPBHYHOTO CIEKTPa CayKHT hopMmy.a,
nonyueHHasa B paGote [23]; mexay suauennsiMu sHepreTHueckoro pac-
npenenennss F(E;) B Toukax:

ESV =michriV < Ey;

E\® = m, ch(2r;, —r{");
E® =mch(er, +r");
EY = m,ch(4r, — ri");
E = mych (4r; + ri");

« w8 o W . .

(20.19)

CYLIECTBYET CJeAyomas CBSI3b:
F(E") — F (E®) + F (ES*)— F (E{") + F (Ef)— ... = 0. (20.20)

CB3b 9HEpPreTHYECKHX CMEKTPOB CTAHOBHTCSI YPe3BbIYAiiHO MpocToil
B YaCTHOM CJiyyae, KOFJa M, = My - M., H, CJIeJIOBATE/ILHO, BTOPHY-
Hasl 4acTHIA OKa3blBaeTcs HEePeJATHBHCTCKOH B clicTeMe MOKOsi pac-
najamouieiics YacTHIbI

E,~my, py & my. (20.21)
B stom cayuae
ESP =~ E{7 =~ %: E, (20.22)

H HHTEePBAJ HHTErpHPOBAHUSA B BhipakeHHH (20.7) CTpeMHTCS K HYJIO,
TaK 4TO

m 1. : s m m :
F(E) =~ g [ W (B)| (67 —E) = Tew (T0E,), (20,23
2py | Po My ny My
Ey=— E;
my

T. €, CNEKTP BTOPHYHBIX YACTHI, TOBTOPSIET CNEKTP NepPBHYHBIX.

PaccmoTpum Tenepe 3ajayy O BOCCTAHOBJIEHHI 3SHEPrETHYECKOrO
CHeKTpa NMepBHYHBIX YACTHIL [0 H3MEPEHHOMY CIIEKTPY BTOpHYHBIX [23,
25].

IMpex<ie Bcero A/si YMpPOILEHHS! BBIKIAJOK, caeflysi paGore [23],
BBIPAa3HM 3SHEPIHH YacTHIL yepe3 «GhICTPOTH» [cM. Bhipaxenue (2.7)]:

Eu —_ mn Ch !'0;
Ey=mychry; (20.24)
El = ch Fl [

H, 0003HAYuB
W (Eo) = W (mgchrg) = w(ro);
F(E,) = F(mychry)=f(ry), (20.25)
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nepenuieM cootHouenue (20.7) B Buje

rl+';;
flr) =22 w (ro) dro. (20.26)
2p, .
[ Fe=r1 I
3ateMm, IuddepeHunpysd mnocJefHee YpaBHEHHE MO r; IpPH £y 3
(E, :;El), noJiyyaeM pasHOCTHOE ypaBHEHHe MJS @ (ry):

‘%‘f{:—’ = 2’;% [(ry+ 7)) — w(r, —7,)]- (20.27)
Jlnsi pelueHHS 5TOro ypaBHEHWs TOJOKHM r, —r, = R ¥ 3amuiem
ypasnenne (20.27) npu R =ry, R=ro+2r;,, R=ry+4r,..R =
=re+ 2w§, ... M T. JI. BILIOTb 10 R =r, +2v(,,:;, IpU KOTOpOM obe
yacTH ypaBHenusi (20.27) oGpawaiorcsi B HYyJib. CKJIa/biBasi MoJsyyeH-
Hble paBeHCTBAa, IOJyyaeM pelleHHe AJA W (ro):

=

0y N df ()
w (r )= — 2 5 (2028)
0 Mo v=0 dry r1=rn-|—(2-a-:—l);;
HJH, BO3Bpallasachb K TIPEXKHHM HEPEMEHHI}IMs
—— dF (Ey)
W (Eo) = — ——gu (0 Eo 600 Gt | vyt (2029)

ny J ?

rje % (20.30)

mny

E
0y = Tn, Sh [(21; + 1) Arch %]

&, =™ ch [(Qv 4+ 1) Arch %1-
i

@opmyaa (20.29) faer pelienHe NOCTaBJIEHHOH 3aa4H O BOCCTAHOBJIEHH I
CMeKTpa NMepBHYHBIX YACTHIL MPH YCJOBHH, YTO SHEpreTHYecKoe pacrpe-
JiejleHne BTOPHYHBIX YacTHL IOCTPOEHO MO JAOCTAaTOYHO GoJsblLioil cTa-
THCTHKe, KOTOpas MO3BOJIsieT C HYXKHOH TOYHOCTHIO BbIYHCJIHTH MPOH3-
BOJHbIE, BXOAsfue B 3Ty dopmyny.

Ha npakTHKe HepeiKo BCTpedaercs BayKHBIH YaCTHBIIN cuayudaii,
KOTZla pacnaj MpOHCXOAHT Ha JBe YaCTHLBI HYJIeBOH Macchl — OObIYHO
y-KBaHThl (Hanpumep, 1° — 29, 1 — 2y). B sTom cayuae [em. dopmy-
abl (20.5) u (20.6)]

E,=p="2, (20.31)

HHTepBaJl 3HeprHil pacnaiHbiX y-KBAHTOB NpH (HKCHPOBAHHON 3HepruH
nepeuuHbIX yactui, [cMm. Boipaxkenue (20.4)]
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Eo—py _my 1 — By E _Eu+Po__f?10 14 Po
2 BN TR T 2 T—Bo’
(20.32)

H COOTBETCTBEHHO Mpeflesibl HHTErpHpoBaHHs B Bolpaxenud (20.7) npu

duxcnposantom snauennu E; [em. popmyay (20.8), B Koropoit ans Eg
HYJKHO COBEpIIHTB Tpeje/bHblil nepexoi] cieaywomue:

EfY) = oo;
2 33)
b m (20.
Eu = E| —I— —451 3
i i
;A Ll
J-my /A
0 My v & 0 m U U &
F F
|
Lo gy
: | Y O O o
I [ I
p&.wl‘ | 1 ”i_lt Igg f,l, :
YR G g 5T B Jfr"‘“’f;’ ERLE

Puc. 29. CrmexTp 7-kBaHTOB (HHXKHHII rpadHk) OT pacmaja vacTHl
Tg — 27, PABHOMEDHO pacrnpejejneHHbX M0 SHEPruaM (BepxHuii rpa-
(pHK):

G—HIIKHAA TPanNa CNexkTpa NepeHYiLIX YacTHl COBNajgaeT C maccoil TOKOMA; 6—
HHMHAA TPAHNLA COEKTPd NCPBHYHLIX HacTHL Godibllle MACCLl TIOKOS.

Popmyna (20.7) npuoSperaer coBceM mpocTtoil BUA*

£,
FE)= | l‘w;—’ dE, (20.34)

]

IMockonwky E; my/m; — oo, To cBoiictBo cuMmMerpuu (20.12) cnpasen-
JIIBO NPH J11060it SHepriH nepBuyHOit yacTubt [cM. Beipaxenne (20.10)]
u dopmyna (20.13) ans Touek SHePreTHYECKOro cnekTpa 7Y-KBAHTOB
(puc. 29) ¢ oaiiHaKoOBOi OpPAHHATOI

F(E)) = F (E)) (20.35)

* [TocKOMBKY ABA BTOPHUHBIX Y-KBAHTA HEpPasMHuYHMB MeXAy coboil, To
OGBIYHO CTPOHTCA SHepreTHuecKuil CreKkTp Y-KBAHTOB F{EI) = 2F(E,).
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CYILECTBEHHO YIIPOLILAETCs
™ _VE{E,. (20.36)

B xauectBe npuMepa npHBeAeM CNeKTP Y-KBAHTOB OT pacrajia YacTHIL
a,, PAaBHOMEPHO paciipeie/eHHbIX 10 9HePTHAM B HEKOTOPOM HHTepBaJe.
Ecau cnektp W (E,) npocrupaercs ot E, = my (po=10) 1o Eq= U

1
W(Eo) = g—m 3 Mo< Eo<U, (20.37y
TO (CM. puc. 29,a)
—1 E, (Mun) my .
T=m 1 g B0 SE1 <
F(E,) = Etwaxe) s (20.38)
a i MaKc
U—my In E, ? ?"gﬁl%El 3
rmge
g _ UV U —mi
9 ]
s (20.39)
E(Mml} . i——_ﬂlf}_
1 = ) )

Ecou e crextp mepeuuHbIX uacTH Haumnaetcst ¢ smepruu E, =
= U_">m, u npoctupaetcst go E,= U,
1

— i U_<E,<Us, (20.37’)

TOo (cM. puc. 29, 6) B
1 E
U, —U__ In E(mlm} !

7 14-

EE™ < B, < B,

1 Elih_iitll)

g —op_n =

e Eu‘itlilm)
F(El): i E(Iafﬁxc)

- = '

=i —7 ]nEanc) : E(;’_'f'"’ <E, \&:\E(Ihﬁmc)’- (20.38")
- - i—
1 E(lb-ia“c} (makc) ( )

= MakKC MaKc
U+——U*In E; : EI— gEl < EH- ’
rue

E(maxc) _ Ui + ]/Uli — mg .
1% 9 »

U, — VUi —mg
5 .

(20.39%)

E(I:‘_’:!m) —
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[pumem Temepb BO BHHMAaHIE TaKxKe M YIVIOBble pacnpefeseHHs
yacTui, T. €. HaiijeM CBA3b MexKIy ABaK bl Au(depeHnalbHbIMH (3Hep-
reTHYeCKHMH 1 YIJIOBBIMH) pacrpeliesIeHHsiMi NePBHYHBIX H BTOPHYHbIX
yactii. B ofuieM ciyuae pacrnaja Ha JBe 4acTHILb IIPOH3BOJILHOH Macchl
3ajiaya 3Ta 0CTATOUHO CJI0K-
Ha, 1 Mbl OrPAHHYIIMCS BCe
TeM Ke TNpocTeiilliiM, HO
BECbMa BaXKHBIM pacranaom
Ha JIBe 4YacTHILI HYJeBOi
Macchl (y-KBaHTBbI), MO-MPExK-
HEMY CuHiTasi, 4To B CHCTe-
Me TIOKOSl YacTHIBI @ pac-
najl mpoOMCXOJHT I30TPOMHO.
B npumeHenun X pacnapy
n® — 2y Takas 3ajgada He-
OJIHOKpaTHO  paccMaTpuBa-
Jach B HeKOTOpHIX paborax
[26—31], xoTopBIM MEL B TOI
I HHOH Mepe OyndeM cJe-
JIOBATh.

Ilycts B L-cucreme peak-
I[MH, B KOTOPOH 06pasyorcs
HecTaOUJIbHBIE YaCTHIUBL o,
HX pacnpefeneHie

1 d:N*

o R, i e o *
N# dEE dQE = Puc. 30. Cpazb meii(,uy‘yr.na’xm Yo Qs So H
s 01 £y

-

= W*(Ep) ®* (cos fo)-
(20.40)

*
Vraosoe pacnpenenenune ®* (cos %) yAOOHO NpeiCTaBUTb B BHJE
pas/ioykeHHs Mo noJuHoMam Jlexauipa

@* (cos Ivg) = X, A, P, (cos ), (20.41)
{

rae A,— KOHCTaHTh, KOTOpble MOTYT 3aBHCETb OT Es.

Haiigem cHauasna asaxzsl AnddepeHiHanbHoe pacnpeje/eHHe npo-
IYKTOB pacnaja (y-KBaHTOB) MpH QUKCHPOBAHHOM Do, T. €. BEPOATHOCTD
UX BBUIETA C BHEprIeil B HHTepBaje E}, E} + dE] B HanpaBJeHHH,

ONpeJie/IsieMOM MOJAPHBIM YIVIOM M* 1 a3HMyTajbHEIM yriaom §; OT-
HOCHTEJIbHO BeKTOpa P (0003HAYeHHs BCeX YIVIOB NPHBEACHBH HA
puc. 30). To o6GcrosiTesbCTBO, YTO SHEPTETHYECKHE CMEKTP pacnalHbiX
Y-KBaHTOB B CHCTeMe NOKOsl YaCTHILb! @, OnHchiBaetcs §-pyHKunei [em.
Beipaxkenue (20.31)], npuBoAMT B COYETAHHH C MPeoOGpa3OBAHHAMH
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Jlopenua K oHO3HAUHOMH CBsI3H MEXKAy sHeprueii ET um yriom n*:

2
mpy

Ep——%
i i
cosN' = ———, (20.42)
Po
YTO MO3BOJISIeT 3amnHcaTh HCKOMOE IlBa}K,ELI:I JudgepeHuHanpHoe pac-

npejeseHue n]p;{ cpHKCHpOBaHHOM po B Bije [115 cpaBHEHHS CM. BBIpa-
xenue (20.3)

1 @t s
N ET et 2 pr’
<E < om; (20.43)
i EE'_P(J ® EU g Pg
2 ‘{ El'< __'"2—"" .

Hanee, xomOunupys Boipaxkenus (20.40) u (20.43), nouayuaewm,
UTO MEePBHUHBIE YACTHILI @, JeTsllie B HanpaBJ/eHUH (:‘}3, (pg) C 3Hep-
- £
rueil B WHTEpBaJe Es, Eo + dEy, nawot npu pacnaze

NE W (E[J)
2"

®* (cos Vo) dEg | d cos Oy | dpo dET dEy  (20.44)
Pu
BTOPHUHBIX YACTHIL @; (y-KBAHTOB), JIeTALLHX B HarnpasieHui &), ¢y

% * * L]
¢ sueprueit B unreppane E;, E| - dE|, 1, 4To6bl NMONY4HTH ABAMKAbI
IduddepeninanbHoe pacnpeeneHie NPofyKTOB pacnaja @;, HeoGX0oAHMO
npouHTerpHpoBaTh BeipaxKeHue (20.44) no sHeprusM M yIiaM Bbliera

.
nepBuuHbX yacThi. Ilpesenst uHTerpupoBanns mo Eg onpegensiorcs
aHaJIOrHYHO CcooTHOWweHHsM (20.33):

EUH) l

I 20.45
By =Bt 5 | e
I

a JJ151 BBIMOJIHEHHST HHTETPHPOBAHHSA 110 YIJIaM CAIeJ1aeM 3aMeHy fepeMeH-
HeIX (cM. puc. 30)

cosdo, o, E1—>cos By, ¢, & (20.46)
no cgopmyaam
cos §p = cos §7-cosn* 4 sin 97 -sinn*-cos Eo;
sin v*.sin gg] )

T
sin -8'0

o= @1 - arcsin
i [ (20.47)

sin &g+ sin E}‘I‘]
T e e
sin ’&0

§T = arc sin [
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[lepsasi dopmyna (20.47) npeacraBasier coboii «TeopeMy KOCHHYCOB»
ans chepuueckoro TpeyroabHika ABC, a ABe Apyrie CaeAyloT i3 «Teo-
PeMbl CHHYCOB» JJisl TOTO Ke TpeyroiibHuKa. [IpsMbIMH BbIYHCIEHHAMH
¢ nomoiibio dopmya (20.47) MOXKHO Jerko yGeanTbesi, 4TO sKoOuaH
npeo6pasopanus (20.46) pasen

J (cos 95, @0, El/cos ], @1, &) = 1. (20.48)

* * * #
3amerunm, uto dcost dp; = dQ; U §y MeHsercs B uHTepBaje orT 0
10 2w, M 3anuieM BhIpa)keHue /sl JBaXbl AudepeHuuansHoro
pacnpejesieHusi pacnajHblX Y-KBaHTOB B BHJE

o0 2z

1 dN* 1 W(Ea) S
.| . 3 A, -'}
e S o dEs 3 4, P, (cos 93) d&3. (20.49)

2

¢ H!O
Ej+—=
4E)

Uro6e!l NpPOHHTEr pHPOBATE 10 EE, BOCHOJIb3yeMCsl «TeopeMoil cJioxKe-
HUsi» A5 nosuHOMOB Jlexkanapa [cM. B kuure [19], dopmyay (8.814)]:

P, (cos %p) = P, (cos n*) P, (cos ) +

t_" m #* m a® ¥
42 S‘ Ez +;jj)’, PP (cosn*) P} (cos 0}) cos mEs,  (20.50)
m=1

rae Pj'(z) — npucoepunennsle ¢yskunu Jlexxanppa. Huterpan mo
Eo OT cymmbl B Bhipaxenun (20.50) paBeH HyJio, H B pesyJbTare
NpHXOAUM K (opMyJie

L

N*" dET dQ}

oo

— ¥ Py (cos 1) 3 W(O)API(cosn)dEo. (20.51)
1 Po

m 0

Ej+—%
4E]

Hcnoabayst sikobuan nepexona (12.16) ot ]-cucteMbl K JI-CHCTeMe

npu my; =20

J(ES, cos®)/Eycosd) = ——L (20.52)

Te (I —pecos i)

; ;
u Bolpaxkas E; u cos®| uepes BeqMuMHBl B JI-CHCTEMe, [MOJyyaem
nuddepenuuanbuoe pacnpejiesenne B J/-cHCTeMe
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N 1 cos fy — B, \
N 'dE; d9; ~ 7, (1 — B,cos 1) Z P"(l — B cos 9 ) X

‘lt?’(EE) 1 ¥ mg ) _
x | —CE 4B ng(Eo—— T )J (20.53)

Pa

12E? (1 —PBecos 8,)% + m?

# (=) _
o' = 47, E; (1 — P, cos 0y)

(20.54)

Paccvorpum wactable cayuan gopmya (20.51) u (20.53).
Ilycth yraioBoe pacnpefenenue pacnafaiouyixcsi yactii B L[-crc-

a -
TeMe IPOMOPUIHOHATEHO cos® y:

@ (cos ) = o cos? 8 = .- P, (cos 97) + o P, (cos 3).  (20.55)

[lopcranoska Beipaxkenus (20.55) B opmyay (20.51) paer

(aa]
i i &
1 d*N* 1 W (Ep) 4B 4
N¥ 4E* 4o* ~ 4n ° L
fiéae] , Po
4 "‘6
T
11 P
=0 &
* w(E , -
-]-51;_.%(3(:05237—-1) j i*ﬂ)-—é—{Scosﬂn*—I)dEE. (20.56)
: 0
2
«, M0
El+4.r.-‘T

Ipu &= arccos (1/Y/ 3) Bropoit unen B ¢opmyae (20.56) obpautaercs
B HYJIb H 9HEPTeTHYeCKOe pacnpeje/enne NpoiyKTOB pacnaaa noj sTHM
yraom B []-cicTeme onpejiesisieTcst TAKHM JKe BblpaKeHHeM, KaK B ciyyae
H30TpOMHOro pacnpeienenus [cm. Bbipaxenue (20.34)], u ans wHero,
CJIEOBATE/ILHO, CIIPABEJJIHBO CBOKCTBO JIOrapu(pMHUYECKoli cHMMeTpHH
(20.36) [24, 26]. Ecan e yraosoe pacnpesesenue npornopiHOHasbHO
ueTHoii cremeni cos ¥, NpeBbIAWEl 1B, TO OTMEUEHHbIE CBOICTBA
BBINOJIHSIOTCS A1 yraa 0] = arccos (1/) 3) npu6mmxkenno [27].

Dopmyna (20.53) yacto ucronb3yercss ANS ONHCAHHS Jauddepenii-
allbHOr0 pacnpejie/IeHIs YP-KBaHTOB OT pacnaja n’-Me30HOB, 06pasoBakH-
HBIX B peakuHH (POTOPOXKAEHHS Ha NMPOTOHAX:

vo+p-+n°+p;J

a®— 2y,

(20.57)
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B Il-cucreme stoit peakumn n°-Mesou 06J1ajaeT NOCTOSIHHON 3Hep-
rueii [cM. Beipaxkenue (14.8)]

2
o, i , (20.58)
2 VQET» m, + mg

rae E,, — sHeprusi NepBUYHOrO y-KBanTa B JI-CHCTEME, TaK UTo IHep-

retuueckoe pacnpepenenne W (El.) npepcrasasier co6oit 8-ynkuuio
i ¢opmysa (20.53) ympoiraercs *:

1N 2 .
N'dE\,dQT_'{c(l—_chas{}) :

os 8. — B, 9
X Z A, P‘(:TF’:_“;"_T) P, LL (Eio_ E ”j’ﬁr T )] (20.59)
YHactueie cayuan ¢opmyast (20.59) npu
®* (cos ) = A+ Ccos2 0 —
= (A S %C) P, (cos ©p) -+ —:— CP, (cos fp) (20.60)

®* (cos 9) = A + B cos 8 + Ccos® 9% =
- (A B % C) Py (cos 85) + BP, (cos 9) -+ %— CP,(cos )  (20.61)

OblJIH TpHBE/IeHbl COOTBETCTBEHHO B paGorax [28, 29].

§ 21. ONPEAEJEHHWE MACCBHI YACTHLUbI
B JBYXYACTHYHBIX PEAKLLHSIX

Hast onpejenedusi Macchl 4acTHIbl HEOGXOAHMO HE3aBHCHMO [3-
MEDHTDL ee HMIYJIBC U SHEPTHIO (HAH CKOpocTs). CylecTBYIOT CTaHAapT-
HbI€ SKCIEPHMEHTAJIbHbIe METO/b (H3MEepeHHe HOHH3ALHUH M KPIBH3HbI
CJella B MATHUTHOM MOJie B TPEKOBBIX NPHGOPAX, H3MEpeHHe COOTHOLLe-
HHS MEXKY OCTaATOYHBIM MPOGErOM H MVIOTHOCTLIO BePeH B (DOTOIMY IBCHSX
H T. X.), KOTOpble NMO3BOJISIOT B MPHHIHIE PELIHTb 3Ty 3ajauy Jisi
ONMHOYHBIX 3apAMKEHHBIX YacTHI. OAHAKO TOYHOCTb ONMpEJIeNeHHsT Mac-
Cbl IIPH S5TOM HEBEJHKA H, KPOME TOrO, yKAa3aHHbIE METOAbI HeMpHIOLHb!
ANsl HeHTpasibHBIX wvacTuu. IlpakTuuecku wacro HCIMONb3YIOTCH KiTHe-
MaTHYECKHE COOTHOLLEHHSI, CBS3bIBAIOLIHE HEH3BECTHYIO MACCy ONHON H3
YacTHI B peakiHsix

a5 —>a; + a; (21.1)

* B dopmyay (20.59) BBesen MHOMKHTEND 2; CM, CHOCKY Ha cTp. 99.
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Qyy + Qgo—> Ay + G2 (21.1")

¢ 3aJaHHBIMH MaccamMi APYTHX YacTHI H M3MEPEHHBIMH Ha OMbITE HM-
nyJbcamu 1 yraamu. Pacemorpum moapoGHee TaKue COOTHOLICHHS JJif
pacnaga (21.1). .

l.OnpepfeneHune Macch pacmajapouencs 4a
CTHUB NO KHHEMAaTHYECKHM XapaKTepHCTH
KaM NpOAYyKTOB pacmnaja. CornacHo cooTHoweHuio (14.2)
Macca pacnajamolleics 4acTHIbl dg

mb = m} - m3 2V pl +mi Vpi+ mi—pipacosp).  (21.2)

Byjem nosaraTh, 4TO Macchl BTOPHYHbIX YACTHIL /11y H /1; H3BECTHEL, 4 HX
1IIMIYJIBCBL Py, P M YTOJ pasiera ) u3MepeHbl Ha ONbITe; OUEBHAHO, ligo
dopmyaa (21.2) npumennma mpH pacnajie Ha 3apsiKEHHbIe YaCTHLBL. Le
aHanus B NPHJOXKEHHH K yYKasaHHOIl 3ajade NMPHBOAHMT K CJAEAYIOUIHM
BbIBOJAM: )

a) ecsi XOTs Obl OJHH M3 MPOAYKTOB pacnaja MeJeHHbIH, TaK YTO
my/py > 1 ma mgl/ps >> 1, TO ujieH ¢ cOoSp BHOCHT MaJibld BKJaj H
OWHGKA B ONMpe/e/eH i Macchl /M, 00YCJIOBIeHa B OCHOBHOM OLIMOKaMH
B H3MEpPEHHH HMIYJbCOB;

6) uJieH C COSP CTAHOBHTCS CYILIECTBEHHBIM, KOrja MPOAYKTbl pac-
nana osicTpbie: my/p, << 1 u my/py<< 1. TlockonbKy npu 3ToM OGBIMHO
cam yros\p HeBeJHK, a TOYHOCTb €0 H3MEepeHHs JOCTATOYHO BeslnKa, TO
1i B 9TOM cJyuae ounbKa B Macce /71, 3a4acTyio onpejessercs TOUHOCTBIO
13MepeHHsl HMIYAbCOB. 3aMeTHM, YTO MpH GOJBLINX HMIYJIbCAX Py H P2
1 MaJoM YIJie pasjera \p BblpaxkeHHe B QUTYPHBIX CKOOKax B dopmyse
(21.2) Bo u3bexkanne BBHIUHCAHTEIBHBIX OMMOGOK YAOGHO pas3/NoXHTh

B pAM:
2} 12 \ 9 ’
%mmrw£+mmugy+ga+wy (21.2)

B ciyuae pacnaja OCTaHOBHBLIElCA YaCTHLbL (py = P2 = P, P = )
dopmyaa (21.2) cyliecTBEHHO YNpoUlaeTcs

my=V 7+ mi+ V1 + m3. (21.3)

Hnoraa dopmyay (21.3) 3anuceiBaior HHaye, BbIJETHB MACChl TIPOLYKTOB
pacnaja

o2 L - (21.3")
— my, 4 p? — + = ' :
My == My = My + | L”l VRt my+ V o2+ ml ]

Taxas 3anuch yAoGHa Npu p < My, My, KOT/A NOCAENHUH WieH B popMy-

ge (21.3"), sasucsiuuit oT p, npejcTapiser cofoil ManyliO MOMpPaBKy K
CyMMe Macc /my U My, KOTOPBIE CUHTAIOTCA USBECTHbIMH. B 9TOM ciyuae
Jake rpy6ble H3MEPEHHs HMIYJbCa p MPHBOAAT K J0CTATOYHO TOYHOMY
3HAUEHIIIO MACCHI /M, EcJIil BMECTO HMITY/1bCa M3MepseTcs KHHeTHYecKas
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9HEPTHsS OJHOH M3 BTOPHYHBIX YacTHL (Hampumep, a;), To dopmyay
(21.3") MoxHO mepenucaTh B BHJE

my=my+my+Ty [1+ ——Df2m T (g )
my 4=V Ty (Ty + 2my) + mj

Ewe pas noguepkuem, yto dopmyna (21.3"), TaK xke KaK u (21.3), or-
HOCHTCSI K CJIy4al0 pacrnajia OCTAHOBHBLIEHCS YaCTHIbI dy.

WHorza BosHukaer 3ajaya o6 OnpefeseHHH MAacChl NEpBHYHON ya-
CTHLLbI, €CJTH H3BECTHB! 3HAYEHHs ee CKOPOCTH Py, snepruu E, u yraa Bbl-
Jsera ¥, ofiHoit n3 BropuuHbix 4Yacrtui [32]. ITepexons B CIICTEMY TOKOS
MepBHYHON YaCTHIBI, MOJydaeM

my=E; +E, = Vo (Ey — py By cos ) +

-+ V98 (Ey — py By cos )" — m - ms3. (21.4)

2.0npeneneHnyue MacChl BTOPHYHON YaCTHIL bl
B sToM ciryuae cuutaem, uTo Macchl NepBHYHON YACTHILI /12y H BTOPHUHOL
/My H3BECTHEL C GOJIBILOI TOYHOCTBIO, @ HX HMITYJIbChl H3MEPEHbI SKCTIepH-
MEHTaJIbHO, I HeOGXOAHMO HalITH Maccy My (0OBIYHO @y U @) — 3apsiKeH-
Hble YacTHIbI, a @y — HelTpajbHas).

Aunanornyno BeIpaxKeHuo (21.2) nonyuaem

m3 = mi +mi —2 (V pi -+ m§ V p} 4+ m? — p, p, cos b} (21.5)

Bcee BoiBoapl, Kacasmmecs paseHctBa (21.2), Jerko mepewectn u Ha
pasencreo (21.5)

3.OmpeneneHnune Mmacchl NEPBHYHON YacTHI b
MO SHEPTreTHYECKOMY CHEKTPY BTOp HUYHBH X. ITOT
METOJ/ OMpe/ieJIeHHsl MacChl MepBHYHON YacTHIbI OCHOBAH Ha CBOIICTBe
JIOrapHMHYECKOH CHMMETDHH 3SHEPreTHYECKOTO CIEKTPa MPOAYKTOB
pacnaza (cum. § 20). B skenepuMeHTanbHON IpakTHKE 0COGEHHO YacTO OH
NPUMEHSCTCS TNpPH H3Y4YEHHH pacnaja HefTpasbHOH vacTHupl Ha JBa
y-KBaHTa. B 3Tom ciyyae (cm., Hampumep, puc. 29) MakCuMyM B 3Hep-
FeTHYECKOM CIEeKTpe pachajHblX y-KBaHTOB BCErja HAXOJUTCH B TOuKe
E; = my/2. TouHOCTb ONpe/e/eH sl MACCHl 3aBHCHT OT KOCTPOTHI» MAKCH-
MyMa, 4TO B CBOIO OuU€pelb ONpelesiAeTcs SHePreTHUYECKHM CHEKTPOM
NepBHYHBIX YacTH. Kpome Toro, misi ToueK HEpreTHYeCKOro CrnekTpa
Y-KBaHTOB ¢ OAMHAKOBOI opauHaroii [cM. Berpaxkenie (20.35)] Bbinos-
Hsercst paedcTso (20.36), KOTOpoe TaK:Ke NMO3BOMSET BHIUHCAUTL MACCY
NepBHYHOI YacTHIbl. JI7151 MOBRIIEH S TOYHOCTH OOLIYHO 3HAYEHHE MACCh
YCpelHsieTcst MO HeCKOJbKHM MapaM TaKHX TOYeK.

Maccy nepsuYHOI YaCTHIEI B [IPHHLHIE MOXKHO OMPENENHTb I B CJIy-
Yae pacmaja Ha 4acTHLbl HeHyJieBoil maccel. Pemenne 3ajadu npu aTom
HECKOJIBKO YCJIOXHSIeTCA I, B YAaCTHOCTH, Kak Obuio mokasano B § 20,
34aBHCHT OT BepXHel IpaHHIbl 3HEPreTHYECKOro CIIeKTPa pacnajaloniHxcst
uactuu. HanGosee oOmuii MOAX0J, OCHOBAHHBIN HAa HCMOJNL30OBAHHH pa-
BeHCTB (20.19) u (20.20), npexnoxken I'. Y. Konbtosbiv [23].
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Fnasa 4

MHO)XECTBEHHBIE MPOLLECCHI

B Hacrosiueil riaBe OCTAHOBHMCS Ha peaklHsaX, B KOTOPbIX B KOHeY-
HOM COCTOsiHIH ofpasyercst Gojiee JBYX 4acTHI[ (MHOXKECTBEHHBIE MPO-
eccel). Ecnim peakuuu ¢ AByMsl 4acTHILAMH B KOHEYHOM COCTOAHHH Xa-
paKTepuayloTcs ABYMsl apaMeTpaMHu, TO peakuuaM ¢ MHOTHMH YacTHila-
MH CBOHCTBEeHHO GoJibliiee UHC/I0 MapameTpoB. B uacTHocTH, SHeprius
BTOPHYHBIX uYacTHL B I[-cHCTeme yXKe He ONHCHIBAeTCA MPOCThIMH
dopmynamu (14.8) u (14.9), saBHCAUMMH JHIID OT SHEPTHH E, u macc
yactuil. TlosTomy HHGopMmals, KoTopas MOKeT ObiThb TMOJdYyYeHa YHCTO
KHHEMATHYECKHM MyTEM 0 MajloMy YHCJY HCXOJHBIX MapaMeTpoB, s
MHOXKECTBEHHBIX MpOILeCCOB MeHee orarasi, YeM B cjydae ABYXuacTiy-
HBIX peakuiii. B COOTBETCTBHN C 3THM H3MEHsIeTCH H CaM MOAXOA K aHa-
/I3y MOJOGHBIX peakuiil Il Kjace peliaeMplX KHHeMaTHyeckux 3ajad.

Tax, HepauHOHANBHO MbITATECS, 3a1aBasich GOJBLINM YHCOM HCXOA-
HBIX TIADAMETPOB I HCTIONb3Y s KHHEMaTHKY, BBIICHHTE GObIIYIO YaCTh
pacrpefieJieH il H3-3a CIOXKHOM H OOBIYHO HEOJAHO3HAUHON CBASH MEKAY
napameTpamMi M OTHOCHTEJIbHO GOJBIIHMH 3KCTepHMeHTalbHbIMI OG-
KaMmi, CBOICTBEHHBIMH H3MEPEHHSIM 3HepreTHUeCKHX XapaKTepHCTHK
MHOKECTBEHHBIX MPOLECCOB*; MOITOMY peIlaioT HEKOTOpbie OrpaHH4eH-
Hble mpoGieMbl. 3/leCb MOXKHO Ha3BaTh B MEPBYIO ouepellb CjeAyioulne
3ajlaun:

1) BolYHC/IEHHE XaPAKTePHCTHK MHOXKECTBEHHBIX NPOILeCCOB, HCXOAS
H3 TpeICTaBJEHHS O CYUIeCTBEHHOH poaH (pa3oBbiX O0GBEMOB, ABJAIO-
LMXCSA KHHEMAaTHYeCKHMH (haKTopami;

2) HaxoM/JeHHe 3KCTPEMAJbHBIX COOTHOLUEHHI;

3) aHanu3 CpaBHHTENBHO OGLIMX 3aKOHOMEDHOCTeil B KpaiiHeM pe-
JSITHBHCTCKOM CJlydae, KOrjla MOXHO B GOJbIIEH MJIH MEHbLIefi CTeneHH
pACCYMTHIBATL HA YCIelIHoe npumenenne popmys Biza (5.8), B KoTopbie
He BXOMAT HMIYJbChl BTOPHUHBIX YACTHIL;

4) BbluNC/EHHE XapaKTepUCTHK Mojeneil (Tnma daiipGosios), Au-
HaMHUecKie OCHOBbI KOTOPHIX CYIIECTBEHHO HE SICHbl, HO HX BBbIBOJEI
MOTYT HMETh 3HAYHTENbHYIO 3BPHCTHYECKYIO LEHHOCTD.

§ 22. HHBAPHAHTHBIH U HEMHBAPHAHTHBIH ®A30BbIE OBBEMbI

OcHoBHasi HJesl MCMONb30BAHHS CTATHCTHKH JUIsi BBIYHCJEHHA Xa~
PAKTEPHCTHK MHOXKECTBEHHBIX MpoleccoB Bhickasana Pepmu [33]. Ona
HMeeT mpocToil usuyeckuil cmeica, Bepositoets W, ocyuiecTBieH s
HEKOTOPOTO KOHEYHOTro COCTOSIHNUSA f B COOTBETCTBHII C KBAHTOBOH MeXa-
HUKOH (B HEpeJATHBHCTCKOM MpPHOJHIKEHHH) HMeeT BHA **

W,=2m|Hy|%e, (22.1)

* HekoTopble HCK/IOUEHHS MPECTABJAMIOT PeakilHH ¢ TPeMs YacTHLaMH B Ko-
HeyHoM cocTtosiHHH (cM. § 23 u 25).
** 3nech W paneme i = 1.
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rae H;; — MaTpHYHBIA 3JEMEHT Mepexojia u3 HayaabHOro i B KOHeYHoe
f cocTosiHHE; P, — CTATHCTHYECKHii BEC KOHEYHOTO COCTOAHHA.
CraTHCTHYECKHiT MHOXHTEb MOXHO B MPHHILHIE PAacCYHTATh CKOJb
yTOAHO TO4HO (cM. § 23); ocHOBHbIE TPYAHOCTH HAYHHAIOTCS IIPH MOMBITKE
OLEHUTb MaTpHYHblil 37eMeHT. OOlLen3BeCTHbl MHOTOYHCIEHHBIE H Nep-
MAHEHTHbIE HeylauyH TOCTPOeHHsI TEOPHH CHIIBHBIX B3aHMOJIEHCTBHH.
BoJiee TOro, B HAcTosilee BPeMs HESCHDI Jaxe HCTOYHHKH TPYIHOCTe
TEOpPHU H, CJIeJoBaTelIbHO, MYyTH HX npeogosenua®. [Tostomy MOXHO
rnoJiaratb, 4TO HYXHO Y4eCTb rnocJielHHil MHOXKHTEJNb TOYHO, a BTOpOIl
rpy6o, NpuGIIKEHHO, Ha OCHOBE KAKHX-JHG0 (PUSHYECKHX HIH pasMep-
HBIX cooOpaeHHii. B uactrocts, Pepmu npeinoa0Ku, 4T0 BEPOsATHOCTE
nepexojia ¢ o6pasoBanueM n yactui | F;;|* nponopunonaibHa BepoAT-
HOCTH HAXOJMKJEHHsl 7 BTOPHYHBIX YaCTHI, B HEKOTOPOM XapaKTepHCTHYE-
CKOM Juisl AaHHOTO mporecca oobeme V. EcTecTBEHHO GbUIO MOJIOKHTD,

yto B [[-cucreme

1\3 1
P L 5.9
v (F) B (22.2)
TOr1a

| Hip |2~ V™. (22.3)

OueBHAHO, YTO MOAOGHBI MOAXOJ HEe MOXKeT MpPETeH]0BaTh Ha 60J1b-
1IYI0 TOYHOCTb HJIH MOJIHYIO YHHBEPCAIbHOCTD. Opunako H ceHyac H, I10-
BH/IMMOMY, B TeYEHHE el IHTeNbHOr0 BpeMEHH CTaTHCTHYCCKHE METO/bI
§ uX MOAH(HKALH GYAYT HMETh BAXKHOE 3HAUCHUE B aHAIH3E MHOMKECT-
BEHHBIX [POILecCOoB™*.

[TofoGHEIT MPOrHO3 Gasupyercst He TONBKO HA YNOMAHYTHIX BBILLE
TPYAHOCTAX T€OPHH, JIe/0 COCTOHT ellle B TOM, YTO C yBE/IHICHHEM SHED-
THH COBPEMEHHbIX YCKOpHTeJell BO3pacTaer 3HaueHiHe MHOMKECTBEHHBIX
npoeccoB. Takxke pacTer U CpejJHee YHCJIO BTOPHYHBIX HACTHII. A 310
yBeJIHYHBAET BIHsIHHE CTATHCTHYECKOTO daxropa, sBasiouerocst QyHK-
1LHeli ¢ MAKCHMYMOM, OCTPOTa KOTOPOTO BO3PACTaeT C yBEJIHICHHEM HHC/Td
yuactByiomux B akre yactui. G Apyroit CTOPOHbI, MaXe MpH CpaBHH-
TeJbHO MPOCTHIX 33aKOHAX B3AHMOJEHCTBHUS (smexTPOAHHAMHKA) BbIYH-
CcleHie XapaKTepHCTHK CHCTeMBl MHOTHX 4YacTHL — BeCbMa TpyaHas
3ajiaya, Mo3TOMY LIHPOKOe PACMpOCTpaHeH e MOMyYHIIH CTATHCTHIECKHE
MOJEJIH CNOMKHBEIX aTOMHBIX 06OJIOYex.

[lepeiinem Tenepb K Gosiee coBpeMeHHOl (POpMYJIHPOBKE CTATHCTHYE-
CKOTO TMOAXOJA B PeNSTHBHCTCKH HHBapHAHTHOH Qopme [2, 36, 37l
B uanbonee obuieM Bue BeposTHOCTb W ;; BHIYHCAAETCSA HA OCHOBE TEO-
pun S-matpuusi (cM. 9. [T HacTosilel KHUTH H, HATPHMEP, pa6ory [38]):

* TlogoGHasi CHTYyalHs CJAOMKHAACE YiKe K KOHLY 40-x rojos, korpa ®epmu
Brepebie chOpMYIHPOBAT CBOIO TEOPHIO.

*%* BecnMa APKHM NPHMEPOM TOA06HON MOAHDHKAUHK SBAAETCS MPELTOKEH-
was JI. JI. Jlanjay [34] rugposuHaMuueckas TEOPHs MHOKECTBEHHBIX MPOUECCOR,
npHroamas npu sxeprusx E, > 10'% 38. O coBpeMeHHOM COCTOAHIMI FHIPOAHHAMH-
ueckoil Teopun cm. paGoty [35].
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Kaxk 6bito nokasano B § 7 [ewm. Gopmyast (7.4) u (7.4)], unr
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J ) I 1al SN —&%w) 1520 (e2s)
Hanee MoxKHO HATH JBYMS TI

yTamu: 1) yepenuurs
BJIEMEHTH S-MaTpHIH, s 79 BRCMnapdneTpay

3areM NPUGIHKEHHO OLEHHTD ero YCpenHeHHoe

MOACTaBHTE B (opmyay (22.5). B ne
D). PBOM cJiyyae B 7
NPOTIOPIHOHATbHA HHBAPHAHTHOMY (hasoBomy gﬁbeh[yePOHTHUCTb Vet

n
R ,E ; m aes = 4( % dsp
n (Pos Eo; my ... ) ffﬁ \5’0 —ff]o‘ﬁfk) [ —Q-Eik- (22.6)
g k=1 “FIk

]l p 6 I :22 6

H eprnpera 1 MHOMKECTBEHHBIX HPOHECCOB Ha oc ][I)eil-
H"I‘ 1I HOBe .

JIOHeHa BIIepBbIe H_IPI'IBaCIaBUI'[ H Cyl{apmaHOM [36] BO BT( )

BeposTHocTs W, nponopumnonansua PR

Pn(Py Eq; my, my...m,) = (g W u
n 0 1 2 mn) j--. Jﬁ (550 kéll nfk) ‘.I_____[I dspfk' (22.7)

?(T?:EOT}?(;LHE:P}MHE;% an(320231%1)}“1 00beM HCIIOMb30BAICS Pepmu [33]
1M .6) u .{) MOXKHO Tofof} .
: : ¢ JIOHTH C HECKOJIBKO HHBIX
Gouee oﬁucj,nx, nosuuuii [37]. B obwem ciyuae sennunna [<fo] S|ip)? :
=D (&, &4, ..., &,). Kpome Tor ) ol
MHUYECKHX nepe\;ehﬁux I() soTOMecKkal QA 1 7. ). Ty
: ) IX (CIIHH, H30TOMHYECKII CIIHH H T
el . 1.). Honyerum
dyuxmimo O moxuo (baKToOpH30BATL OTHOCHTENBHO l'fepeM}EI{HbI);
1y eeey n

D (Fy, &, o &) = g :
E (&80, &1, ..o 8,) E} O, (&, &,). (22.8)

OrpaHHuMMCS paccMoTpeHneM HHBapuaHTHBIX QyHKuuii @, (F,, F)
onpeJeNeHHOro KJjacca:

D, (&5, &) =C LT
s (22.9)

s A

IMoctosinHas C onpefensiercss KOHCTaHTaMH CBSI3H, MaccaMH BTOPHYHbIX
YacTHIL H HHBIMH JHHAMHYECKHMH TePeMEHHBIMH, § W r—KOHCTAHThI.
Toraa, Kak Jierko BHJIeTb, COOTHoIeHHe (22.6) noyyaercs u3 BeIpaxe-
uus (22.5), eciu ¢ = r = 0. Teopust @epmu umeer mecto npu ¢ = I,
r = 1*. C nojoOHOH TOUKH 3peHHs o0e CTaTHCTHYeCKHe TEOPHH Bbl-
JeJIeHbl, TOXKanyi, JHIb CPABHHTENBHO MPOCTOH (uaHUecKOll HHTep-
nperauueil. Pusuueckas TpakToBKa Teopun Pepmi — yCTaHOBJ/IEHIE
CTaTHCTHYECKOTO paBHOBecHs B oObeme V.

BriGop @; (&, &;) = C MOKHO TPaKTOBATh CJELYIOULIM OGPa3oM.
Pasnarasi Me30HHOe MMoJjie HYKJIOHA (HA JA0CTaTOYHO GOJIBUIHX paccTos-
HHSIX OT ero uentpa) B uHTerpan Pypoe [39], MOXKHO momyuuThH, UTO
BEpOSITHOCTL ®; TOTO, YTO BTOPHUYHbBIH Me30H OyJeT HMeTb HMIYJ/bC,
JeXalyil B naTepsane p, p; -+ dp;, passa d’p/E;. Eciu o; He 3aBuciT
OT OCTaJbHBIX ®,, UTO IKBHBAJEHTHO CTATHCTHYECKOH HE3aBHCHMOCTH
yacTHI**, TO BEPOSITHOCTb TOTO, YTO /2 ME30HOB HAXOUTCS B COCTOSIHHAX
C MMIYJIBCAMH Py, ... P, PABHA NPOH3BECHUIO BEPOATHOCTEH W10y ... ©,.
Ianee B ayxe teopun Onnenreiivepa i Ap. [40] MHOMKECTBEHHBIH mpoliece
MOKHO TPaKTOBAaThb KaK OTpBIB Me30HHOro oOnaka Ge3 H3MeHeHus
ero BHYTPEHHEr0 COCTOSIHHA (T. €. C COXpaHEHHeM pacrpefeneHiis

n
1T d“piz’Ef) .
ie=1]

M3 stux sameyaHul caeayer, 4To XoTd TEOpI-II:I, COOTBETCTBY HOIILHE

cratHcTHYecKHM (hakTopam (22.6) u (22.7), 1 uMeror Gnaroapst BO3MOZK-
HOCTH HX HAIJIfJIHO MHTEpPNPETHPOBATh ONpe/e/ieHHble NPeHMYLIecTBd,
BCE K€ JIOTHYECKH C TeMH YK€ OCHOBaHHIMH CYLLeCTBYeT JIOBOJIBHO LIHPO-
KHii KJiacc Teopuil, onpejeneHHelil ypasnennem (22.9).

§ 23. OCHOBHBIE BbIBOJbl CTATHCTHYECKOW TEOPHH

JIns1 KOHKPETHBIX NMpPHMEHEHHI CTATHCTHYECKOH TEOPHH HEOGXOANMO
BBIUHCJHTL HHTerpansl THna (22.6), (22.7) uau Gosee obuiuii HHTerpan
(22.5) npu yenosusx (22.8) u (22.9). Ora sajaya B ofuieM BHAE pelueHa
[41] B ¢opme CJOKHOTO HECTENeHHOro psjla, OCHOBHBIM IapaMerpoMm

pasOXKeHUst oKasanach BeanynHa*** v;=m;/)/s. Orcbuias unTarens
13-32 I'POMO3AKOCTH (DOPMYJ K OpHIHHANBHBIM paboTam, OrpaHHYHMCH

* C TOYHOCTBIO [0 HECYUIECTBEHHOTO YHC/IEHHOTO MHOMKHTEJS.

** AHajoruyHoe MOINYUIEHHE JIEeKHT B OCHOBE PAacCMOTPEHHs HAealbHOTO
rasa.

*#% B nmocsefgHue rojsl AJs pacueToB CTATHCTHYECKHX BECOB HCMOJB30BAINCH
BLIYHC/IHTE/IbHEIE MAllHHBI C NpHMeHeHHeM metosa Monte-Kapio [42, 43].
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3leCh MPUBEJEHHEM IEPBOrO YIeHA PA3/0KeHUs, IPHIOAHOTO s A0C-
TaTOYHO GOJbIIMX 3Hepruil. B obuwem Buge '(22.5), (22.8) u (22.9)]

#{22-—r) —4
5 Cn ! {q!)"‘[Qn (g+1)—4]'s ? (23 I)
T gn @Dl (g4 2) — 4] [n (g + 1) —1)! [ (g4 1) —2] -

B uacTHOCTH, AJIS TEOPHH C HHBAPHAHTHBIM [l:)aSOBbEM 00BeEMOM

14

R ™ n—I1 sfl“‘2
W= [<fol Slio> |2 (7) (=Dl (n—2)1
e n—I1 gh—2
= (3)" a=tre=ar- e

3nech | {fo|Slip) |* =C" - ycpenuenHoe 3Hauenue sJaeMeHTa S-MaTpH -
ubl. Jlna teopuu Pepmu (HenHBapHaHTHBIL (Da30BbIil 06BEM) B yJbT-
papessiTHBHCTCKOM C/Iyyae

T 19185 12) [ n—1 3n—4 .
W, — [<fol S |ig>|? L—n") 2 (4n — 4)! . (23.3)

n 2 Bn—4)! 2n—1)! (2n —2)!
[1E;
i=1
B apyrom npefiesibHOM ciiyyae, Korja BCe YacTHIbl HepeJsTHBHCTCKHE,
n afe
ST 5 )% (n—1) IT m 3 i)t
£ o> |* T i= TR
w,= | 1elSlie> 7)) _( =] s , (23.4)

n 3 n
I E; [5(!1—[)—]1]! Em‘_
i=1

i=1

rae T, — noJHasi KHHETHYeCKasi SHeprus uactuu, B [[-cucreme,
Baknoii XapaKTePHCTHKOH MHOMECTBEHHBIX MpPOLECCOB SIBJSIETCS

HanGosee BepoATHAs BEJIHYHHA MHOMKECTBEHHOCTH 1 MPH 3aJaHHOIl Be-
anupne s. Onupasick Ha dopmyay (23.1) 1 Tomyckasi, UTo 4HC/Ia 1 Ha-
CTO/ILKO BEJIHKH, YTO MOXKHO HCMO/b30BaTh hopmyay Crupausra (T. e.,
nonaras In n > 1), monydyaem B yJbTPapessiTHBHCTCKOM MpPHOIHKe-
Hun [37]

. 2q—r+4-2

n~g?2@+s), (23.5)

Kak otrmeuaJoch BhIleE, yCpejgHeHHOe 3HayeHHe BeJHYHHLI

fol Sligd ]2/[11 E; Qepmu npeanoxua BoIGpaTh U3 CJlAELYIOULHX (H-

SHYECKHX coobpaxkeHuii: 1) B oObeMe V ycTaHaB/uMBaeTcsi CTAaTHCTH-
YECKOe pasHOBecHe; 2) Bce s BTOPWYHLIX HYACTHIL HAXOAATCS B 3TOM
ooveme. Torpa

[ <folSTig> v !
__ﬂ.'L—n_ = (_8__1_3) Uni i s (236)
IT &

i=]
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DAKTOP Un, 4, 1 YUHTHIBACT CTATHCTHYECKHII BEC CMHHOBEIX H H30TOMH-
yecKHX cTeneHell cBoOojpl. BbluncieHune ero Hy»HO IPOH3BOAHTH Ha
OCHOBE CTaHAapPTHBIX MpaBHJ KBaHTOBOH Mexanuku (cM. u. IT u paGory
{44]). U3 onpepenenust xapakrepucruyeckoro oobema (22.2) V u ¢aso-

Wy, .
20
3
10
\
\
\
\
o\
N\
| N 1

0 07 02 03 0% 05 06 07 08 09 10p/me

Puc. 31. WUmnyascHoe pacnpejesneHne m-mezoHos, oGpaso-

BAHHBIX TPH AHHHTHJAALMH TOKOfLEHCA Naphl HYKJIOH — aH-

THHYKJOH (pacueT Mo TOUHBIM (OPMYJaM CTATHCTHUECKOI
TEOpHH).

Boro oobema (22.7) caenyer, uro Pepmu chopmyanpoBas CBOIO TEOPHIO
B HEeMHBApIIaHTHOI (hopMe B ONMpeJleJIeHHOM cHeTeMe KOOPAHHAT, @ HMEH-
Ho B I]-cucrene. [Tostomy Bee nocsenyrouiue Gopmydisl 3Toro naparpaga,
oTHocsUHecss K (hepMUeBCKOH (OPMYJHPOBKE CTaTHCTHYECKOH TEOpHH,
npusoastcst Ans I/-cuctemel. BeposTHOCTb

1 dN* *

N*'dp* = mn(Ecr pl)
TOro, 4YTO OJiHA M3 YaCTHI[ HMMEeT HMMYJbC, 3aKJIOYEHHbIH MEX1y

#* % %

pi, p1+dp;, ecam nonnas sueprus E, paBHA NPOU3BE/ICHHIO BEPOST-
HOCTH 3TOH uyacTHIbl, HaxoAsuleldcss B IApOBOM cJoe (hasoBOro Mpo-

# E *
ctpancTBa (Mexay cdepaMu ¢ paguycamu pi, pi +dp1), Ha Beaw-
unHy (pasoBoro o6peMa, 3aHHMaeMoro (7 — 1) yacTHLaMH [IPH YCJIOBHH,

a4t 2 ¥
4TO HX SHeprus paBHa E, — Vm -+ mi, a noJHbll HUMIYJALC pa-
BeH p, *:

%2 2 " ;
0n (., p) = 4t Wat (E,—V pimi, pi). - (23.7)
5 3ak. 1924 113




Bhiunc/ieHHE 3HEPreTHYEeCKOro pachpefieseHusl sl YacTHBIX CJyyaeB
npHBoAnJOCH B paGoTax [45, 461, a B oiuem cayuae B cratbe [47] B BHge
CIOXKHOTO pasfioxeHnsi. B KauectBe mpumepa Ha puc. 31 nokasaoms
CHEKpr[ -ME@30HOB, BO3HHKAamllHe HPH AHHHUTHJAAILHI nOKOﬂ]lleﬁCﬂ

N

4 P
/

/,
2
/
! /
10 15 gl Y
1 & 4 6 8 0 12 14T, R58

Puc. 32. 3asucumocTh cpefHeil MHOMKECTBEHHOCTH T-Me30HOB, 00pa-

30BAHHBIX TPH HYKJOH-HYKJOHHBIX COYNApEHHAX, OT KHHETHYECKOIi

SHEPrHH HaJIeTalolero HyKJaoHa. BeiyHcaeHHs NMpoBORHJIHCH MO CTa-
THCTHYECKOI TEOPHH C YYeTOM H300apHEIX cocToakuii [44].

HYKJIOH-aHTHHYKNOHHOM mnapel. [lpuBenem suauenus o, (E;, p)) ana
YIbTPapeaATHBHCTCKOTO Clyyasi:

o, (Ec, p1) ~pi(E,—2p1)" > x

n—I1

Cf_ El:l—i-l E _2p* i E.—92 * 7
o B Cnt BT (Ee—2p1) O = (23.8)
n+i—3)! @r—i—4HY!|2n—i—3 n+i—2
i=0
rue Cf,_i — OMHOMHAJBHBI Ko3(hdULIHEeHT.

Yro6bl noNy4YHTh SHEpreTHyeckoe pacnpeenenue B JI-cucreme, HeoG-
XOJIIMO COBEpIUUTH Mepexol o oObluHbM Gopmynam (cM. § 12). Onnako
HaJl0 MPHHATb BO BHHMAHHE, YTO SKCIIEPHMEHTANbHO YIJIOBOE pacrnpese-
JleHHe BTOPHYHBIX YacTHIL B [[-cHcTemMe XapaKTepH3yercs HEKOTOPLIM OT-
KJIOHeHHeM OT u30TporHH. Ecan Bce e mosararh Juist OLLEHOK 3TO pac-
npefesieHHe H30TPOMHLIM, TO MOXKHO BOCNOJIb30BATHCHA YMNPOLIEHHBIMK
cdopmynamu § 13 Ana pUKCHPOBAHHOTO HMMYJbCA, A 3aT€M IPOHHTErpH-
posaTtb no uMmyjbcaM. JInsi XapakTepHCTHKHM CTaTHCTHYECKOH Teopus

NoJie3Ho TakXe mnpuBecTH 3aBHCHUMOCTb 1(T;), BHIUICIEHHYIO TOYHO
C YYeToM CYIIeCTBOBAHHS OCHOBHOTO H300apHoro cccrosuusa J = 5

3
I =5, M= 1236 Mas/c* (puc. 32).

B saknloueHHe mnpHBeleM HECKOJbKO MOJe3HbIX BbipaxkeHHi L
cjydas, KOrja B KOHEYHOM COCTOSIHHH — TPH YacTHUBI, a HX YTIJIOBOe
pacnpejiejieHie H30TPOMHO. DHepreTHueckoe pacmpejeleHie BO3bMeM
B dopme (23.7)
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B'/2 p%*
(42—}
A=E,— V oP+ md; (23.9)
B = (pi'+ md + mi — A% —- dm3 m3;
C =64 [A*— (p}" + m3 + m3)].

[lpu pacnape E, = m, (m, — macca pacnajaiouieiicsi yactuisl). Ecreer-
BEHHO, 4TO pdcnpenenem{e (23.9) onmpenensiercst AuWb BeJdHYHHOI £,
1 Maccamil BTOPHYHBIX uyacTHU. PaccmoTpum wacTHble caywaum (23 9)

1) m; <<P: (i == 1, 2, 3)

og (E., pi)~ [3EZ—6E,.pi +2p1 | pi ; (23.10)
2) m;>>p;

oy (E,, p‘;‘)m[ (s 4 mg) T, — p]p, . (23.11)

Wy (Em .UT) =~ ( 1— 44741) -+ AC]
L

[;

3) my & pi; my>py; mg > ps

(B B AT =) s (23.12)
4) my> piy my K pr m > p3

o3 (B, p1)~(T2 4+ p7) 0t (23:13)
5) my L pi; myL ps mg > ps

w3 (E,, p)~(T2—p}) pt'. (23.14)

Boiuitcsinm Janee sHepreTHyeckiie H YrJOBbe pacnpejefeHns B JI-cu-
creme, ecail pacnpefenedne B [[-cucTeMe COOTBETCTBYET BhipaXKeHHIO
(23.10). B srom cayuae

1 d®N* - # #2] a2
e~ |3E: — 6F, 5 A
NE dPT dQT [ ¢ pI —f—-2P1 JPI (23 15)

BOCIIOJIbf&yEMCF[ A7 YABTPapeJIATHBHCTCKOrO CJayuas ﬂpl-IﬁJ'!H}I(EHHbIMH

BeipaxkenusiMu s axo6uana J (py, cosi/p,, :
1
=y, (1 —B,cos®) n p; =~E) =v,E, (1—B,cos?,). Torna umnyasc-
HOe pacrpele/ieHne
.1 5 v o s
1 dN - *9 3-&0—-65“[)1 +_p
J'V dpl \ p] l—‘ﬁcco‘ur

iy S s
sin i, d; =
LO:tJ‘iM;U\C (P
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1

= | pl(1—B,cosd,)[3EZ—6E,p, (1 —B,cos ) +

cos ¥ | yake

+2p7 (1 — B, cos 9)*] sin ¥, d9,. (23.16)
Orciopa caenyeT, uTo

1 p’;maxc 1 p:maxc
LN & . 21— _
ﬁc( ‘!cPl) RE ﬁc(l TeP1 )> L

—1 npu L(I—M)<l.

c0S ¥y yage = (23.17)

¢ Te P1
[locsie UHTErpHpOBAHUSA MOJy4YaeM
1 dN 9.
ap, ~ PUIBE [ — (1 —B)’] — v, Ecpy [X*— (1 — B0)°| +
+yepi X' —(1—8)"), (23.18)
rjae

E, E, )
R L g oy e S

E
LBe o Py < py

Te Ec

3HaueHUs HMMYJ/bCA P, 3aKJIOYeHbl B HHTepBaJe oT 0 jo 3 (1+B,)
[lepeiijeM K BBIYUCJEHHIO YTJIOBOTO pacpejeleHis:

Pyaxe (1)

~ y [3E? — 6Eip, (1 — B, cos ¥) +

0

+ 2p1 (1 — B, cos 9)*] p} (1 — B, cos B) dp,, (23.19)

£,
-

[~HE~%
Sl=

npuyem
E.
Puae (1) = g T—pree)
[Tocnie muTErpUpOBaHHS MOJydaeM
1 dN 1
NdQ T T—Pecos9)? * (Bl

31O BhIpAKEHHE COBMAJAET, ecJlii er0 HOPMHPOBATh, C YIVIOBLIM pacrpe-
JAeJIEHHEM YaCTIIL, BOSHHKUINX MPH pacnajie Ha JBe YaCTHLEI (M. § 17).
Takoe coBnagenue He cayuyaiino. XapakTepHoH 0cOGEHHOCTBIO BhlpamKe-
Hus (23.20) sBAsETCA ero He3aBHCHMOCTb OT 3HEPTHH BTOPHYHBIX Ya-
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crui, (umb Obl OHM 06Jajain JOCTATOYHO OGONBLIHMH CKOPOCTAMH).
[TosTomy Tpi Jil0GOM HMIYJBCHOM pacmpejieieHnt y/abTpapeaaTHBHCT-
cKHX uyacTHil B [[-cucreme Gyjer npHOIHKEHHO OMPEAeNATLCA COOTHO-
weniem (23.20).

§ 24. PACIIPEEJIEHHE MO 3¢ ®EKTHBHOH MACCE

B coBpemeHHON (H3HKe BHICOKHX 3Hepritii Go/ibllIoe MECTO 3aHHMaeTr
113yYeHHe Pe3OHAHCHBIX B3aHMOJENCTBINIT MEXKy HaCTHILAMH. Ecau B pe-
aKiun o0pasyercsi /1 BTOPHYHBIX YaCTIIL, CPEn KOTOPBIX k yactul —
pesyJibTaT pacfiaja HeKoero pesoHanca (T. e. peaKuus HACT B ABa
sTana — cHayana o0pasyiorcsi n — k YacTHIL H Pe3OHAHC, a 3aTeM peso-
HaHC pacmajaeTcsi HAa k YacTHU), TO MeXJY k YaCTHUAMH CYLIECTBYIOT
orpe/iesieHHble KOPPEJSIHH, M1l BbISBIEHHS KOTOPHIX HYXKHO HSY4HTDH
pu3uyecKHe BeJIUHHbBI, 3aBUCSILHE OT XapaKTePHUCTHK BCEX STHX YACTHIL.
OJHMM H3 METOJOB 3KCNEePHMEHTAJbHOro OOHApYXKeHHs pe30HaHCOB
B Mpolleccax MHOKECTBEHHOI reHepalni CyNT aHaJIH3 pacnpejiesieH i
no sddekriBHoil Macce [em. Bbipaxkenie (7.3)]

o, p= [(;2]5&)2—(& pi)z}m, (24.1)

«MO03PeBaeMbIX» & BTOPHUHBIX HACTHLL (AN y100CTBa MM TPHCBOEHbI
nepssle k& HomepoB: [ = 1, 2, ..., k). Ecan TnpefnosaraemMbiii pesoHaHc
JeilicTBUTeNLHO CYUIECTBYyeT, TO IpH COOTBETCTBYIOUIEM — 3HAYEHHH
M, 5. = MPY , B pacupefenennn no >PPeKTHBHBIM MaccaMm Ha“
GntofaeTcst xapakTepHbiit MuK. HajexxHoe sKkcnepHMeHTalbHOE Bblle/1e”
HHe TAKHX TIIKOB TeM He MeHee HYXKJaeTcs B CrellHaJbHOM aHallHse, 1no”
CKOJIbKY peanbHo HaOJioflaeMoe pacnpejiesienne no apeKTHBHBIM Mac-
cam 06YC/IOB/IEHO He TONbKO AHHAMHKOil B3aHMOJEHCTBHS, T. €. CTPYK~
Ty poii MaTpHyHOro snementa (fy| S| i) B BbIpakKeHH (22.4) ans BepoAT-
HOCTH IAHHOTO HEYIPYTOro MpoLeccd, HO i KHHeMaTHuecKumu Gakropa-
M}, BXOASIIHMH B 3TO Bbipaxenue. JIpyriMu cJIOBaMH, MEXKAY YaCTHUAMH
CYIECTBYIOT KOPPEJSIHH, OOYC/OB/IEHHbIE HE TOJIBKO PE3OHAHCHLIM
BzanMojelicTBHEM, HO H 3aKOHaMH COXPaHEHHS.

[TosTomy Tpexje Bcero HeoSGXOAMMO OLEHHTL 3TOT KHHEMATH4eCKH i
«poH», T. €. OCTPOUTD pacrnpesieJieHne mno ahdeKTHBHON Macce sl Tex
e f yacTHIL NpH YCJOBHH, YTO B3aHMOJEHCTBHE MEXKLY BCEMH BTOPHY-
HDLIMII 4aCTHILAMI OTCYTCTBYET Il OCYIIECTBIEHHE TOMH HIIH HHO KoMmOHHa-
LI HMIYJICOB YACTHL ONpEeAe/IeTCs NHillb (pasoBbIM 0GHEMOM. Crporo
roBOps, OTCYTCTBHE B3aHMOJEHCTBIHSI MMy YacTHUAMH O3Ha4Yaer, uTo
KBajlpaT MAaTPHUHOTO 3/eMEHTa MOXKeT ObIThb 3aMHCaH B BHJE NPOHSBE/E-
st (22.8) ¢ nenssectHbiMH GyHKUHAMH @ (8, &;). [IpakTuuecky yaiie
Beero moaaraior, uto @;(&,, &;) = const, T. e. KuHEMAaTHIECKHH toH
ONHCHIBACTCS PeJIATHBHCTCKH WHBapHAHTHBIM (ha30BbIM 0GBEMOM (22.6)

Rn(Po; Eu: my, Mo,y ..., ,"n“) —
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= J‘ Y 64 (2 &, — “‘PO) IT 64 (G‘T‘Q + m;:’) di g, =
) i=l1 i=1
4n

=[..{e (% p,-—pu) 5 (z E, —Eo) fl . (24.2)

ety = 25y *

3n

rae &y ={py, iE,} = Por + Poa = {Por + Poz i (Eq + Eps)} — 4-umi -

NyJbC Ha4yaJbHOTO COCTOSHHS.

[IpuMem Takxke 3To mpefnmosnoxkenne, Xors IYGOKHX OCHOBAHIii
AJif Hero, Kak orMeueHo B § 22, Her. HanGonee Beckuii 10BOA B mosb3y
PeNATHBHCTCKH HHBAPHAHTHOTO (pa30BOr0 06beMa — 3TO OTHOCHTEbHAS
[IPOCTOTa BBIYHC/IEHHI, OOYCJIOBJIEHHAS PEJAATHBHCTCKOIT HHBapHaHT-
HOCTbIO BbipaxKeHHs (24.2). B wacTHOCTH, AJisi 3TOTO BbiparKeHIis cy-
LIIECTBYET NPOCTOE PEKYPPEHTHOE COOTHOUIEHHE, BNEpBbie MOJAYYeHHOe
B paGote [36]. [lis1 ero RuiBojia 3aniineM BbipaKeHie (24.2) B [I-cucteme

\

(Ec =V E} — Po ), BEIENUB HHTErPHPOBAHHE N0 HMNYJbCY ONHOM H3
YacTHIL (V15 ONpPEeNeHHOCTH /-l YacTHIbI):

Rn(pﬂ’ ED; my, Mg, ..., mn) = Rrx (O’ Ec‘.'; my, Mo, ..., mn) —

n

a LJ 63 (,-g,"f) 8 ( ‘_;Eil E; —Ec) & _

£ Laps
3n i=1 ¢
- J’”‘dsp,‘; IJ Je0 El pi —(— p')] 8 [’E!ETH

2E: --_':._‘ i=1 * f i=1 :

3 (n—1) —

q n—1 *
* dap" I
~(E.—~ED| 1 37+ (24.3)

i=l]

Boipaxenne B ¢urypHsix ckoGKax B mocseueii CTPOYKE paBeHCTBA
(24.3) npexncrasnsier co6oil Mo onpesneaeHHO tasosblit 06bem 1151 n — 1
YaCTHILbI

P n—I1 . . n—I1 . i n—1 35
L, P2 pz—(-pn)] «S[zI Ei—(E,—EN| 1 ;E‘} =
ooy T = '

i=1 ¢

® *
= Ro—i(—pn, E,—En; my, My, ... My_y) =

=Rn—1(0, & my, my, ... my_y), (24.4)
rue

e=V(E,—E)—pr (24.5)

[Mocnennee pasencreo B (24.4) MOJIY4E€HO B pesyJibTaTe Nepexoja B CHe-
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— . [Noacrapnsisi 3aTeM BhlpaXKCHHE
TeMy IleHTpa HHepUHH 7 — 1 YacTuibl
{24.}:1) B cooTHoumeHue (24.3), mosmyuaeM HYXHYIO DPeKYppPEHTHYIO

MYJY:
DO Rn(o; Eg'n My, Moy eeny mn)__-

#*
@Pn
oF*

n

= [{[Ra1 (0, & myy may e mac) (24.6)

B ¢opmyse (24.6) yno6HO mepeiiTH K MOJSPHBIM KOODJHHATaM
dops = ph dpy - sin O dO; dop, (24.7)

¥ TIPOHHTErpPHPOBATh MO YIJaM, 4TO JaeT MHOXHTeab 47t. Toraa Bbi-
paxenue (24.6) npuBoAMTCA K BHAY

R, (0, E; my, my,..., m;)=

p* (Mmakc) .
n o . ,
=21 [ Rut(0, & my Mooy M) godpn (24.6)
0

BepxHuii 1pejies HHTErpHPOBAHHS B 3TOM BbIPaXKeHHH paBeH MaKCHMAIb-
-

HOMY 3HAUCHHIO HIMITYJIbCA Pp, KOTOPOE peanHsyercs, Koraa OCTaJ'[thI-I{E
n — | uacTull ABHKYTCS C OAHHAKOBLIMH CKOPOCTAMH B HanpaBJeHHH,

f1pOTHBOIOIOKHOM pn [em. § 26, dopmyaa (26.8)]

# (MaKc)
] e |(Zm) —2m |
FHEE [ N :— m; | —2m, ,
]/ {E; (:f—.ﬁ m!) } {E | £§I ] (24.7')
== N 2EC
IIpuBesiemM HeCKOJbKO 4acTHbIX cayuaes R,(0, E.; my, ma, ..., My)

DopMabHO, COMVIACHO BhIPAKEHHAM (24.2) HiH (24.3), daszoBbli 00BEM
IJIst OJHOIl YacTHIBl, ONMPEAeJNEHHbIH B CHCTEMe ee MOKOs,

Rl (0! Ec; ml) =

S . a*py o (m—E,)
— [[{(oDo (I —E) St ="B=2. (248)
1

2my

Mofcrasass jatee 3T0 3HAUEHHe B peKyppeHTHyio (opmyny (24.6)
HaxoauM (asoBblil oGBHeM [ ABYX YaCTHLL

p* (maxc)

2 T eo  *% %2 %
[ [ml —V(E,—- E3)? —py ] Py dpy .

RQ(O, E.._.; 1y, mg) = 21 : 2”!1 E;

0

(24.9)
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Ins Bbluucsenust Beipaxkenust (24.9) BocnosbayeMest opmydiont (7.5).

Jast O-(yHKIHMH OT CJIOKHOIO apryMeHTa, Torja

8 V — 2] my E;tnmuc) 5 4 ’-‘(mxc)]
my — VY (E,— E3)® — p3 = proare p2— p2 Fs
e

H OKOHYAaTeJBbHO IIOJyydaem

*(maKc)

Ry (0, E; my, my) = & e

|4 [Ef — (my+ m‘z)zJ [Ef — (my — ”12)2]
E? *

(24.9')

ro| g

C nomompio pekyppeHTHOH (OPMYJIbl aHAJOTHYHO BBLIYHC/ISETCA H

(asoBLIfl 00BEM AJi TPeX YACTHIL:
#*(MmakKc)
P3

P3
Rs (0, EC; m]_l My, mS) = nﬁ j' E.T
§ 3

V [(E‘ —Es) — pgz —(mytmy)?| [(Ec — E3)° — P;ﬁ —(m, — mz)z] x

X
(EC_E;)‘Q—.,U;E p3|
(24.10)
rue
p;(mm) - V [E? — (m, +m, + ms);]s [Ef — (my 4 my — m3)2] el

Boipaxenue (24.10) myTem rpoMO3AKHX BHIKIAJAOK CBOAHTCA K -
JHUNTHYeCKHM uHTerpanam. Ilpuw 7 >> 3 aHaNHTHYECKH BBIYHCJHTH
R, 0, E¢; my, my, ..., m,) yxKe He yjaercs, H B CBSI3H C 3THM Obl1H
MPEJNOXKEHbl  PA3JIHYHBIE METOAM MNOAYYeHHs NPHOIHMKEHHBIX Bblpa-
wenuit [37, 42, 48, 49]. [lns OLEHOK NOJE3HO HMETb BBIPAXKEHHSH
R,0, E¢; my, my, ..., m,) B JBYX NpENeNBHBIX CJAYYasiX — yaAbTpa-
PesIITHBHCTCKOM H HepeNsaTHBHCTCKOM. [lisi yabTpapesiiTHBHCTCKOTO
cayuast [em. dopmyay (23.2)]
) nnr!—l E2J’I-—-4
RIP(0, E gz #iy; g, «ouy ML) = (3) m . (24.12)

n

B HepensiTHBHCTCKOM npuO/HIKeHHH npouspejerue 11 1/2E; B BHI-
i=1
paxeHuu (24.2) MOKHO NPeACTABHTL B BHJE:
n n
[T oteme T s (24.13)
255 ; Qm; i
= =]
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# BRIHECTH H3-110J] 3HaKa MHTerpaJa, Torja ocTaBlIKiCA HHTerpaa Gyaer
TIpeACTaBJsITh CO00H HeHHBAPHAHTHBIH (a30BbIil 06bEM, KOTOPhIH B 3TOM
mpubAHKEHHH HEOJHOKPAaTHO BblUHcAsIcss [em. dopmyay  (23.4)].
B pesyabrate nonyuaem

Ry (0, E,; my, my, ..., m,) =

n 1/2 3 5
g—% %(u—l) (I_I m‘-) n g3
o
3 L Efﬁz mi} . (2414
[‘2‘(““11} (zm,-) i=1
i=1

Tlocsie 3THX 3aMedaHHit O PENATUBHCTCKH HHBAPHAHTHOM (pa3oBoM oObeme
©o0paTiMecsi K OCHOBHOM 3ajlaye — BLIYHCJIEHHIO HAa OCHOBE BHIpAXKEeHHS
(24.2) pacnpenenenust no apdexruHol Macce M o ... . CorviacHo Mpu-
HATHIM JONYIIEHHAM, BEPOSITHOCTH TOTO WJIH HHOrO «(hOHOBOro» KOHey-
HOIO COCTOSIHHSA, KOTOpOe B HallleM cjlydyae XapakTepusyercs HaGopom

L]
4-uMnyJabcoB &;, NpPOMOpPIHOHAJbHA COOTBETCTBYIOMEMY (Ha30BOMY
o0BeMy, H, CJae/loBaTelbHO™,

1 dN 1
N .dml & ik Il F(SJRW vl )_ Rp(Pos Eoi 1y, ...y )
% dRy (Po, Eg; My, «ovy My) - oMy 2. s "
dMy 2 .k R, (po, Eq; my, ..., iy)
dRy (Pos Ev; Myy -oey )
X . (24.15)
d;'m?'z e '

O603nauuB yepes

3 .
8']12 ...kZZ@i:lplg___k! iEIQ,_,k} (24.16)

=]

CyMMapHbifi 4-UMNyJbC K uyacTHII M BBeis B Bbipamenue (24.2)
JIOMOJIHUTEJIbHYIO 8-(DYHKIIHIO, 3amuLIeM:

dR, (po, Eoi My, +ouy My) _
2
dml 2 soaR

= j. jé*‘ (Zé‘ﬁi—@o) §(FF,.. ot T, )] +m)d' &,
e i=1 (24.17)

* B npusioenHAX HepeAKOo HCNOJb3YETCA M pacnpefesienHe no Keagpaty sddexTunHol

1 daN
Macesl [ - ‘;5'?“2_2_ . Ceasp Mexay ofoHMH pacnpefefleHHAMH o4YeBHJHA:
| i P
1 dN 1 1 dN
n" 2 = *N - d ’
aMis. .k 2M1 2.,k Mi2,...k
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Hdas  panpnefimux npeoOpasoBaHull  BOCMOJb3yeMcsl  cBolicTBOM
O-byHKINH

[Fx)8 (v —a)ydx =} (a), (24.18)

H3 KOTOPOro BBLITEKAET COOTHOLLEHHE

‘

54(2 sﬁ,.—@u) -

i=l

=H‘Hd"3‘>l 2. fesq(ig’:—@l 2... k)64[( i &4-&, , ...k)—@tl]v

i=l i=k41
(24.19)
H, CJIej0Bare/ibHO,

ARy (Pos Eo; myy <o my)
. =
aRt,

={ (.. ﬁ“[(f:% &+, . k)_pn] 2

— ——
4 (n—&4-1)

n
X II & (n3 +m})din;d (nf 2T, pding, k} X
bt 1

- : 1
Al Jo (S 00— 4 ) T8 (8 + m)are, |
1% =

= Rn—i41(Pos Eo; Meg1, Mpga, ooy My, My 2 . 2) X
XRe(Prs ... w0 Erg . g3 My Mgy ooy ). (24.20)

IToxacraBasis sT0 Bepawxenue B Gopmyay (24.15), npuxofuM K HCKOMOIi
dopmyane aas F(Myo ), npuyem Ans yRoOGCTBA 3aMHCH 3[eCh MOMKHO
BOCII0J1b30BAThCS MPEHMYILECTBOM PeISTHBHCTCKH HHBAPHAHTHOTO (haso-
Boro o6beMa 1 npefcTaBuTh * R, U Rnp—p4+1 B L[-cucTeme Beell peaxiinu,
a R, — B cucreMe LleHTpa HHepIHH BbIGPAHHBIX & YaCTHIL:

F(MM 2., k)=
Ry_pg1 (00 Egs iy s Mpy o0 ooy My, My 2 4)
=21 2.4 R, (0, Eg; my, Mo, .., my) X
X Ry (0, My2.. 05 my, my, ..., m,). (24.21)

®usnueckuit cmblea dopmyabl (24.21) sicen: a) MHOXKHTeNb R,z

* Ilnsi KpaTKOCTH MH HHOTZa OyJeM ONyCcKaTb apryMeHThl y (ascBux
00BEMOB.
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OTIHCHIBAET BEPOSITHOCTD TOr0, YTO NMPH NOMHOIH 9HepriH E; ocyulecTBuTCS
KOHEUHOE COCTOsIHHE C 1 — £ - | yacTHieH, cpefin KOTOPLIX Ha PaBHBIX
OCHOBAHHAX (QHIYPHPYIOT 7 — k OOBIMHBIX HYACTHI[ C MaccaMmil My,
Mpgo, ..., M, 1 00HA «3(PeKTHBHASA yacTHLA@» ¢ Maccol Mo 4, mpen-
CTaBJifAlOUlas BbIOPAHHYIO COBOKYMHOCTb R YacTHi; 6) MHOXKHTeNb R,
ONMCHIBAET BHYTPEHHEE COCTOsAHNE I((heKTHBHOH YaCTHIbI U TPONOPILHO-
HaJIeH YHCAY CrocoGOB, KOTOPBIMH H3 YACTHIL C MACCaMH MMy, My, ..., 1M,
MOHO 06pasoBaTh 5(QEKTHBHYIO UACTHILY C 3afaHHOH Maccoil Mis .. 4;
B) MHOXKHTeNb 1/R, BBeJeH JJ1si HOPMHPOBKH

m (135‘2.&3(.:.) I3
‘ F(Mi2.. 2)dM s r=1 (24.22)
wEw
M B pacyerax HepelKo omyckaercs. 3ameTHM, YTo, MOACTAB/AA mnpa-
ByH uacTh (24.21) B ycnosue HopmupoBKH (24.22), noayuaem

Ru (O! Ec; My, Moy uuy m") =

MiF
e j Rn—t41(0y Eg; Mg, ooy My, My 2 . 2) X
QJR(MHII)
12 oo
XRe(0, Mz ... g5 My, oo, M) dME 5 . 4, (24.23)

KOTOpOe MpefcTaB/ser coGoii 00o0leHHe pPeKyPPEeHTHOH (GopMyJIbt
(24.6") u TaKxKe HcmONB3yeTCsl JJs BBIYHCJEHHS (HAa3OBBIX 0GBEMOB.
Bequunna M 5 ... , H3MeHseTCST B HHTEpBaJe

MPGD e <My g Lo <MP, (24.24)

HpHYeM MHHHMaJbHOE 3HaueHie 3(GeKTHBHOII MacChl peanusyercs,
Korjia B [[-cucreme k wacthi (cucreme nokosi a(peKTHBHOI YacTHIbI)
BCE OHH TMOKOSITCS

i ]

(aarn) % |
Miz... e = ‘.\_.-!”1;-, (24.25)

i=
4 MaKCHMaJIbHOE 3HaY€HlEe — KOrja OCTa/JbHbIE /1 — k2 YACTHIL U aex-
THBHAas YacTHlla NoKosATed B [[-cHcTeMe peakiiuil, T. e. L-cucreme 1 ua-
CTHIL, H BCSl BO3MOXKHAS KHHETHYCCKAS SHEPTHA B ITOI CHCTEME TpaHc-

Gopmupyercsi B sbdekTiBHYIO Maccy

n

RV =E.— 3 m, (24.26)
iRkl

Ouesuto, uto npefienbubie Touki (24.25) u (24.26) COOTBETCTBYIOT 9Hep-
FETHYECKHM noporam (GasoBeIX 00LeMOB Ry, 1 Ry_pt1, H /S MOCTEIHHX
5B* 123



BO/IM3H 3THX TOYEK MOXKHO MOJIb30BATHCH HEPeNATHBHCTCKOH popmyoifi
(24.12) '

3 5
S e et
Rk]an12 o IR ~ Mg ... — MY )72, (24.27)
3
= (n—k)—1
(maxc

Ro—si ]93212 Lk -)-‘.Bt(lhz;m.(.c.) B (Sl?l'é } s UL )2 :

(24.28)

CureioBaTesibHO, pacnpesiesieniie F(IM; o ., ) IMEET XapaKTepHbIil BH/L
KpHBOH ¢ ofHuM MakcumymoMm (puc. 33), ofpaliasick B HYJlb B Tpeeb-

Fl F
0 a7 g a9l
12.k
. 5 12 .k
F F
0 Wyppe 0 Wy 5 4
8 e
Puc. 33. Tunul kpuBbIX pacnpefenennii mo sddexTuBHeM Maccam [50]:
a—n=3, k=20—n>4, k=2;8—n>4, k=n—1;2—n>53 - k<n—1.

HeiX ToukKax. Kpusbie F(Ms ... ) mo ¢dopMe MOKHO KaueCTBEHHO pas-
JequTh Ha uerhipe Kiacca [50] B 3aBHCHMOCTH OT TMOBeJEHHS MPOH3BOJ-
HoOH

dF(‘weIZ k) 1 [ dR”'—k“H de

AM, . Ra| dMys . Re 4 Ra—iti dMyy g

j (24.29)
B npelesibHbiX Toukax. OueHuBasi npoH3BOAHBIE OT (ha3oBLIX OOBEMOB
B peJieJibHBIX TOYKAX ¢ MOMOLLBIO cooTHONIeHuit (24.27) u (24.28), nerko
y6elHuThCS, UTO

__9R {oo npu k=2 _—
Ay | 4 Wi ... 4 =‘JI?(1"5“'_‘"_ i =~ D npu k>2 (24.30)
H
ARy —py1 — o0 NIpH 11— k4-1=2
dMy 5 . Mm, 2..‘k=m(lugx.c.).k_|0 npu i — k41> 2. (24.31)
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Takum oGpasoM, u3 cooTHouenni (24.27)—(24.31) caenyer, uto Kaca-
TenbHasi K KpuBoit F(Myz ... x) B NpeeNbHbIX TOYKAX HIH MEepPreHAnKy-
nsipHa, uAM napamienbHa ocH Mo .. . Pasnuunbie coueTaHHs STHX
BO3MOMKHOCTEll M JaioT pasgenenue Qynkuuit F(Myg,. x) Ha uetbipe
Kjnacca, KOTOpble WJJIOCTPHPYIOTCS pHC. 33, 3aHMCTBOBAHHLIM M3
patotsi [501.

D1y KauecTBEHHYIO OLEHKY BHJA F(M o ... x) MOXKHO NPOAOIKHTD,
u, caenys pa6ore I'. WM. Koneinosa [51], nonyunts npuGaHKEHHO® Bbl-
paxenne st F(Myo. . 4). JIeficTBHTENDHO, NOCKOJBKY BO/IH3I MpeAeb-
Hoil Toukn (24.25) noeegenne F(M;; . p) onpenensiercs B OCHOBHOM
MHOXIHTeNeM R, T. €. dopmyJoit (24.27), a BONH3H NpeleabHOH TOUKH
(24.26) — muoXuTENEM Rp_gt1, T. €. Gopmyoit (24.28), To MOKHO J10-
MyCTHTh, uTo pacnpenenenne F(IM 2 . p) anmpokcumupyercss QyHK-
uHeH

Fann (SR] S iz) =

(mun) %k_'g (maxe) %(f!—-k}—l
=AM 5. o— MM ) (MPGED o — My 2. ) ;
(24.32)

rge A — HOPMUDOBOYHBIH MHOMXHTE/b, KOTOPEIH ONpejenserTcs Hu3
ycaoBua (24.22)

3
T Iii' (n— I}] 1
3n—5

~ I3 3 ) 20
b "‘*k)]"[?‘k“’] [0, —m{ ] 2

A:

(24.33)

Oyukuus (24.32) obnajaer MakCUMyMOM B TOUYKe

Sk-—ﬁ MakKc HH
WP, = 3n_7(5m(|2 <) — M L)+ MED L, (24.34)

npuueM IIHPHHA MaKcHMyma (UWIHpHHA TNpH OpJAHHATE, PaBHOH mo-
JIOBHHE MaKClMaJbHOH) :
(MaKc) (uith) S(@E—5) [B(n—Fk) —2]
8~ 2 (MF e — M, k)]/ ( (3L£7), . (24.35)*
3awmernmM, uTo ¢urypupyiomast B dopmynax (24.33)—(24.35) pasHocTb
MaKCcHMaJbHO M MHHHMAJbHOH 3(deKTHBHBEIX Macc

L

MGy — MY =E,— E my =T, (24.36)

T. €. paBHa CyMMapHOi KHHETHYECKO! 3HeprHd KOHEYHOro COCTOSHHS
B Il-cucreme.

* B paGore [51] B dopmyny anst 8, mo-BHAMMOMY, BKpajack omHGKa.
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Kak yxe ynomusanocn, TouHble pacyeTsl (pa3oBbiX 06HeMOB Tpebyior
B 00lieM cyyae GONbIUOH BBIMHCAHTENBHON paGoThl, MO3TOMY npej-
BAPHTE/bHAS KAueCTBEHHAsl OLEeHKa KHHeMaTHdecKoro «poHa» u ero

NF

50

0 L A |
04 06 08 1,0 12 14 16 Bpegeye, [9G/C

100

501

g L A 1 1 1
04 06 08 10 12 14 Mypegpge, [96/c*

Puc. 34. Pacnpenesnienne mo spdesTusHoll Macce Tpex n-MesoHOB (S_m“_}_n_“a)

B pasn
pasanumbix peakuusx. HaGmonaemsiii pesonanc o—weson (N _'(_F;ef_ o'=m,).
n ™

a—p+7p ~ nxt 4 nn— 4 =° (n= 2 uan 3), npn pp=1,61 rss/c [62]; 6—K—+p - A5 Hs

+ wt + 5~ +=° npn pg— = 2,45 I'sefc [53].

TlynkTHpHble KpiBhie —KHHeMaTHUeCKHH edois, onpejennemblit pazoswiM obfbemom, Cnnomuasn
KpHBas—CyMMa KitHeMaTHyeckoro diosa u dopmynsl Bpaiita— Burunepa (I‘N=D.UT lag, a=0.21}

3aBUCHMOCTb OT PA3JIMYHBIX NapaMeTpPOB C MOMOLLBIO rpagHKOB pHc. 33
1 opmy. (24.32)—(24.36) Ha nmpaKTHKe OKa3bIBAETCS BeCHMA MOJI€3HOH.

Hrak, meron adeKTiBHOH Macchl B H3YYeHHH PE30OHAHCOB COCTOHT
B CpaBHEHHH KHHEMATHYeCKOoro GoHa ¢ SKCrepHMeHTaJbHbIM pacnpejese-
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sieM 1o 3bdEKTHBHBIM Maccam I BbIAGJTEHHH B MOCJIEAHEM IHKa, ofyc-
JIOBJIEHHOTO PE30HAHCHBIM B3alMOJCHCTBHEM BbIOPAHHBIX K YacTHIL.
BoJBIIMHCTBO PE30HAHCOB MOYKHO OMHCATh MPocToil Gopmyiioit bpaiita—
Burnepa:

Foes(R12 ... 4) = s ,)2 . (24.37)

(M . —MED, )+ (?

rie I'/2 — mosymupHHA pesoHanca; B — HOPMHPOBOUHbIH MHOKHTEJb.
SKcrepHMeHTalbHO Hal/Tofaemoe pacipejielienie B 3TOM Cyuae A0JK-
HO OMHCHIBATBCS CYMMOil KHHEMATHYeCKoro qoxa u (Gopmyibl (24.37):

stcn(sﬁem k):(l _W)F(g-mw k)'i’“anca (%12 k)s (2438)

rJle ¢ — OTHOCHTeJBHBIl BK/IaJ PE30HAHCHOTO B3aHMOJENCTBHS. Iox-
6upasi kpusywo (24.38), HaunyduiuM 0GpasoM yJOBJIETBOPSAIOLLYIO SKC-

NepHMeHTY, HAaXOAAT XapaKTepHCTHKH De3oHaHca meee ., /2 u a.
3areM OGBIUHO Cay4an B3aHMOJEHCTBHS cO 3HaueHHeM S(QEeKTHBHOMH

maces! B6musn MBS , ot6uparor Ais AanbHelulero aHanusa (M. § 25).

B kauecTBe mpuMepa Ha pUC. 34 MpHBEJEHBI pacHpeleeHHs Mo ap-
(eKkTHBHOIl Macce Tpex f-Me3oHoB (M 4 ), Ha KOTOPHIX YETKO MPOsAB-

nisieTcsi pesoHanc — o-MesoH [52, 53]

[Tpy HCMONB30BAHMM METOAA S(EKTHBHOM MacChl HYKHO NPOABAATH
H3BECTHYIO OCTOPOXKHOCTH, MMEst B BHJY C/eLyIollHe 06CTOSATENbCTBA:

1) He HMCK/OYeHa BO3MOMKHOCTb TOrO, YTO KHHeMmaTHYecKHi (PoH He-
B3aMMOJIEHCTBYIOIMX YACTHI| OMHCHIBAETCS PEJNSTHBHCTCKH HHBAapHaHT-
HbIM (Da30BbIM 00BEMOM HETOUHO;

2) B pacuerax He YYMTHIBAJICS 3aKOH COXPaHEHHs MOMEHTa,

3) ecnn B peaKuUHH HJEHTHPUIHPYIOTCA TOJNbKO 3apsiKeHHbe da-
CTHIEI, TO 3KCIEPUMEHTAbHBIH MaTepual GyJeT MPeICTaBlATb CMECh
pasMUUHBIX KaHAJIOB PeaKIHH, OTIHYAIOUHXCS YHCIOM HelTpaibHBIX
yacTHI, U, CJENOBATENbHO, KHHeMaTHdecKnit GoH Takxe Gyler CyMMOH
KPHBBIX C PA3/IHYHBIMH 7. BepOATHOCT PAs/HIHbIX KAHANOB HpH STOM
HYJKHO OIeHHTb JOCTATOYHO aKKypaTHO, TaK KaK B MPOTHBHOM ciydae
HeyuTeHHblil BKJIaJ KaHAJIOB C GOJIBLIMM YHCIOM HeATpabHBIX YaCTHLL
MOKeT HMHTHPOBATH PE3OHAHCHBIA MHK, MOCKOILKY C POCTOM 72 MAKCH-
mym B pacnpefenennu F (M., r) CTAHOBHTCSA yiKe M BBIIIE H CJABH-
raercsi B CTOPOHY MEHbUINX 3HaueHuit Mg ,,, &)

4) MOMKeT 0Kas3arbCsi, 4TO HApsIAy C PE3OHAHCOM B IpyIIIe H3 BbIOpaH-
HBIX £ YACTHIL B DeaKL{H CPEIH OCTANbHBIX /2 — / YACTHIL TAKKE obpasy-
eTcsi APYTOil pesoHaHc, MPHCYTCTBHE KOTOPOro, €CTECTBEHHO, MOBIHAET
Ha pacnpefenenue F(Miz...x) (0 HEKOTOPHIX HACTHBIX — CAydasX
cM. § 25);

5) npu GOJbLION PasHUIE MEXKAY /L U k YHCIIO cayyaiiHpIX KoMOHuHa-
wnit GBICTPO BO3PACTAET H MIIOMa/Ab (OHA 3HAUHTEJHHO NPEBbIIIALT M110-
1a/ip oJ pe3oHaHcHbM nuKoM [a B hopmyate (24.38) maiiol, u, ciefosa-
TeNbHO, /15 HaleXKHOH HAeHTHPHKAIIHH PE30HAHCa HY XKHO CYIIECTBEHHOE
yBeJHYeHHe CTATHCTHKH.
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B BaK/IOueHHe o6paTHMcs K NOHSITHIO HeJocTaloueil maccsl. Heno-
craiowiefi Maccoli HasblBaeTcst SPHeKTHBHAS Macca HesaperucTpHpoBaH-
HBIX HEHTPa/IbHBIX MPONYKTOB peaKilHH, ONpejesisieMast Mo H3MepeHHbIM
KMHEMATHYECKHM XapaKTePHCTHKAM 3ap AXKeHHbIX NPOAYKTOB peakiHH,
NPHPOJA KOTOPHIX CYHTACTCH YCTAHOBJEH HOMl. QueBHAHO, YTO CyMMapHas

SHEPTHsi H CYMMapHbIil HMITYJIbC BCeX Hefi TPa/IbHBIX NPOAYKTOB pacnajaa
PaBHbI COOTBETCTBEHHO

Em:'s = Eu'_'E(i); ]
Pmis = Po—p'E), |
() (), 5
rie B =3 E*; p* = ¥ pi*) — cymmapnas smeprus u cymmap-

HBIH HMMIYJBC 3apAXKEHHBIX YacTHL, H, CJeJ0BaTe/bHO, HeJOCTAaloL as
Macca

(24.39

2 2
Wis = ]/Euu‘s — Pmis . (24. 40)
Ecau B peakunu o6pasyiorcs TONBKO 3apsiKeHHbIE YAaCTHIEI, TO HE
Jocraiomas Macca 6nuska K Hys10*. BBuaty akcnepumesTanbabix omnGo K

2 2
TIpH 9TOM MOXKET OKasaTbesl, YT0 Epis < pinis. B Takom caywae npunaro
onpeleNsATh HEIOCTAIOULYI0 Maccy Kak

- S, | — (24.40")

Ecan B peakunu o6pasyercsi ToJbKO,0flHa HEATpaAbHas YacTHua, To
HeJlocTalollas Macca CoBNajaeT ¢ Maccoli ToMH] HeHTpa/lbHON YacTHIHL.

OGblyHO B mpomecce HAEHTHQHKAUMH H3MepeHHble Beauuunsl EfY u

E*u’ NMBITAIOTCA BapbHPOBAThH TakK, YTOGL! 3HaYeHHe My,;s COBIIAJO C Mac-
Col KaKo#-s116o HelTpanbHoll yactuusl (n°, K°, n u T. 1.), KoTOpy1o pa-
3YMHO OXKMAATh B JlaHHO#H peakuuu. Ecin 3To yjaercs clienats, To peak-
LHIO MOXKHO CYHTaTb MOJHOCTBIO HAEHTH(HHILHPOBAHHOI..

Ecan e B peakunu o6pasyiorcs ase M GOJiblU€ HEHTPaNbHBIX ya-
CTHL, TO Myis OyAeT pacnpesesnena B npenenax ot Mors”) go MM,
KoTopbie onpefensitoress (opmynamu (24.25) u (24.26), rae k caepyer
NPHPaBHATbL UHC/Y HEHTPANbHBIX YacTHU. B 3ToM ciyyae yeTaHOBHTH
TOYHO YHC/IO HEHTPAJbHBIX BTOPHYHBIX YACTHI HEJb3S.

Taxum oGpasom, Bbluic/eHHe HELOCTAIOLIEA MacChl MO3BOJSET pas-
AENUTH 3aPErUCTPHPOBAHHbIE COCLITHA HAa TPH Kuacea: 1) peakunu Ges:
HEHTPAJILHBIX BTOPHYHBIX YaCTHLL; 2) peakuuu ¢ OAHOH HeHTpanbHOI
BTOPHYHOH YaCTHUEH, PHPOLY KOTOPOi MOXKHO YCTAHOBHTD, H 3) peak-
IHH C YHCJIOM HEHTPaNbHbIX BTOPHYHBIX YACTHIL > 2.

CoGbiTHA MepBBIX JABYX K/acCOB IMOJHOCTLIO H OJHO3HAYHO HAEHTH-

Cl')Hl.LHpOBaHbI, NO3TOMY HX BbIAeJE€HHEe CYIIeCTBEHHO JJs JlanbHelere
dHamnH3a.

*
Huteprnperanus sxcnepumMeHTaqbHOro peayabrata My =~ 0'xak oGpaso-

BaHHE HelTpaNbHOH YAaCTHUEL C HY/eBOH Maccoil (V-KBaHTa WJIH HeHTPHHO) HCKJIO-
YaeTcHA, NOCKOJBKY pedb HIET O NMpoLeccax MHOXKeCTBeH Ol reHepauuy B pesyab-
TaTe CHABHOIQ aaanmo.ueicmaﬂ.
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§ 25. PEAKLLHH C TPEMS YACTHUAMH B KOHEYUHOM COCTOSAHHH.
OHATPAMMBI JAJTHIIA

OcHoBHas Hjes MeToaa 3ddeKTHBHOI Macchl (cM. § 24) COCTOHT B TOM,
4TO MO OTKJIOHEHHIO SKCIIEPHMEHTAIBHBIX pacnpeeseHHii OT MpeAcKasbl-
BaeMbIX (Pa30BbIM 0OBEMOM MOXKHO CYAHTb O IHHAMUKE B3aHMOJEHCTBHS,
T. €. 0 MaTpHYHOM 3niemente <fo| S |io>. B wacTHoM ciyuae n = 3 TaKoii
MOJXOJl MOXHO Pa3BHTH Janblle H H3BJIeYb H3 dKCIEPHMEHTAIbHBIX AaH-
HEIX Gojiee MOJNHYIO HHOOPMALMIO O MATPHUHOM 3JeMeHTe Cfol S| o),
MOCTPOUB BMECTO OJAHOMEPHBIX pacmpefesnesnii no sddekTHBHOI Macce
IABYMepHble pacrpefiesieHnsi — Auarpammsl Jlanuua [54].

Ins ypo6etBa pacemoTpuM 3ajauy B I[-cucreme. BeposiTHOCTH
nepexoia B KOHEYHOe COCTOSIHME — TPH YacTHIBl C HMOYJbCaMH

P1, Ps, P3s— paBHa [cM. dopmyJbl (22.4) u (22.5)]
dQ er -

3 3 3 *
=K|<fo| Slisy P82 X b 6(2 E; —Eejl_[ 9232— (25.1)
=1 i

i=1 S =1

rae K — HopMupoBouHast KOHCTanTa. Marpuunbiii snemeHt {fy|S|io>
MOIKET 3aBHCETh TOJBKO OT PEJSATHBHCTCKHX HHBApPHAHTOB, MOCTPOEH-

* -
HBIX W3 4-uMmyJbca HayasbHoro coctosinust no={0, iE} n 4-uMryb-
COB BTOPHYHBIX HacTHI nj = |py, iEY}, ny=|p; iE3}, ny=(p; iE3)
1 1# L] =2 2 2] 3 273
Jlerko y6eauThest, 4TO JOGOH TaKoH HHBAPHAHT MPU (PUKCHPOBAHHOM
3HaueHud £, BbIpaKaeTcsi yepes SHePTHH JBYyX KaKHX-IMGO BTOPHY-
HBIX YacTHL, Hanpumep E} u Ej. JleACTBHTE/bHO, PaCCMOTPHM MHBA-

pHaHTEP? 5°?=p:-' pf— E} E;(i, j, k=1, 2, 3). Ha ocHoBe 3axona
COXpaHeHHsl HMITyJbCa g

p; tPi=—"P, (25.2)
MOXKHO HamucaTtb npeobpasoBaHHe
pi b} =+ (pi +9)° — 3 (01 +0}) =5 (0} — 0" — p}) =
= (B¢ —Ey —E + mi + mj— m}) (25.3)
H, CJIef0BaTeNbHO, |
P P} =5 [Ef —(EI+ED + mb+ mj—mi]. (254

Hupapuantsl P P} umeior emwe Gosiee NPOCTOH BHA:
Fo P; =—E.E}. (25.5)
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- &
Takum oGpasom, moGoii WHBapuaHT Bblpazxaercsi uepes suepruu £,
# *
Es, E;, a Tak Kak B CHJy 3aKOHa COXpPaHEeHHs!

Es=E.— E}— E3, (25.6)

TO B KOHEUHOM cueTe J000ii HHBapHaHT MOXKHO NpeInCcTaBUTh B BHJE

(YHKUMH TOJBKO JBYX 3HEPTrHi ET H EE, H 3ajaHue 3THX ABYX
nepeMeHHBIX TIOJIHOCTBIO Ofnpeje/seT KOH(PUTYpaIHio UMIYJIbCOB B KO-
HEYHOM COCTOfIHMH, a KBajpar MaTpPHYHOTO 3JEMEeHTa MOMKHO Mmpef-
CTaBUTb B BHJE

[<Fol Sliod |2 = M2 (E), E3). (25.7)

2 * &
Haiigem pacnpenenenne BeposiTHOCTH no sueprusaM E; u E,, Has
- ®
3TOrO Mpexkjie BCero MpOUHTErpHpyeM BbipaxkeHue (25.1) mo ps, Boc-
M0JIb30BABIIUCH «HMIYJbCHOIY O-QyHKIHei,

3
- ﬁE‘!‘_E "
0(24 ] £ dsPT dspg

=1

ds Wif—_-KMg(ET,E;) 2F" 9E} = 2E}

, (25.8)
-

& | &
rie E; JOJKHA TEenepb paccMaTpuBaTthcsl Kak ¢yHkuua E; u Lo
Jlanee mepeiiieM K cGhepUYECKHM KOOPJHHATAM, NMpPHYEM - JIJIsl HHTe-
TPHPOBAHUS 1O P} 3a OCb Z MPHUMEM HANpPABJIEHHE BEKTOpPA Py, @ nJs

HHTErpupoOBaHHA 110 ]J;—HEKO& MPOU3BOJIBHOE HAIlpPaBJICHHE:

d*p} = py" dp} do,deos B}y |

. (25.9)
d2pt = pt* dp} de d cos 0%, |
|
3aMeHHM WHTETpHDOBAHHE MO COS s C NOMOUIBIO PABEHCTBA |
Py’ =}’ +p5" + 20} pjcos 9}, (25.10)

UHTErPUPOBAHKEM IO pj, TOT 1A (TpH MOCTOSIHHBIX 3HAYEHHAX pi 4 p3)
p} pyd cos 97, = p; dp;. (25.11)
MCI‘IO.TII:SYH 3aTeM OObIYHOE COOTHOILIEHHE |
pi dpi = E} dE},
fiepenuuieM NpousBefieHve IU(dpepeHIHaJoB B BHJE
d3p) d®ps = E| E3 Es dE dE5 dE5 dg),dgs d cos 92, (25.12)

L] *
rje E; — cHOBa HesaBMCHMasi nepeMenHasi. VHTerpupys no @z, @z,
* *
cos ¥y u E3, noayuaeM OKOHYATENbHO
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d: W, KM? (E*, E*) 3 \
if _ | 2 f Al alk %
dE® dE, 2 j . (;_2,‘ B — Ec) dE; X

o 2z +1

x | dols | des | deos:=atKMe(E}, E}).  (25.13)
1] 0 o |

Huarpammoit Nanuua (puc. 35,a) HasbiBaetcst rpaduk B jekap-
TOBOJ CHCTEME KOOPJHHAT, 1O OCAM KOTOPOil OTKJIALBIBAIOTCS SHEPTHHU
* &
Ei u E, inpax‘inqecxn yaile IPHHATO OTKJaJblBATh KHHETHUECKHE
% &
sueprud Ty = Ey—my; u Ty = E;—m,). Ha aroii auarpamme -
M *
HHH, TJie SHeprus TpeTbell wacTHUbl E3 = const, npexcrasasior coboil
—— & @®
npambie £y +-Ey = E, — E3 = const, ugymue nox yraom 45° k ocsim
KOOpAHHAT. JKCHEPUMEHTAJbHBIE ClyYaH H306passTCsa HA JHATPaMMe
Manuia OTAEbHBIMH TOYKAMH®, MJIOTHOCTh KOTOPBIX COTVIACHO Bbl-

paxenuio (25.13) nponopuxoHaNbHa KBajpaTy MaTPUUHOTO JEMeHTa
peaxiliu:

d*N . ofp* p*
B const M2(EY, E3). (25.14)

QPonoBas MJIOTHOCTb TOYEK, KOrja BepostHocTh W, onpepessercs
TOJIbKO COOTBETCTBYIOLIHM (pa30BEIM OGBEMOM, CJAEJYET M3 BhIpake-

nusa (25.13) npu M2(E}, E3) = const, Torga u

d* N
*d'—'ﬁ-;;d—E; = COﬂSt. (25 15)

dion

T. e. (ha3oBblil 06BbeM NpejCcKasbIBaeT paBHOMEPHOE pacrpe/iesieHne ToueK
Ha pauarpamme anuna. 9to Ba)Heliliee CBONCTBO — OJHO M3 OCHOB-
HBbIX MpeHMyllecTB MeToja Axnarpamm amnuua: Jo6oe 0TKJIOHEHHE IJI0T-
HOCTH SKCIepHMEeHTalbHbIX TOYEK OT paBHOMepHOro (pasymeercs,
C y4YeTOM 3KCHepHMEeHTaNbHbIX H CTaTHCTHYECKHX OLIMGOK) O3HAYAET Oll-
pelleleHHOe B3aHMOJEHCTBHE YacTHIL B KOHEYHOM COCTOSIHHH.

B nocneanee Bpems GoJsiee MIHPOKOE pacnpocTpaHeHHe MoNydHa He-
CKOJIbKO HHasi dopma Amarpammsl [anuiia, Korga no ocsiM BMECTO 3Hep-
THH OTK/IAABIBAIOTCSl KBaApaThl IPMEKTHBHBIX MacC KaKHX-JTHGO ABYX
{43 Tpex BO3MOMKHbIX) MAPHBIX KOMGHHAIMH BTOPHYHBIX YACTHI[, HAMPH-

Mep M35 u M3 (cM. puc. 35, 6). ITH nepeMeHHbIe OYEHD TPOCTO CBA3AHBI

. L] o
c sHeprusimu E; u Eq. JlelicTBUTENbHO, 00BEIHHHB KHHEMATHUECKH JBE
YacTHIBl B ofiHy «3D(EeKTHBHYIO», MOMXKHO BOCIOJNb30BaThCsl (hopMyJiamMH

* HuarpaMmbl mogoGHOro TiNAa NPHHATO HA3bIBATh AHATPaMMaMH paccesHHsA
(scatter diagram), t. e. auarpamma Januua—sto guarpamMma paccesHus B Tepe-

MEHHBIX T: H T;.
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Puc. 35. Iuarpamma [anuua:

L *
a—3B nepeMedsHx T, To; 6—B nepemenHbIX 9]}33. 9]{?3.

JJIsi IBYXYaCTHYHBIX peakuuii [Bropeie 4acTH PaBEHCTB (14.8)] u 3a-
nucarh

o Bt mi—ml
K el j (25.16

B EE+:;3§~—‘JR?3 18)
= 2E,

. 2 2 o

Crano Gbith, mnepemenibie M3z u My JUHEHHO 3aBHCAT OT E’;
& . )

u Es U Jaa HUX TakikKe CnpaBejJiuBbl OCHOBHbIE CBOHCTBA (25.14)

n (25.15):

d* N 2 2
N __ _ const M2 (33, Mis); (25.17
dM2, dM?, (s, Wi )

d* N
——— = const, (25.18)
d‘-JR§3 dm%a hon

ITo/1e3Ho MPHUBECTH COOTHOLLEHHE, CBA3BIBAIONLEE KBAPATHI 3(heKTHBHEIX
Macc TpeX BO3MOXHBIX MapHbIX KOMOHMHALMH BTOPHYHBIX YACTHIL:

M2, + My 4 MYy — (m? + m3 +m3) = EZ. (25.19)

D10 COOTHOLIEHHE JIerkKo MONy4YHThb CyMMHDOBAHHEM DaBEHCTB (25.16)
H aHAJOTHYHOTrO BhIpaMKeHHs A1 E3. 3ameTuM, 4To CoOTHouIeH e (25.19)
npejcrasaser co0oit yacTHelil cayuaii Gojee OOUIEro COOTHOLIEHHS,
BBIpArKaiolLero Keaapar 5¢peK THBHOIT MacChl 2 YacTHIL uepes KBaJparhl
3(peKTHBHBIX MAacC BO3MOXHbLIX MapHbBIX KOMOHHALHIL:

k
My = 2 My — (k—2) z}_‘,l m}. (25.20)

i<jf

IMoceHee COOTHOIIGHHE JIEFKO MOJNYYHTb, MOJb3YSCH ONMPEALACHHEM
(24.1). OyeBuaHO, YTO B HallleM ciaydae My03 = E..

KpaznpaTsl 9dheKTHBHBIX Mace M35, M35 B KauecTBe MEPEMEHHbIX
yzoGHee TeM, YTO OHH — PeNATHBHCTCKHE MHBAapHAHTBL H MOTYT Bbl-
WHCATHCSA B JII0G0I cHCTeMe KOOpAMHAT. 3aKOHbI COXPAaHEHHs OrpaHH-
yuBaioT Ha juarpamme Januiia OnpelesieHHYI0 paspelreHHyio obJsiacTh
H3MEHeHHSI IepeMEeHHBbIX. MoIKHO JIerKo MoKasaTh (COBEpLIEHHO TaxK
e, KaK 3TO JlelaeTcsi NpH BBIBOJE MpEleJbHBIX COOTHOLIEHHH — CM.
§ 28), uTo Ha rpaHHLe Pa3PeIICHHOH 06JacTH HMIYJBCHI BCeX Tpex 4Ya-
CTHI, KOJIHHeApHE, TaK 4TO aGcoJoTHAs BeTMYHHA HMIYJIbCa oJlHOM 13
yacTHI, paBHa CyMMe aGCOJIOTHBIX BEJHYHWH HMIYJIBCOB ABYX JPYTHX

JAaCTHIL:
pi=p;+ P (25.21)

[yuacTku rpaHuiubl Auarpammbl Jlanuua, CoOTBETCTBYIOMIHE PaSTHUHLIM
KOHKpeTHbIM 3HaYeHHAM (25.11), oTMedeHbl Ha PHC. 35]. I'locoe HecsOMK-
HBIX TPeoGpa3oBaHHil, CBOASIIHXCA K MOCAeJ0BaTeNLHOMY BOSBEICHHIO
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B KBA/paT I MeperpynnipoBKe uieHoB, mojyyaeM U3 (25.21) ypasuenne
rpaHuubl guarpaMmsel Jlamsnua cravana B IepeMeHHbIX EI,EE:

4 (E*;2 — mi) (Ezg — m3) =

=[E}—9E,(EY + E3) +- 9B, B + wi? 4 mi— mg]‘-’.' (25.22)
@ MOCJIe MOACTAaHOBKH opMyd (25.16) — B nepemeHHsIx Mi3, Misy:
[(Ee 4 my)* — R3] [(Be— m,)— 3] [(E. + my)? — mis] x
X [(Ec—mo)* — mls| = [E2 —E2 (W35 -+ B2 4+ m? 4 md — 2m?) —
— (M35 — mi) (M5 — md)]2. (25.23)

(m?k)j: = A (gmfk) + B (m‘ei’e);

A(®5) = E2 4 mf — Ee + W — i) (Bt — )
2%, '

B8 = Eﬁlq V (E.+my—L][(E,—m)"—m5] x

ik

oL e
i

%7 1 2 ; Tlem?
XV ey m ] [ B—(m,—myy]. (5.4
MuHnManbHOE N MaKCHMalbHOe 3HAYEHMHS nepemenHoii E; (coot-

BETCTBCHHO MAKCHMA/IbHO® 1l MIHIMAJLHOE SHAYEHHS TepeMeHHOI
Mji), PeanuayioTes COOTBETCTBEHHO MpH p; = pi ™) _ 1 p;
. p:mam) KOTOpoOe onpej, (IJ : 1 o i
= pi" , ensercs Gopmynoii (24.7) [em. Tak

(24.25) 11 (24.26)]: PiEsal Gl et oturns

#*
E,- (mHn) m

i
E: (Maxe) _ EE + "”? _Q’émj = mk)g (2525)

9
%?;kfmm =(E,— mE)E; ]

s‘mfkhmu_l = (fﬂj- + lmh)g. J (2526)

[Tpoexuun
MeHHp g};ﬂﬁ ;lﬂgal"paMMbI Hlamina Ha koopauHaTHBIE ocH (B mepe-
bl.}’{ 23, Mi3) 2,z{a}crr OAHOMEpHEIE pacnpeiesieRHs no asdgex-
TUBHOI Macce F(M33) u F(M}y).
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B SKCIIEpHMEHTAN bHO npaKTHKe AHarpaMMbl ,H,a.rmua NPHMEHAKTCH

s pelleHHs ABYX THNHYHBIX (DU3HYECKHX 3ajay:

1) oGHapy:KeHHsl i W3yUueHHsI Pe30HAHCHOTO B3aHMOJICHCTBHS MEWKITY
JBYMSI YaCTHUAMH M3 TpeXx B KOHEYHOM COCTOSIHHH;

2) onpejlesieHHsT XapaKTePHCTHK TPEXYacTHYHOro pesoHaHca, 00-
HapyKeHHOTO B MHOTOYACTHUYHOH peaKIHH.

2 2
s | Ak

2
55

2(pe3) 2
0 m;g P WZS

Puc. 36. Iuarpamma [aanua B ciyuae pe3oHaHCHOroj|Bsanmojeli-
CTBHSI MEXAY ABYMS uacTHLAMH B OJHOM KaHaje.

B NepBOM CJjydae peakuns HAET B ABa 3Tara: CHavaJja 051)33}'10’1’(25{
JIBE HacTHllbl, OflHA H3 KOTOPBIX — pE€30HAHC, pacnana&omnﬁcs B CBOIO
oyepelb Ha JABE YaCTHILLBL.

Aoy + Qo2 —>a; + a0y + @y + ;. (25.27)

OueBnaHO, uyTo Ha Auarpamme [lanuua npu 3ToM Gyaer HaGnoAaThCs
CrylLleHHe 3KCIepUMEeHTAJNbHbLIX ToYeK BJOJb HalpaB/eHIis SJR;;‘, -
= S.\J?}Ees" = const, T. e. B nosioce, pacnosoxKeHHOH napaienbHo OJIHOIL
H3 OCeH KOOpAMHAT WJIH TOJ yr/ioM 45° K HUM — B 3aBHCHMOCTH OT TOTO,
Kakasl mapa 4acTHLl HCHbLITHIBA€T pe3oHaHCHoe B3aumofeiicTBe. [las
KOHKPETHOCTH NpHMeM, uTo Hal/jiojaercss pe3oHaHc as3 (puc. 36).
Ipoexuust auarpammbl Janina Ha och M33 faeT XxapaKkrepHblil peso-
HaHCHBIH MHK, KOTOPbLIHl MOKET OMHChIBAThCSA, Hampumep, Gopmyioi
Bpaiita — Burnepa [em. dopmyay (24.37)1: _
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B
Ty
My, | (s — WG + ()

KOTOopasi HOPDMHPYETCH Ha I[0JHOE CEeUEeHHE Oy OﬁpEiSOBaHHFI peso-
*®
HaHCa doa3:

Fpea (9}'(.’%3) = (2528)

[ Foes (M) d3s = 04 (25.29)

BoisicHum Tenepb, Kak GyJeT npOsiBASTHCSA 3TOT PE3OHAHC B MPOEKILIH
2
Ha ock Mi3, T. . B pacnpenenennn F (Mis) [8]. Braax B 310 pacnpesede-
L4

HHe, OOyCJ/IOBJEHHbIII Pe30HAHCOM @3, 06O3HAYMM Yepes Fmp{iﬁ?fa).
B cucreMe nmoxos pesoHanca uacTHNa as o6Jagaer SHeprueH H HM-
nyJbcoM [cM. ¢opmyan (14.8) u (14.9)]:

B — &m,{;‘a+m§—m§.
8 2Mag

~p~3 . V |§¥R§3 — (my+ ms);] [smgs — (my — '”3)2] (25.30)
Mg

H BblI€TaeT Nnoj yrJaom 'B's K HanpasJIEeHHIO [BHKEeHHS pe3oHaHca,
npu4yeM NOyCcTb YIJIOBO€ pacnpeneyeHue

1 dN

N "d cos B,

=1 (cos 53) (25.31)
(npeanoJsiaraetcst asuMyTaJbHasi H3OTPONHUS).
O¢pdexTuBHasg macca [cM, dopmyay (14.27)]
Mis = mi -+ mj +2(E] E5— p} ps cos 9}3). (25.32)

%
HMH}'J‘IBC pPe€30HaHCa Qg3 H UMNYJbC YaCTHIBI 4, HanpasJIeHbBl B [pO-
THBONOJIOXKHBIE CTODOHEI

P23 =Pz -+ps = —pi, (25.33)

H, CJIe0BATEJBHO, Yroa ¥y M yros m — 073 OTCUHTLIBAIOTCA OT OHO-
rO Hanmpap/JeHHS M MOXKHO HanHcaTh npeoGpasoBanue Jlopenua
[eM. BeIpaxenue (3.10)]:

p3cos (n —B13) = — p3cos &3 =
= Yas (s cos T + Bas E3); (25.34)
Ey= Vs (Es + Bas 53 cos 53),
rue
2 2 2
= g = +;$f;1 = (25.35)
136

—noperi-(akTOp Pe3oHaHCA Aa3 OTHOCHTENLHO [[-CHCTEMBI; Boy—COOT-
BETCTBYIOLLAS CKOPOCTb.

IoacraBnsis BuipaxkeHusi (25.16), (23.34) u (25.35) B dopmyay
(25.32), mocsie HeKOTOPBIX NpecGpasoBaHHil Mosyyaem

Mis = A(M33) + B(M33) cos T, (25.36)

rlie BblpameHus A{E}J?ga) H B(iﬁ?ga) onpenensilorcs paBeHcTBoM (25.24).

3amerum, UyTO Ha rpaHnlle pa3pelleHHoll olmactu auarpammbl Jlanuua

cos®3 = 41 u Bhipaxenne (25.36) coBnanaer ¢ Boipaxennem (25.24)
CneloBaTeNbHO,

dMis = B(M3;3) d cos T, (25.37)

U, VUWTHiBasi pacnpefenenue (25.28), noayuaeM, 4TO BKJax OT

pezoHaHca ay3; B pacmpefesienue no 3¢dgekTHBHONH Macce APYToil mapbi
YacTHIL ﬁ}?fa

FOTD (g)??ii) it
(M35).. € )
. 2 fs—A4 (‘1“33)] dMy,
= | Ry [ 5 (1)) TCAK (25.38)

(M35)—

rje (s.mﬁs)i OnpefensiioTCsl COOTHOIIeHHeM (25.24) nas 3ajaHHOrO

2 o 2
M73. Ecam pesonanc AOCTATOYHO Y3KHH, TO Fpes (mg3) MOXKHO TpH-
O/iMKeHHO 3aMeHHTh O-yHKIMel, U Torga

e 1 ‘mfs T A(S]Eg%ﬂl 2)
2 2M {5 — (Mi3)y — (ﬁm?a)_]
= 5 3 " 2539
CARCTAN | (W) — (W) S

2
rie (%)32;3)i — MaKCHMaJbHO€ H MHHHUMAaJbHCE 3HauYeHHusd %D?fg npH
2
M3s = MY [cm. Gopmyay (25.24)]. B cayuae, korja yriaosoe pac-
11peJleNieHne | (cos ﬁa) aHH30TPOINHO [HanmpuMep, (cos 1“}3) ~ cos2k 1y,

pacnpeje/enue Fm.p(s.mfg) HMEEeT XapakTep, NnoKasaHHbIH Ha puc. 36.

OueHb 4acTO OKAa3blIBACTCS, YTO K OJHOMY M TOMY Ke KOHEYHOMY CO-
CTOAHHIO MOTYT NMPHBOAHTL HECKOJIbKO aJbTePHATHBHLIX KaHAJIOB THIA
(25.27) ¢ obpasoBaHiiemM pasiHYHLIX JBYyXYACTHYHBIX PE30HAHCOB, Ha-
npuMep

/1“1 + 323\4

Qgy ~+ Qg —>Qy + ajs—~> a; + a, -+ as. (25.40)
Nag + aiy”
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B stom npumepe Ha amarpamme Jamuua (puc. 37) HaGAI0AIOTCA COOT-
BETCTBEHHO TPH IOJIOCHI CIYIIEHHS 9KCIEpHMEHTaNbHbIX To4eK, KOTOphie
B o0lieM cjydae MOTYT nepecekarbes. B mMecTax Ha/loxkeHHSI ORHOH mo-
JIOChI HAa APYTYIO NpPOCTOE CJIOKeHHe MHTeHCHBHOCTEH, BooOlle roBops,
He HMEeT MecTa, MOCKOJbLKY CKJaJblBalOTCs aMIUIHTY/bl TPeX KaHaloB
peakunn (25.40) u BosHHKalOT HHTepdepenuHoHHble wiaeHsl [55]. Ecan
2Ke HHTepdepeHi el MOXHO nmpeHeGpeub, TO pacnpejenerue no sphex-

)

¢ 7

Puc. 37. IQuarpamma [lanuua B cJyyae pe3OHaHCHOTO B3aH-
MOAel'CTBHA MEXAY JBYMs UAaCTHIAMH B TPeX KaHalaxX peak-
LHH.

THBHOH Macce KaxkJoH napHoil KoMOHHALMH BTOPHUHLIX YacTHl GyJeT
npejcTaBasaTh co60H CyMMY TPeX YJICHOB: PE30HAHCHOTO pacrpejesieH s
Tuna (25.28) u pryx useHos tuna (25.38).

OGparumest Tenepb KO BTOPOH 3ajaue — ONpeIeSeHHI0 XapaKTepH-
CTHK TPeXYacTHYHOrO pesoHaHca. JlomycTuM, 4To B HEKOTOPO# peaKIlHH
C YHCJIOM BTOPHUHBIX YacTHI 72 > 3 GbIIO NOCTPOGHO pachpeleieHue mno
adexTuBHON Macce n o6Hapy:KeH pesoHaHc (cM. § 24, puc. 34). 3arem

oT6HpatoTes ToAbKO coObitis B6au3n MPTL, 1 ans HEX cTpomTCH AHua-
rpamma [anuua, ¢ MOMOMIBIO KOTOPOil 10 XapakTepy OTKJIOHEHHH OT
(asoBoro o6beMa OMpefiesISIoTCsl HEKOTOpble XapaKTepHCTHKH pe3so-
HaHCca, B YaCTHOCTH €r0 CIHH H YETHOCTb. [aKuUM MeTOAOM ObLIH HCC/e-
JIOBaHbI, HallpHMep, Pe30HaHChl B CHCTEME TPeX T-ME30HOB, B 4aCTHOCTH
@-Me30H [52] (mo pacmagy ® — nut + n— -~ n%), AaHHBIE O KOTOPOM
npuBefleHbl Ha pHc. 34. PaccmoTpum nojpoGHee 3TOT YacTHBIH cayuail
TPeX TOXK/ECTBEHHBIX YacTHI, B KOHEYHOM COCTOSIHHH (my = my = my =
= m). BBy TOXJeCTBEHHOCTH YaCTHL, OOLIYHO NMPHHATO HCIOIb30BATh
HECKOJIbKO MOJM(HIIMPOBaHHYIO (IO CpaBHEHHIO C OMHCAHHBIMH BbILIE)
JAuarpammy J[lanuia, B KOTOpPYIO 3HEPrHH BCeX TpeX YacTHIL BXOAAT
cummerpuuto [54, 55]; Takoil BapuaHT JAuarpamMMmsl MHOrAA Ha3bIBalOT
auarpammoit Januua — Pabpu. Ee mocTpoeHue ocHoBaHo Ha 3JieMeH-
TAapPHOM T'eOMETPHYECKOM COOTHOLIEHHH: eCJIH M3 MPOU3BOJABHOH TOUKH
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BHYTpPIl PABHOCTOPOHHETO TPEYTOJbHIKA ONyCTHTH HA €ro CTOPOHbI mep-
NEHAHKYJAAPBL Ay, hy, Ay, TO

a(hy 4 hy - hy) = 28 = “23/3 (25.41)
HJIH
hy+hy+ by =2V —p, (25.41")

[le a — CTOpOHAa TpeyroiibHHKa; A — BbICOTA; S — €ro MJomAais.
Takum oGpasoM, e MOCTPOHTHL PABHOCTOPOHHHIX TPEYTOJILHUK C BbICO-

Toit A = MFZ) — 8m = Q (ompenenenne ennuuns: Q cm. B § 10), To

J Hepessmubucmexud
cayyad

Y16 mpapens-
mubucmexud
cayqal

a b

Puc. 38. Nuarpamma Manuuna — ®abpu:

a—B nmepeMenHblX X, Y; 6—B nepeMeHsmnx p, ¢.

paccTosHUSA OT MPOH3BOJILHOH TOYKH BHYTPH HEro JI0 €ro CTOPOH MOMKHO
HHTEPNPETHPOBATE KaK 3HAYeHHs KHHETHYeCKHX 3Hepruii yactum *
Ty, Ty, T3, NMOCKOJBKY NP TAKOM MNOCTPOEHHH 3aKOH COXpPAaHEHHS
9HEeprHH BhIMOJHSACTCA

T+ T+ T5=Q (25.42)

H, CJIeloBAaTe/NbHO, KakJlas TOYKAa BHYTPH TPEYTOJbHHKA OMHCHIBAET
ONpEJeNIeHHYI0 KIHEMATHYECKYIO0 CHTYAlMIO B CHCTEME TpeX YacTHIL.
PeanbHo ans noctpoennst Auarpammbl Jamuna — ®abpu BBOANTCH Je-
KapToBa cHCTeMa KOOPAHHAT C HayaJqoM B IEHTPe TpeyroJbHIKA
(puc. 38, a):

X:ﬁﬁﬁ_
*WQ (25.43)
Y = TE, — 3 .

* OGosnauenust CO 3Be3JOUKON 3jech, Kak W B Hayaje naparpada, oT-
HOCATCA K BeJHYHHaM B [[-cHcTeMe pesoHaHca.
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YacTo AJIsl YMeHblUeHHsi BAUSHAS (QAyKTyauuil B BeluyuHe (Q CTPOAT
puarpammy [lanuua B GespasmepHbIX BeJuuMHax, nojenus X u Y Ha
Q wau Q/3. Jlnst TeopeTHYeCKHX BbIKNafoK Auarpammy Jlanuua ynoGHo
MPEJCTABHTL TaKiKe B MOJNAPHBIX KoopAuHatax. [lis sToro mpeisap-
TeJbHO HadepTHM Ja/ HILeBCKHil TPey roJIbHIK B Ge3apa3MepHBIX eHHHLAX,
nojlesiB Bce JuHelHble pasmepbl Ha Q/3. Onpejensis 3ateM p U @, KaK
nokasaHo Ha puc. 38, 6, mojsyuaem

T} =%[1 + pcos (cp,—g—g)]; ’
T =§[1 - pcos (cp -t %n)], (25.44)

Ts =21+ pcosgl.
)

YpaBHeHne rpaHHILLl pa3pelenHoii o6nacty (25.23) B 1 epeMeHHBIX p 1 P
NPUBOAHTCA K BHAY:

2e 2
l — [I + (2—_?}2} p*— (Q—;E—e}—z p? cos 3p=0;
3m Q (25.45)

RE  RED

g =1

B HepensTHBUCTCKOM Ciyyae cileflyer noloXuth &€ = 0 1 ypaBHeHue
(25.45) cBOANTCS K BbIpamKeHHIO

pt-—1=0, (25.45")

T. €. TpaHHileil ABJIAETCS OKPYIKHOCTb, BMHCAHHAA B JAJIHIEBCKHH Tpe-
yFOJIbHHK.

B y/nbTpapensiTHBHCTCKOM cilydae & = 1 u ypaBHeHue (24.45) npe-
ofpasyercs K BHAY:

|1 — 2p cos [tp - 2;)] [1 — 2pcos ((p 4 ?g)] [1 — 2p cos ¢]=0.
' (25.45")

Ypasuenue (25.45") pacnajaercs Ha ypaBHEHHSI TpeX MpsAMbIX, 00pasy=
IOUMX BIHCAHHBIT TpeyroabHuK. ['panusl (25.45) BMecTe ¢ npefiesbHbl-
My cayyaamu (25.457) u (25.45") nokasausl Ha puc. 38, 6. TpeyrosbHoi
auarpamme danuuna — Pabpu, OueBHJHO, MPHCYILH Te JKe CBOHCTBA,
4To M OObIYHON Amarpamme [lammua — pacnpefenenne touek dN/dS
Mo IJIOLIAANH BHYTPH IPAHHYHOH KDHBOH NpPOMOpPLHOHAABHO KBajpary
MATPHUHOTO 3JeMeHTa, a KuHemMaTuuecKuil (OH OIHCHIBAETCSI PABHO-
MEDHBIM pacnpeieseHHeM.

M3 campix ofwux TpeboBaHHil CHMMETPHH H HHBADHAHTHOCTH, KO-
TOpbIE€ HalaralTCsi HAa MaTPHYHbIH 3JEMEHT pacrnaja Ha TPH YacTHILbI,
ciellyer, 4yTo MpH 3aJaHHbIX 3HaYeHHAX H30TOMHYECKOro cnuHa /,
cnuHa J u yeTHocTH P B onpeliesieHHbIX MecTax auarpammel Hanuna —
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®a6pu nsiotHoCTh dN/dS obpamaercs B Hyab. Hanpumep, ecin KoHed-
HOE COCTOSIHHE TPEX YACTHI( OMHCHIBACTCS aHTHCHMMETPHYHOH IPOCTPaH-
CTBeHHON BOJHOBOI (DYHKIHMeH, TO MaTpHYHBI 3JEMEHT oOpaluaercs
B HyJb Besjle, [jie [BE YacTHllbl 00/1ajlaloT OAHHAKOBBIMII HMIyJILCAMH

=2
I=1 I=1
2 1-0 (kpome 379 (mossko 3°)
e Apyeue cxembl |y [=3

0"

‘11"

3

QQQTBYB
¢/ ¢S 0] e/(¢/@
QOIS
¢/¢S/lele/eQ/}
QOB QU

Pue. 39. Mecra na auarpamme Jannua (OTMeUEHb! XKHPHBIMH JTHHHAMH H TOUKAMH),
rie MATPHUHBL SJMEMEHT pacraja HacTHIE Ha TPH TCeBAOCKANAPHBIX Me30Ha

o6pauaercst B Hyab. s KOHEYHOTO COCTOAHHA (nt, n—, n%) npunsTo, ut0 E; =

=E7_+‘ Eg‘_—-‘ Et'_’ Es= E

wle

(1. e. B TouKax a, ¢, e Ha puc. 38, a). lpyroi npuMep: ecii MaTp HYHbIH
3/1eMeHT IPONOPIHOHAJIEH CyMMe BEKTOPHbIX IPOH3BEleHHH TPeXMEpPHBIX
HMITYJ1bCOB Sp; X pj, TO OH 0Opallaercs B HyJb, KOTAa BCE TPH BTOPHU-
Hble YACTHI(bI KOJHHEApHLI, T. €. Ha TpaHuile PaspelieHHoH 00/acTH.
ITofpoGHbIil aHaIK3 STOTO BONpPOCA MPOBeJeH B padoTe [56] nast cnyuas
pacrnaja Ha TPH MCeBJOCKa/sAPHbIX ME30HA MPH PAsIHYHbIX 3HAYCHHAX
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I, J u P (puc. 39). Takum o6pasom, na auarpamme Jlanuia fo/mKua Ha-
* GMIOJIaTECS CHMMETPHYHAS KapTHHA pacmpejiesieHus miuotHoetn dN/dS,
XapakrepHas AJsi 3afiaunbix /, J u P. Kak npiiMep npumenens onucas-
HOI METOANKH NPHBEAEM y2XKe YIoMiHaBIIyiocs paboty [52], B KOTOpO#
usyyajcs o-me30H. Tak Kak B pacmpefiesieHui no sdeKTHBHOH Macce
TPex J-Me30HOB (CM. pHC. 34) pe3oHaHCHBIN MUK HAGAIOAAICH TOJNBKO
st KoMOnHauuu (whn—n®), Obli cliesaH BBIBOJ, YTO H30TONHYECKHIl
ciud [ = 0. Cpenas janee omnpejeseHHble NpelnoNoKeHHss 0 BuIe
MaTPHYHOTO 3JIeMEHTa H CPaBHHB TEOp eTHYECKOe Il IKCIepHMEeHTaIbHOoe
pacnpesienenns maoTHocTH dN/dS mo auarpamme Hannua — Pa6pu,
ABTOPbI YCTAHOBHJIH CIHH H YeTHOCTb ®-Me3oHa (/P = 1-).

§ 26. MPEAEJIbHBIE COOTHOWIEHHA

B ofwem ciyyae MOXKHO nosyqnTsb JABa mpeaesbHBIX COOTHOUIEHHS:
AJISl MAKCHMAJIbHOTO HMIYJIbCa JAHHOH YacTHLBI ¢ Maccoii my B I[-cu-
CTeMe H JJIsI MAaKCHMAJBHOTO YIJia BblIeTa 3Toll YacTHLbL! B JI-cHCTeMe.
SIcHO, 4TO BTOpOE COOTHOLLICHHE B 3HAYHTENbHOII CTEeNeHH onpejensiercs
NepPBbIM.

Onpexenenue mpefenbHBX HMNOYJAbCOB B L-cucre-
Me. HMmnyabc YacTHIBI HMeeT MaKCHMANbHOE 3HAUEHHE, eC/aH
BCE OCTANbHbIE YACTHIL! 2, 3, ..., 1 JIETAT 10 HANPABJICHUIO, 0GPaTHOMY
HanpaB/eHHIO ABHIKEHHA YaCTHUBI 1. ITO 06CTOATENBCTBO CYIIECTBEHHO
YMpOIIAET MOCAEAYIOUee paCCMOTPEHHE, MOCKONbKY BMECTO BEKTOPHLIX
BE&JIMYHH MOXKHO paccMaTpHBATbH CKassipHBIE.

Tak xax sHeprus u UMNyJIbC YacTHUbl | HMeroT CJIe/ly IOl HEe SHAYSHHS :

n n
ET=E;|+532——E=EQE?=VS‘—' 2 Er

=2

n
pi= 23 pi,
=2
TO €€ CKOpPOCThb
n
g 2 7
* 1 =2
fi= 0, (26.1)
' Vs = D E;

Hajizem MakcHMasnbhoe 3HaueHNe STOi BeJHUNHb IPH YCAOBHH

D Ei =75, (26.2)

=1

T. €. pEIUHM 3ajlady Ha HaxOXJeHHEe YCJIOBHOrO 3KcTpemyma. Cremys
meroity Jlarpanxa, GyjeM ucKaTh aGCOIOTHBIIT 3KCTPEMYM BblpaxKeHus

K=p1+2x -E. Ei. (26.3)
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rie A — MHOXKHTeNb, KOTOpHIH OyJeT onpefeseH BIIOC/IE/ICTBHH.
SKkerpeMyM GyHKuHH K onpejensercs CHCTEMOIl ypaBHEHHI]

aK

=0 =0, 5. (26.4)

[TockoabKy 6E}/6p?:fi;, TO 5Ty CHCTEMy MOXKHO MepenucaTh
B (hopme

1 ﬁ; _;2,0? . ;—va:
= = I—n 3 + "~_‘/—s_‘%"—5% =0. (26.5)
vi- 35 (vi- 3 E) 25

=2 i=2

3118[!!:: BeJMYHHA A JIOMKHA YAOBJIETBOPATL BCEM N — 1 YPpaBHEHHAM.
ST0 BO3MOKHO JIHIIIb B TOM cayuyae, eCcJid BCe YPABHEHHS TOXIECTBEHHBI,
T. €. €CJIH BBbINNOJHAETCHA YCJOBHE

B> =Ps = ... = B (26.6)

[puBeJieHHBIH MeTOA JOKasaTe/bCTBA 3TOTO COOTHOLUEHHS MPH-
Haanexut llreprxeiivepy [57]. I3 ycnoBus (26.6) caenyer, uto s aK-
CTpeMasibHOTO CJIyuasi YacTHIbI 2, 3, ..., /1 SKBHBAJEHTHbI OJIHOI YacTHIle

n
¢ Maccou 2 m;. Torpa onpejeieHHe MAKCHMaJbHOTO HMITYJibCa YaCTHILbL
=2 :

CBOJHTCA K Cay4aro IBYX HaCTHL B KOHEYHOM COCTOSIHHH, COOTBETCTBEHHO:
K dopmynam (9.7):
n v2
s+4-m?— ( > m;)
i=2

E‘lt MaKc — 21/5— (267)!

2

2

-‘/ =2 i=2

p? Make 2V5_ *

B Gonee obmeit dopme 3ta 3afaua dopmyanpyercs as cayuas, Koraa

HMITyJ1bChI TepBbIX d yacTy (1, 2, ..., d) 3agaHbl. Torsa MakcHMaabHbIE

uMnyJaec (d + 1)-f gyacTHIBI HAaMpaBJIeH MPOTHBONONOKHO CYyMMapHOMY
' d

(26.8)

HMIYJABCY Py = Y Pi, @ €r0 BEJHUHHA OMPEeNeTcs H3 COOTHOLICHHIT

i=]

s =pt S 26.9)
Pay1 =Pzt £=2d‘—i—2 Pi (

> Ei =s. (26.10)
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e, 40, 3aBHCHMOCTE MaKCHMANbHOTO YA BHLIETA %5 waxe HYKJIOHA OTHAYH B

HYKJOH-HYKJIOHHBIX COYJapeHHAX OT 3Hepruu Ty Ha/leTalomero HyKJAOHa s
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Puc. 41. 3asucnmMocTs MakcumanbHOro yraa phiiera %y ... HYKIOHA OTAauH B

TL-ME30H-HYK/JIOHHBEIX COYAapeHUsX ot sHepruu Ty Hajserawiero m-me3ona mas
Pa3THYHbIX 3HAYEHHIT MOJHOTO YHCJIA /_ FeHEPHPOBAHHLIX TT-ME30HOB .

OnpepeneHne asKcTpeMaadbHBX Yyraos B Jl-c u-
crteme. Ilepexoas K BBIUHCJIEHHIO SKCTPEMAJBHBIX YIVIOB Tyawe
B //-cHCTeMe, 3aMeTHM IPexKje BCero, 4To Uyaxe YBEJAUYHBACTCA MPH BO3-
pacTaHuH p*, HCK/io4yasl cjaydai, Korja 3TOT YroJl AOCTHTaeT Ipelesb-
Horo sHauenns /2. ITostomy SKCTpeMasibHBII YroJd COOTBETCTBYET
p:,m 11 onpefensercs cootHoweHusimi (25.8) u coordowennem (5.12),
KoTopoe YJA0OHO mpejcTaBHThL B (opme

sin ¥y yaxe = T (26.11)

L
[ToxcraBasas sxavenne ckopocth fi; U3 ypaBHeHus (25.1), okoHuaTe bHO
nojiydaem

L/ (1=BY)D
U wake = arcsin l, ] % (26.12)
1Fe
riae
n 2 n 2r
D= [s— (gz m; + ml) ] [su(gzz m;— ml) . (20.13)

Ha puc. 40—43 npuBe/ieHsl MaKCHMaJIbHbIE YTl H MAKCHMAJbHbIE 9Hep-
run i @ — N- 1 N — N-CTO/IKHOBeHHil pasyiMYHBIX 3HEprHii.

Ennare

EXWXE
28 i £-56730
E=56730 y £2
4 |\ ry. '
28

g i I} L
Pune. 42, Makcumanabnas Puc, 43. MakcumansHas
swepruss E_ . 7-Me30Ha, suweprus E_ . . n-me3oHa,

ofpazoBaHHOro B HYKJIOH-
HYKJOHHBIX COVAapeHHAX, B
KOTOPBIX TeHepHpyercs 7
nt-me3onos [58]. Uwuena oko-
Ji0 KPHBLIX 0003HAYal0T noJ-
HYIO IHEpPrio NepBHYHEIX HY-
Kjaouos 8 I[-cucreae,

00pasoBaHHOrO B [T-ME30H-
HYKJIOHHBIX COVJApeHHsax, B
KOTOPBIX TeHepHpYercsi 11_
s-mesoHoB [58]. Uncaa oko-
N0 KpHBBIX 0003HAYAI0T TMOJ-
VIO 3HEPTHIO MepBHYHLIX -
Me30HoB B [[-cucTene.

Ilpn BoiBoAe BeipaxkeHiisi (26.11), a cnefoBartensHo, u (26.12) npen-
noJ1araiock, 4To B [[-cHeTeMe OCyIIecTBASeTCs BblIeT YacTHIL MO 100k
MII YIJIaMH; OHAKO B NPHHILHIIC BO3MOMKEH cayuait (OH ocylLecTBAseTCA
npiH CTONKHOBEHIN $acTHIl JOCTaTouHo Godbiunx suepruii }/'s), Korza
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YIJI0BOE pacrpejieieHiie BTOPHYHBIX YacTuil B [[-CHCTeMe CyLIeCTBEHHO
aHM30TPOIHO M, CJeloBaTe/bHO, B [[-clcTeMe TaKiKe ecTh SKCTpeMalib-
[ - I

HbliT YoM Osxer. BbIMHIIEM COOTBETCTBYIOLLHIT yros B JI-chcTeme, npe-
noaarasi, uto B I[-cucTeme pasyieT OCYLLECTBJ/ISIETCSI CHMMETPIYHO OT-
HOCHTEJBHO MJIOCKOCTH, MEepHeHAHKYJAPHOH HanpaBJeHHIo ABHKEeHIis
yacTHil. B 3ToM ciyuae ¥y axc COOTBETCTBYET YaCTHIAM, ABHKYLLHMCS 0],
SKCTpeMasbHbIM YIJIOM B 3ajiHeil mosnycepe B []-cucreme:

sin 85

O ane = arctg . . (2614)
cos Vo ert B, / Vm

HeckonbKo nHasi 3afiaua BO3HHKAeT B TOM cjyuyae, €cJiH H3MEepeHbl HM-
MyJAbChl MHOTHX BTOPHYHBIX 4acThu. PaccmoTpum cayuaii, Korja us-
BECTHbl MMMYJIbChl BCEX BTOPHYHBIX YACTHL|, KpOMe OJIHOil ¢ Homepowm I,
JJisi KOTOPOH HeoGXOAMMO ONpejeJuTb MaKCHMAaJAbHBI yrod.
YpaBHeHHe COXPaHeHHsl MOXKHO JJIS STOTO c/lyyast 3anmucath B hopme

Eo; — Poy + Moz = zzﬂ (E; — p,cos ;) - (E, — p; cos §,). (26.15)

Ecan mg,<=0 u sneprusi E,, J0CTATOYHO BeJHKA, TO HieH Ly —
— Po; & Mgy U HM MOMKHO Tpenedpeub. Toraa

L= SHIFL"L [F cos ¥, + V F?> — misin® ﬁl], (26.16)

rue

"

F=my — 22 (E; — p;cos¥y), (26.17)

==

H, cJenoBartefbiio,
o T
ﬁ'l maxe = arcsin P (2618)
1

Kaxk 1 o6wiuno, ecan Flm; = 1, 10 ¥ yake = /2. ITUMI COOTHOLLIE-
HHAMH HCUEPIILIBAIOTCS OCHOBHBIE OOLILie MpefelibHble CBA3H Ui MHO-
JKecTBeHHBIX npoueccoB. OfHAKO A YaCTHOrO MeXaHH3Ma ITPOLECCOB
¢ o0pa3oBaHHEM TpPeX YacTHL, BO3MOXKHBI JOMOJHHTENbHbIE BbIBOJLI.
TaknM MeXaHH3MOM SIBJISIOTCA MOC/e/0BaTe/bHbIe aKThl ¢ HCITYCKaHHeM
B KaXJOM H3 HHX JBYX YaCTHL, HampHMep Qo -+ Qo2 —> dy i~ Qzg —>
= a; + a, + ag. Ilpn Taxom MexaHH3Me AJis OJAHOMH 13 TpPexX YacCTHLL
(B naHHOM ciyyae @) uMnyJasc B [[-cucTeMe MaKCHMaleH H IOTOMY CO-
XpaHsiercs onpejie/ieHHasi CBSI3b MEXKAY YIJIOM €€ BblJIeTa M 3Hepruel
B JI-cucteme, a 1Mo HaJHYHIO TAKOH CBSI3H MOMKHO CJe/1aTh BEIBOJ O BO3-
HHKHOBEHHH B XOJe NpeBpalleHHs NPOMEHKYTOYHOIO COCTOSHHS Qag.

B o6uem cayuae, uToGbl BEPHYThCSI K NMPOCTLIM ypPaBHEHUAM Iil. 3,
HeOoGXOJMMO 3aflaThb HMNYJbC OAHOH H3 Tpex 4YacTHIl, HarnpHMep as,

utorga ans E' = Egy —-]/m§ +piup = Poy — Ps OYAYT cripaBei-
146

JIMBLI BCE 3AMHCAHHbIC BhILIE COOTHOLIEHHS H MOMXKHO MOXTP MITh 3/ 11C
HMITYJIbCOB Dy W py NpH QHKCHPOBaHHOM py. Ilpu 3TOoM, Komeymo,
LI-cucrema yxe ne Gyjer cHCTEMOIl 06LLero LEeHTpa HHEepUl, a Jullb
LUEHTPOM HHEPIHH YACTHI[ & H .

[TpuMennM cooTHowenns pacnaga Ha TPH YACTHUBI K KOHKpeT-
HOMY npumepy B-pacmaja noxosumerocst sapa M (po;=0) u Haiizem
BOSMOXKHbIC SHAUEHHS MMIYJ/bCOB 3JeKTpona (p,) H HefiTpuno (p.)
IPH 3ajaHHOM HMNYJIbCE SiIpa OTAAYM Py, KOTOPBIA MOMET MEHSIThCS
oT Pa. s = 0 mo uekoero p_ . OueBHIHO, UTO 31eCh p'=—p,
HE =06—T, rne §=M—m,; m, u T,— Macca H KHHETHUECKas
SHeprus sijpa oTAauH. B cucTeme ueHTpa uHEpUMH SJ€KTpOHA

HEHTPHHO NOJHAS SHEPTHS STHX JBYX YACTHIL E*=V(E'Y¥— (p' )2 =

— 2

= V8 —2MT,, a manas TO/TyOCh 3JIMNCA COrMIacko ypaBHeHHio (9.8)

=2 2

6% —mg -— 2MT
2V 2MT,

R
57 H [03TOMY BeJH-

UHHA  DA3HOCTH SHEPTHH HAYaJbHOTO M KOHEUHOrO siep & Moser
6};1’1‘5 ONpeleseHa MO MaKCHMaJbHOH 3HEPrHH OTHauH Aapa. [pu
Wa= Wi yare; b =0, a Takke a, = 0, TaK uto HEATPHHO He MoJly-
HaeT NMpPH 3TOM HHKaKoH sHeprunu. [Tockouabky p; = 2MT;, 10 BHIpa-
xeHue (26.19) mMoxHO nepenucats B Buje

b= (26.19)

ITockoneky b >0, sicho, uto Ty yaxe =

o o

P make = Py :
b — o make n'
Py (26.20)

SlApo oTpaun saGupaer auwb MaJqyio yactb suepruu f-pacnana, u
HOTOMY 3KCIEHTPHCUTET 3JIHIICA WUMI1YJbCOB

rp
B.=5=2, (26.21)

1]
ero GoJbIas noJayoch
2
b P Ao — P
a =~ = 6 . Makc #H
2 9 o2 oy (26.22
Vai—pl (@) ;

Ipu p, = 0 SJIJHOCONA HMMYJbCOB oGpauiaercst B chepy, a npu

gzgsl.fca—; goqu. C POCTOM Dy, TaKHM 00pasoM, yGbIBaioT obe Besi-

Tpone{ HI-I + DEPXHHH M HHXHUH NPeJiesibl KHHETHYECKOI! SHepTHII 3JieK-
PH 33JlaHHOM HMMyJbCe AJpa OTAAYH TOJYYAIOTCS B BHE

o (5 —py — mg)*
Te MHH = 5 {?"‘——'——__ 7a) (2623)
H
_ O+ pa—m,)?
Te Make = ‘Tﬁ—“_’_—pnl—_ E (2524)
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IIpuBeeHHOe paccMOTpeHHe — MPHMEp aHann3a KHHeMaTukKil B3a-
uMoeiicTBHIl ¢ 06pasoBaHHeM TPeX YacTHIL NyTeM BRIBOAA pasHBIX IKCT-
pemasibHbIX COOTHOLIEHIII CBEACHHEM K pasHBIM YACTHbIM CJy4asM MO-
napHpIX KoMOiHawmil ABYX €acTHIL. [Tono6HLIM COCOGOM MOJYUEHbI
MAKCHMaJIbHAasi SHepris fApa OTAAYH M Mpelesnl A KHHEeTHYeCKO
syepruu P-uacTHil Npi JanHOI 3Hepruu fjpa.

Ecam Macca OJHOI M3 YacTHI[ MpPEHeGPEXKHMO Majna no CpaBHEHHIO

-

¢ Maccoii APYrHX BTOPHYHBIX YACTHIL, TO MAKCHMAJILHBIH HMITYJIBC Puake
nepexoiuT B Dk, OMpefielisieMble COOTHOLIGHHEM (9.8). ITosTomy omucaH-
Hell B IVI. 3 METOJ aHa/in3a He NO3BOJSET CHeNnaThb OJHO3HAYHOro 3a-
K/TIOYeHHS O TOM, OOYCJIOBJEHa JiH HCC/efyeMas COBOKYMHOCTb pac-
[TajioM HA ABE YACTHUbI WU PACTajfioM Ha TPH YACTHIb, H3 KOTOpBLIX 1O
kpaiineil Mepe ofHa oGn1anaer Maccoil, peHedpeskmMo MaJloil no cpaBHe-
HUIO ¢ Maccoil Apyrix wactiil. l3BecTHYIO OCMOTPHTENBHOCTH Heo6xo0-
MO TAK3KE TIPOSIBAATE MPH aHAJ1I3e JONyCTHMBIX YIJIOB . Ananoruy-
Hasi HeoJAHO3HAYHOCTH MOYKET BOSHUKHYTbH MpPH 2aHA/NH3E KOMIJlaHapHO-
CTH CJIeIOB TEPBHUHOil M JABYX 3apsiMKEHHbIX BTOPHYHBIX yacTHIL
(c™. ra. 3).

JleiicTBUTENbHO, MOXKHO J0Ka3dTb caeyiouee IMOJOKEHHE: eC/IH
Macca OJHOM M3 ABYX BTOPHUHBIX 3apAMEHHBIX HACTHIL (sampumep, ms)
6113Ka K MAcce MepBHUHON 4aCTHLbL /1y ¥ CKOPOCTE nocaeneit Po = 1,
TO nmyTH OGEHX 32pAIKEHHbIX H [epBHYHOI YaCTHIL MOYTH KOMIIaHAPHDL.
sist 0K A3aTelIbCTBA 3TOTO YTBEPXKJACHHS Y MHONHM o6 yacTH PaBeHcT-
Ba Py = P1 + P2 |- P3 CKaaspHO H2 eJMHIYHBINH BEKTOp f, HOpPMa/b-

Hblil K BEeKTOpam P, 1 Py, 1 NOMYyHHM

(np;) = — (nps). (26.25)
Tak kak B J1aHHOM caydae p, =V, Ey > (s + B E3) = p, TO
lcos ¥y | = ’;—: |cos B3| K 1, (26.26)

rae O, u O3 — COOTBETCTBEHHO YTUIbl MEXKJy BEKTOpaMH Pz 11 0 H Py 1T 1
clleloBaTebHO, BEKTOp fi G/HM30K K HOPMAJH K HMOYJALCY Pa. TaKuM
06pa3oM, ecili yacTiua pacnalaercs Ha JBe 3apsiyKEeHHbIE (pHYeM My =
~ IM,) 11 Of{HY HeHTPabHYIO, TO BEKTOPLL Po, P1, P2 MOUTH KOMI/I2HAPHBIL.

B zakjioueHie HeoOX0AUMO OTMETHTD, 4TO NOPOrOBbIE COOTHOLIEHHS
TAKIKe SIBAAIOTCH IpeesibHbIMU COOTHOLIEHUAMH. 3/eCh MBI He Gy aem
KacaTbCsl 9TOIO BOMpoOca, MOCKOJBKY OH nofipo6HO OCBellleH B § 10.

§ 27. YTJIOBBIE PACNPEJEJEHHA BTOPUUHBIX YACTHLL
B CTPYSIX BBICOKO¥ 9HEPIHUH

B § 27—31 paccMOTpHM HEKOTOPBIE CTOPOHBL aHAJIH3a JuBHell (MaH

cTpyii) BHICOKOH SHEpPrHH — SJeMeHTapHbIX aKTOB Heynpyroro B3auMo-

JIefiCTBHSA YaCTHIL MPH SHEPTHAX E, > 50—100 /"s6, B KOTOPbIX obpasyert-

st GONIbLIOE YHCA0 (7> 1) BTOpHUHBIX HaCTHL, B OCHOBHOM J(-M@30HOB,
pasneratouuxcs B J/-cHcTeMe Gosee WJH MeHee KOJJIHMHPOBaHHLIM
myukom. [Toka uTo eIHCTBEHHBIM [CTOUHHKOM CBeJIeHHiT 0 B3anmojielcT-
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BHAX MPH CTOJb GOJBILIIX IHEPTHAX OCTAIOTCA HCC/e0BaHHs B KOCMIUe:
CKHX Jlyuax, HO B GyJylieM TaKHe paGoThl CTAHYT BO3MOXKHbI H C YCKOPH-
TensIMH (BCTpeuHble TMYYKH, MPOEKTHPOBaHHE YCKOpHTeJell Ha 3HepriH
B COTHH THIa3JeKTpoHBOAbT). CyllecTByiommle 3SKCHepHMEeHTalbHbIe
METOAbl pErucTpauuH JuBHeHl (porosmynbcuu, Kamepsl Buiabcona
HCKPOBbi€ KaMephl) MO3BOJSAIOT H3MEPSTh HMITYJIbCl BTOPHYHBIX wacTHL,
He TpeBbllaomye B ayyuem cayyae 10—20 ['ss/c, nostomy npH oueHb
BLICOKHX HHEPTHSAX HMIYJbChl GOJBIIMHCTBA BTOPHYHBLIX 4aCTHIL OMpe-
JeJINTh He YAaeTcs, H MPaKTHYeCKH eAHHCTBEHHBIMH HaJeXHO H3MepeH-
HBIMH XapaKTepHCTHKAMH BTOPHUYHBIX YaCTHIL B CTPYSIX BBICOKOIl 3Hep-
IHH OKa3biBAIOTCS YIJIbI BbIETa. B cBA3H ¢ 5THM GbUTH pa3paGoTaHbl Me-
TOJIbl aHAIKM3a YIVIOBBIX pacnpefie/ieHHii — MpeAcTaBieHns HX B 0co0bX
KOOpAHHATaX, KOTOPhIe MO3BOJSAIOT TOJBLKO 10 YIJ0BLIM pachpesiesieHHsIM
MOJYYHTb ONpeJIeIeHHY 10 HH(POPMAILHIO 06 3JeMEeHTapHOM aKTe B3aHMO-
AeiicTBusl. B janbheiinieM npenosiaraeTcs asumyTalbHas H3OTpOMiA
JMBHell W peub HJET O MOJSIPHHIX yraax Bbuiera ¥ B Jl-cucTeme n ¥
B []-cuCTeMe, OTCUHTLIBAGMBIX OTHOCHTEJBHO HAMPABNCHHA JBIIKEHI
MepBHYHON YacCTHIIBL.

Koopauunarte Jlangay muh B ruapoausamnaecKkoi Teo-
pun Jlanpay [34] Bmectro yrna O* BBenmena yaoGuas mnepemenHas

ﬂ*
=Intg —;
Nis g5
dn— (27.1)
sin 9*

OGpatHoe mpeoGpasoBaHHe

0* = 2arctge™;
16 — 2elidy _ _dn | (27.2)
14-e?% ch, ’ j
CooTHomenne Mexxiy O* i m MOJE3HO 3amucaTh TakiKe B BHIE
cos9* = —thn. (27.3)

B sKcrepuMeHTAlbHBIX PadoTaX OGbIYHO HCMOAb3YETCs aHalorYHasA
BesinuiHa, onmpejiessieMasl HenoCPeJICTBEHHO B J/-CHCTeme:

A =lgtgd;
sin2%

1
(Dakmqscrm B paGote [34] sTa BeqMUHHA ONpefeIAeTCH C OOPATHBIM 3HAKOM
M= —In tg -5, 4TO OTHIOAR HE HOCHT NMPHHIHMHATLHOTO xXapakTepa.
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ofpaTHble npeobpasoBaHHst

S )
0 = arctg 10" = arctge'®; i
dg— 0 A 1 1 o (27.5)
I+10%  Ige 2 cl:(—L) Ige ' l
Ige

B otaiite ot Boipakenns (27.1) B popmyne (27.4) norapudm gecsatuy-
HBLl, UTO BOBce He 00si3aTejbHO W He NPHHIHMHAJABLHO, HO GoJjee
yacTo ynorpeGasiercs Ha NMpaKTHKe; B CBA3H C 3THM B JajibHeHlueMm
B dopmyaax gacto Qurypupyer MHoxuTenb Ige = 1/In 10 = 0,4343
win l/lge =1In 10 = 2,303. B crpysx BHICOKOH 3HEpPTHH YIJbI
B JI-ciicreme Masibl

<1, (27.6)
NO3TOMY MNEpeEMeHHas A Bcerja orpuuaTtesbHa, T. €.
A<0 (27.7)

U He BO3HHKAeT BONMPOC O cMbicje BhipakeHusi (27.4) mpu & > m/2
[B mporuBHOM cayuae ciefoBano Obl KaK-TO MOAU(HIHPOBATE Onpeje-
aenne (27.4), Hanpumep A = Ig|tg ¢l

ITpit GonbIIHX 9HEPTHAX XOPOLIHM NPHOIHKEeHHeM A1 KHHeMaTHye-
CKHX (POPMYJI ca1yKaT GOPMYJIBL B YIILTPApPeaaTHBIICTCKOM cllyyae, Korja
(cM. § 5) oTHolleHHe cKOpocTei

Be 1. (27.8)
'Gt

CBsi3b MEXKJY yrJlaMu oflpejlesieTcst B 3TOM cJyuae gopmydaoit (5.8):
tg 9 = {L g, (27.9)

U, CJeN0oBaTelbHO,
n=In(y, tg®) (27.10)

1

h=—Ilgy,+lge:n. (27.11)
Cootnowenne (27.11) Bbipaxaer BaxHOe CBOHCTBO KOOPAHHAT M u A:
MOCTPOEHHOE IKCTEPHMEHTANBHO B JI-CHCTEME pachpejieienue ; - %‘Y
Mo CYLIECTBY Cpasy ke JaeT H pacnpee/ieHne B [[-cnc’reme%, - %, He-

00XOANMO LB CMECTHTh Hauajlo 0TcyeTa Mo ocH abciuce BiaeBo Ha Ig vy,
i yMEeHbLWHTh Macwrab no 3toi ocu B 2,303 pasa [npnuem mocsiennss
orepanus, KaK yKe OTMEYaaoch, He HOCHT IPHHLUNIHANBHOTO XapaKTepa
1 oCycJIOBJIEHA pasjinylieM OCHOBaHHIl JorapH(pMOB B ONpefeseHHsIX
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(27.1) u (27.4)]. Opyrumu caoBamu, opMa pacnpefiesnetns no A okasbl-
BaeTcsl PeJsTHBHCTCKH HHBAPHAHTHOI XapaKTePHCTHKOI.
[Tyctsb B [{-cucTteme yraoBoe pacrpefesieHne B 00bIUHbIX KOOPAHHATAX

L ¥ 509 (27.12)

j\‘: d cos &*

CHIMMETPHYHO OTHOCHTEJILHO MJIOCKOCTH, MEepHeHAHKY/sPHOIl K Hanpas-
JIGHHIO ABIKEHHS MepPBHYHOI YacTHIbI (CHMMETPHST «Brepe] — Hasajpy):

f(8%) = f (e —0%). (27.13)
Pacnipejiesienne (27.12) B KOOpAMHATAX 1 HMeeT B
1 dn N
N dn =[[9"(m)] o P (M) (27.14)

st nonyyeHHs noc/efHero ypaBHeH s Ipolle Beero npopuddepeni-
poBaTb cooTHoueHe (27.3). Ecan pacemarpusats f[0% ()] = f,(n) kak
(yHKILHIO OT 1), TO ycia0BHe cuMMeTpuH (27.13) sanuuiercsi Kak

Fr() = F(—n) (27.15)
U, CJeJoBaTeJbHO,

(M) =¢(—m) (27.16)
T. €. pacnpejeneHue % . i—_N = @ (m) npejacrtasiaser cofoH cUMMeT-

PHYHYIO KPHBYIO, MpHYEM

n=0. (27.17)
COOTBETCTBEHHO pacnpenejeHue
1 a8 . L s(t4lg7, 1
N dh lge f[ﬂ ( lge )] }g(>.+1g'r.f (27.18)
Ige )
TakKe CHMMETPHYHO H
h=—Ilgy,. (27.19)

[ocneansist popmya caryKuT OCHOBOH JJisl ONMpee/eH sl SHEPTHH Mep-
BHYHOI YaCTHILLL [0 YIVIOBOMY DacrpefiesieHHIo BTOPHYHBIX YyacTHil (moj-
poGuee cm. § 28).

BBuay npoctoil cBsi3u MeXIy KOOpAMHATaMM 1] U A B JajbHeiliem
OrpaHHYHMCs OOCy KJIeHHeM HENOCPEeCTBEHHO HAG/I0JAeMOr0 Ha OMbiTe
Pacnpenesednsi B Koopiauuarax A. Ecam yriosoe pacnpegeneHne He
TOJIBKO CHMMETPHUHO, HO M H30TPOITHO

F(9%) = % , (27.20)
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TO
A N . SRS« N
N 2'Chg(l+lg~(c1 lge
Ige )
- % o (27.21)
[mH-Ig Te 1 10” (++lg 'r{.)lE Ige
1.an
N'dl
1
k=12 2
05
-2 -1 0 +1 A+lg 7

Puc. 44. Pacnpegzesnenue mo ., COOTBETCTBYlOULEE YIJOBOMY pacrnpene-

2k -1 e o
geuno B [[-cucteme [ (¥¥) = —7 cos™" ¥,

npeAcTaB/sieT COOOH CHMMETPHYHYIO KOJOKO/M000pasHyio KPHBYIO
(puc. 44), aucnepcusi * KOTOpO#H

+oc
st - (lge)? "zt dz =* 3
0p = A2 —A%= T j. Tz 12 (Ige)*=(0,394)% (27.22)

Pacnpegenente (27.21) ¢ Xxopoueii TOUHOCTHIO MOKET GbITh AMIMPOKCHMH-
poBaHo QyHKuueil ['aycca:
_ (e Te)®

1 dN 1 gg
= e

ke | IC}‘

(27.21')

N dh V2o,

TlonywnpuHy annpokcumupylomeii kpusoil ['aycca moxHO BbIGPAThH
HeCKOJILKHMI DAasMUyHbIMH criocobami (cM., Hampumep, padory [6]);
4acTo ee MoJiaraioT paBHOH o, = 0, =~ 0,39, ogHaKko onTHMaJbHOH am-

* J;ns BEIYHCJEHHS HHTErpaja B paBeHcTBe (27.22) oM, B KHHTe [19] dopmyay
3.527 (5).
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T pOKCHMALMEH CJIelyeT CYHTATh HECKOJNbKO MeHbllee 3HaueHHe o, =
=~ 0,35—0,37.

Ecau yriosoe pacnpefienenie B L[-cucteme aHi30TPOIHO, Hanpumep
TiNa

F(0%) = 2—"32*—‘ cos?t §*, (27.23)
TO .
thsk(h+ lg ‘fc )
?\17‘1_;" :2’2;’" : H{ﬁ;_{ . ]1 . (27.24)
2 ch? ——f) ge
( Ige

Iucnepcus pacnpepenesnusi (27.24) [6]

+ o0 d 1
2 2k+41 . (f 22th*z ol '1[l\ﬂ 1
Ba= (Ige) j o= {ee) [ Tl 2 =

2 =1 =1
- 20
(27,25)

H pacTer ¢ yBeJHYeHHeM CTe-
MeHH aHu30TponuH k (puc. %
45). Ilocnepnee coiicTBO Xa- 10 L
paKTepHO A5 KOoOpAuHAT A e
H B OGIIEM C/Tyuae: YeM CHilb= o ] .
Hee KOJJIUMHPOBaHbl BTOPHY- / !
Hble yacTHubl B [[-cucreme ,, 1
(mpn cuMMeTpHuHOM pasne- )
T€), TeM lUHpe pacnpejene- / )
Hue no A. KauectBeHHO op- o 4 |
Ma pacnpefienenus (27.24) /
xapakrepusyercsi ero sker- 46 '
peMyMamH. /

dyukuna (27.24) obna- 05
Jaert (cM. puc. 44) Tpems Mu-

HHMYMaMH, rje oHa o6pa- : - . . . i
nlaeTcs B HYJb, B TOUKe 9 2z 4 0 8 W0 K-

K== — gy, (27.26) Puc. 45. 3aBHCHMOCTb MOJYWHPHHL O pac-

npejejeHHA MO A, COOTBETCTBYIOLLEr0 YTI0BO-

WU B ACHMITOTHYECKHX TOY- wmy pacnpefenenHio B [f-cucreme f(3%) =
2

Kax 9
cos?® §*, or nokaszarens k.

L

A=Loo, (27.27)
a TaxKxe ABYMA MaKCI/IM)’MaMH B TOYKAaXx
hy=—Igy,+lge-arcsh Vk=—Igy, & 1g(Ve+1+Vk) (27.28)
BbICOTa MaKCHMYMOB B 3THX TOUKAax

k
L &) L B 1 (27.29)
N dk =iy 2 (kD Ige
6B 3ax. 1924 153



GaxTHUECKH OUeHb /1260 3aBHCHT OT k: no dopmyne (27.29) npu ko = 1
oHa pasHo 0,862, npu £ = 2 — 0,853, a npu £ > 1

1 dN 1 1 1 ’
N o > =0,848(14 — 5
N dl =l elge (I + k2 ) 0,84 (1 + 2 ) . (2 29 )

IockoabKy pacnpefesienne (27.24) HOPMHPOBAHO Ha eHHHLY H,
CJlelOBaTeJIbHO, TIOWAAb IIOJ KaXAbIM MaKCHMYMOM TMpH Jio6oM £
OJiHA H Ta e, TO U NOJYLIHPHHA KaxJ0ro H3 ABYX MaKCHMYMOB Npak-
THYECKH ¢J1a60 3aBHCHT OT & 1 paBHa npiimepHo 0,27—0,28 [6]. Cnegosa-
TeJbHO, YKa3aHHBI POCT AHCNEPCHH C BeJHYHHOH k peanusyercs
TaK, UTO C YBeJHYEHHeM R JBa Makcumyma KpuBoil (27.24) caBuraior-
¢ B pasHble CTOPOHBLI, IOYTH He MeHssch 1o dopme (cMm. puc. 44).

Eme pas nopuepkneM, 4To NpoCTOTA NPHBEIEHHBIX COOTHOLICHIIT
oGycJioBlieHa npefnonoxenneM (27.8), KOTopoe CJIyIKUT XOPOIIHM TpPH-
GaHzKeHHeM H He BHOCHT CYIIeCTBEHHbIX HCKaxenui. st mitocTpanuu
BJIHSIHHS 9TOTO IPEANOIONKEHHST PACCMOTPHM, KaK H3MeHATCA GopMyJibl
(27.21) u (27.22) pns msorponsoro (B L-cucteme) pacnpeeseHus, ecii
NpeJNoJOXKHTE, YTO BMeCTO mpnbamkenns (27.8) ummysbcHoe pacnpe-
Ae/leHHe BTODHYHBIX uYacTui B ![[-cucTeme omnuchiBaeTcs Gopmyioil
bose — Ilnanka [em. § 13, dopmyay (13.34)]:

1 d* N 1 1 pgﬂ 1 "
— . = —, 5 i g 3
N dp* dﬂ* 4-;5 ."}13 'FZ {ZJ @ 47: (p ) (27 30)
e n - 1

Tonyuentoe B § 13 yriosoe pacnpenenenne B J/-cucteme (13.39) 8 Koop-
AMHATAX A 3aNHCHIBAaeTCs B MapaMeTPHYECKOM BHIE

1 dv _ 1(@—=e)'P@-1) ., "
N ae (12=1)%a1ge R
% {(Q—L’;) Fy (2a) + (1—"—ﬁ)F1(za)}; L (27.31)
1 -
2 2
1 Tg‘_a
A=—g e

rA€ B KauecTBe MapaMeTpa HCHOJb3yeTcs BesnyuHa @ [em. dopmyay
(12.19)]. [last npumepa Ha puc. 46 moctpoeno pacnpefenenne (27.31)
npu y, = 17,5 u 2 = 1, TaM e JJIs CpaBHeHHsI HaHeceHa i KpuBas
(27.21). Nucnepcus pacnpenenenus (27.31) saBucut ot v, u z (puc. 47).

F-rpabuxk Jdannepa—VYoxepa. Jpyroi pacnpo-
CTPaHeHHBIH METOJ aHa/IH3a YTJIOBBIX paclpele/sieHni B CTPY X BHICOKOI
SHEPIHH OCHOBAH Ha HMCIOJb30OBAHUI HHTEIPAJIbHOTO YIJIOBOTO pacrpe-
JejeHus B JI-cucreme

i

F(<®) = Y(ﬁ ; di‘:"d) sin® do, (27.32)
0

T. €. JOJIH YacTHIl, JIeTAWHX B Npefeaax 3ajaHHoro yraa .
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Puc. 46. Pacnpenenenne no A npu naorponuom pacnpejenennu B []-cu-

creme aas cayyas, koraa f/B* = 1 (nyukrupuas KpHBAas), H AJs Cay-

uast, KOFJla CnexTp BTOPHYHBLIX T-ME30HOB B [[-cHCTeME ONHCHIBAeTCS
¢yukuueii Bose — Ilnanka (cnaownas kpusasm).

6@,q)

05

/2 s . .~ r—— ——
| )\\"‘-—-—-—-—-— z=05

10

i S

167

0,39 I

19 15

&

Puc. 47. Tloaywupura 6 ({., 2) pacnpefnenenus no i gas

cayuas, korja B [[-cuctevme auddepexunann
diN* 1 1

IejleHHe

N dp*di® —

oe pacmpe-
ptkl

e

i’ mOF @) A
m__1

6B*



Huarpammoit, uau F-rpadukom Jdannepa — Yokepa [59], naspiBaer-
Csl TIpEACTaB/IeHHE SKCIEPUMEHTANBHBIX JAHHbIX B IPSMOYTOJNBHOM CH-
cTemMe KOOPJMHAT, T/le MO OCH alCLHCC OTVIOXKEHA IepeMeHHas

A =lgtgd,
a Mo OCH OpJAHHAT BeJIHYHHA
y=1lg D (27.33)
1—F(<9)

Paccmotpum cBoiictBa F-rpaduka, no-npexHeMy HCnonb3ys yabTpa-
penATHBHCTCKOe npuGanxenue (27.8). B sToM cayyae cBf3b MeXAY
yraamu B JI-cucteme u L[-cucreme ofHo3HauHas (cm. § 5) u, onpenenss
1o BelpaXkeHHo (27.9) yron 0%, coorercTBytomMil 3agantHomy yray 9,
F(;gﬁ))]momﬂo BbIPA3UTh uepes BeqHuuHbl B L[-cucreme [cm. dopmyay
(27.12)1:

%
F(<®)= | [(©0%)sin9*do. (27.34)
I1pu usorponun B [[-cucteme ’ I
F(<8) = (1—cos0") = sin? —92- (27.35)
IlpeoGpasys 3TO paBeHCTBO K BHAY

y:lgtgz%=—-2]ge-q———-2igvr+2}u, (27.36)

yGexjiaemcsi, 4TO H30TPOMHOE pacnpejienerne nsodpasiures Ha F-rpadi-
Ke MpsAMOH ¢ TaHreHCOM yr/ia HakjoHa

o
s 2, (27.37)
KoTOopas mnepecekicT och abcuuec B Touke A = —Ig y, (puc. 48). Or-

KJIOHEHHE IKCHEepPHMEHTAJbHBIX TOYEK OT 3TOi MpPAMOil yKasbiBaeT Ha
HaJu4ue anusoTponuu B [[-cucreme. KauecTBeHHO 3TO OTK/JIOHEHHE HOCHT
CHElYIOMHiI XapakKTep: ecid BTOPHYHLIE YACTHIbI KOJJIHMHPOBAHHI
B HaNpaBJIeHHH «BNEePej]l — Ha3ajly, TO B ONpEJe/eHHOM HHTepBaJe YIJI0B
F(<9) cnabo wmensiercs ¢ yriom & M COOTBETCTBYIOMIHII y4acTOK
F-rpapuka usobpaxaercsi OTpe3KOM MpSAMOH, MNapasJenbHbIM OCi
a6elHcee.
s auusorponHoro pacnpefnenenus (27.23)

F(L0)= % (1 — cos2%+! §%) (27.38)
U COOTBETCTBEHHO

A
| — cos2ktlg* 1 4 th28+! (_i]‘_gi)
— = :] - ge ‘
y 1 cos 2kFT g* g | g2kl (M)
Ige

(27.39)
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IIpousBojHast

. 2 (2k - 1) th2* (3%]4&)
= : ge
o A 3 27.40
dh chz()\""lg I’(’)[l__th(gk_}_])g(l—i‘lg]'r):l ( )
Ige Ige
obpamiaercsi B HYJb 0PH Fo8) g e
A= —Igy, (touka nepe- 9 7553 '
ruba), a npu A—>+4 co o
cTpeMuTes K 2, U (YHK-
uusa (27.39) obinagaer ABy-
Mfl acCHMNTOTaMH
y=2A+2lgv.+1g (2k+1), >
(27.41) ' 1 Arigy

paccTosiHie Mexay KOTOpbi-
MH BJOJb OCH aGCuHcC pa-
CTET CO CTENeHbI0 aHH30TPO-
nun k (cM. puc. 48):

d=1g(2k+1). £

k=12 2 0
(27.42)
Puc. 48. Tpaduk Voxepa-[lannepa B cay-
Kak yxe ormeyanoch, e yIJI0BOro pacnpejeienis B [[-cucreme
OTKJIOHEHHE OT Npeanojo- 2k -+ 1

wenus (27.8) B peanbHBIX [ (%) = —5— cos®* .
YCIAOBHSIX /ISl CTPYH BBICO-

KOl Hepruil HEeBeJHKO H He NpHBeJeT K CYILeCTBEHHOMY HCKaXKeHHIO
F-rpaduxa [lannepa — Yokepa.

§ 28. KHHEMATHYECKHW METOH ONPENEJIEHHA
3HEPIrdH BBICTPBIX YACTHL,

OHeprusl Il UMMYJbC MEepPBIYHBIX YACTHL SABASIOTCS BaXKHEHIIHMII
XapakTepHCTHKaMH silepHbIX peakunid. IIpn cpaBHHTeNbHO yMepeHHbIX
IHEPrHAX HMEIOTCA HEeKOTOphbie paspaboTaHHble MeTOb! OnpeleseHis
STHX BEJIHYHH JJ1F 3apsKEeHHbIX YacTHL (H3MepeHHe OTKJIOHEHHsI B Mar-
HHTHOM ToOJe, cyYeT 3epeH B (DOTOIMYJIbCHH, }3MEpEHHEe paccesHHs).
OpnHako ¢ yBejiyeHHeM 3HeprHH TPYAHOCTH U3MEpeHIsl SHEPIHU — HM-
MyJibCca pe3Ko BO3PACTAIOT, a MpH 3Heprusix cwbie 5.1010 — 101 36
TPaJHMLIHOHHBIE METOJIbl CTAHOBSITCS HenpuroAHeMH®. Ho kak pas aas
CTO/Ib OBICTPBIX YacTHI Obl1 paspaGoTaH NpHOJIKEHHBIH METOA ornpe-
JeJleHHsl SHeprHH, OCHOBAHHbIH Ha KMHEMaTHYeCKOM MOAXOJE: H3Mepe-

* JIumwb B mocJefHHe TONH ITHPOKOE PAaCTIpOCTPaHeH e 10J1YUH/ HOHH3aIHOH-
HbI KaJOPHMeTp AJsl ompejeelHs SHeprud OuCTPHIX yacTui, paspaGoTaHHBLl
H. JI. TpuropoeeiM 1 ap. [60]. OfHako u B HacTosllee BpeMsi KHHEMATHYECKHI Me-
TOJ ONpejiesieHHs SHEPTHH NMEPBHYHBIX YACTHI[ — OCHOBHOII NpH aHajuse NaHHEBIX,
NOJY4eHHEIX B (POTOSMYJABCHSX,
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HUH YIJIOBOrO pacnpejiesieHliss BTOPHYHBIX 4acTHL, 00pa3oBaHHBIX I1pH
CTOJIKHOBEHH I YACTHIL, SHEPTHIO KOTOPBLIX HEOOXOAHMO OMpefennTh [61—
63]. JononuuTeNbHOE MPEHMYLIECTBO 3TONO METOAd — BO3MOMKHOCTD
H3MepeHHsl SHePrHHl HEHTPANbHBIX MEPBHYHBIX YacTHIL. B atom ciyuae
HYKHO O peeITh JOMNOJHHTE/NLHO HAaNPaB/IeHHe ee ABHIKEH ST, OTOXKIe-
CTBJIAISI €T0 C OChI0 InBHA. Onpejienenie ocit JHBHS €CTECTBEHHO BHOCHT
HOMOJIHATEJbHYIO OIMOKY B BEHYHHY SHEPTHH (CPaBHHTEJBHO C Olpe-
JleJIeHIIeM 9HeprHH 3apsiKeHHbIX YacTilL).

B ocHoBe meToza JexuT cooTHoweHue (8.11), KoTopoe npu ycaosnsx
Eo > mg u Eyy > mye umeer popmy
'1:;3 = Ea . (28.1)

2m gy
C mpyroit cTopoHs!, BeJiNYHHA Y. BXOAUT B cooTHoweHne (5.18), onpe-
Jeasiollee npeodpasoBaHie YIVIOB BblIETa NPH nepexofie or [[-cucremsl
K Jl-cucteme.

Hns onpefesieHust 3HaYeHHS . H3 cooTHoeHuit (8.11) n (5.18) He-
obxoaumo Haiiti f* n 0% (Benuunsa ¥ onpegensieTcss Ha onwiTe), 4TO
ellBa JI MOXKHO BbiMOMHHTb. OJHAKO, 1 B 3TOM COCTOHT CYIIHOCTH Me-
TOAa, B Haubosiee BaXKHOM CJlyyae O4YeHb GBICTPBIX YACTHIL MOXKHO I10-
JOXHTE % = f(/p* = 1, H Torja MOXKHO HCNOJBL30BATH COOTHOLIEHIE
(5.8), yxe He saBlicsillee OT cKopocTeil yacTuil B [[-clcreme.

U3 Beipamennit (28.1) u (5.8) caenyer

Eyy = 2oz g2 O° (28.2)
12 2

Popmyna (28.2) sBasieTcsi OCHOBOIT ANS ONPELEJEHHS SHEPTHH IO
yraosomy pacnpefiesiennio. OGbIYHO ee MPUMEHSIOT K yacTuiam, obpa-
30BABLIHM CTPYH € ManbiM (< 3—4) 41CIOM MeIJEHHBIX yacTHil. XOoTs
€CTb HEKOTOPLIE OCHOBAH ST COMHEBATHLCS B TOM, UTO 3T JIHBHII ABJSIOTCS
pe3yJIbTATOM CTOJKHOBEHIISI HYKJOHA C HYKJIOHOM, OAHAKO OOLIYHO JAJ18
MOAOGHBIX JINBHEI Macca /11y, NPHHHMAETCs paBHOIT Macce HyKaoHa. [1pu-
MEM TI0Ka 3TO JomylleHie *, a B JaJbHeilueM OLEeHHM BO3MOXKHYIO TMO-
TPELIHOCTE, BhITEKAIOULY10 OTCIOAA. Taxum ofpasom, ocraeTcst onpene-
auth yron 9%, Kak yxe ynomunanoch (cM. § 27), npH CTOJNKHOBEHHN
JBYX YAaCTHI[ €CTeCTBEHHO NMPHHATH, YTO HMEETCs a3UMyTajlbHas CHM-
MeTpHs, a B C/ly4yae CTOJIKHOBEHHS JBYX HYKJIOHOB MOMHO JIOMYCTHTh
eme Gosee BBICOKYIO cTereHb cummerpun (27.13).

Ilpenmosiokum BHayanse, 4TO KaxAoH uacThie ¢ uMnyJjascom p*
COOTBETCTBYET YacTHIla ¢ HMIYJIbcoM —p*. Toraa serko noayunrs coot-
HOLIEHIe, KOTOPLIM MOML3YIOTCH BeCcbMAa YacTo.

[Tycte Op, O_p— yrasl, comepxampe F u 1 —F jpoam Bcex
yactuu. Torna wus npegnonoxenus o cuMMETpUH B [[-cHcTeme
‘B'?_an——ﬂ'; W, C/Je0BATeJbHO, Ha OCHOBAHWH COOTHOLIEHHA (5.8)

W W (28.3)
tgdtgd,_x

2~

[

* O KHHEMAaTHYECKOM KPHTEPHI HYKAOH-HYKJOHHBIX CTONKHOBEHUI cv. § 30.
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HJTH
2m
Ejas 28 (28.4)
YTy
B uvacruocTH, ecan F = 1/2, T0
B2, (28.5)

2
1l‘}1,:’2

[Tpumem Tenepb Bo BHHMAaHHe, YTO YCJIOBHE CYIIECTBOBAHHSA ABYX YaACTHII,
JABHXKYULNXCS MOJ JONOJMHUTeNbHBIME yryiamu (0% 1 180° —0%), Brinmos-
HAETCA TOJNLKO B cpefiHeM. B 3ToM ciiyuae HeOGXOMNMO yiKe 3a/aBaThCs
HekoTopoil KoHKpeTHoil dopmoit  dyHKmHH D (94,...,%,5) Koppenasiinu
YIJIOB HenmycKaHust yactuu. Haiiiem HauGonee BeposiTHOE 3HAueHHe
sHepruu npu saganHoii pyukuun @, npepnonaras, 4To yIibl HCMycKa-
HH# YacTHL[ CTATHCTHYeCKH He3aBicumbl [62, 63]. B Hacrosiiee Bpems
HET 9KCMepHUMEHTAbHbIX AaHHBIX, KOTOpPbIe Gbl MOATBEPAH/H 5TO NpEJ-
nosnoxenue. Ero cinenyer npunsaTh Kak HanGosee MpoCToe, HMesT B BHAY
HEeOOXOJUMOCTb ONBITHOI TMPOBEPKH CTEeMeHH ero CrpaBeliuBOCTH™.
B stom ciyyae BepositHocTs D HAG/MIOJEHHST YACTHIL, BHUIETAIOUHX MON
yraamn 9y, ..., O, [62],
n

D, ..., B, ) = T D(D,), (28.6)

i=l1

& #*
rae &, di; cBasaust ¢ 9;, d¥; caeyOUEMH COOTHOIEHHSAMHU [CM, BBI-
paxenue (5.8)]:

1—+2tg%e
cosh* =1 & ", (28.7)
1y tg™ 8
. 2y, sec?
TR ek M 28.8

Torpa nauGosiee BeposiTHOE 3HAYEHHE ?énepl (a caepoBaTesbHO, H
sueprunt E,) onpejessietcss ypaBHEHHEM

{(?a-(b(ﬁl, s )} ={i1g®(ﬂ )]
u}£=const

Tc e I’JD‘.zconst

. (28.9)

Hunyope wu ap. [62] ebumcasam yp(*P) B [PEAMONONKEHHH, YTO
[ (8]) ~]|cos®7|* sin 0} Toraa ™" maxoaum us ypasmenus

n
1 1
T&?ﬁzz T_Lm—kl (Bep)2 4 .2¢ (Bep)2 4 2 ]-I
2 =i | cos® B, - 4{PeP 144§ tg®d, 14+ tg* ¥,
(28.10)

=

* 3ro NnpeinooKeHie T0BOJBHO ECTECTBEHHO MPH YCJAOBHH, YTO YHCA0 YaCTHIL
BeJJHKO H Cpejild HHX HEeT CYLIeCTBEHHO BhIIGJIEHHLIX BTOPHYHBIX.
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Haiiiem nasiee AuCniepCHIO BEJIMYHHBL .. 3anuuieM BoipaxeHue (27.11)
Aas {-H yacTUubL:

—lgv.="M4+lgen;. (28.11)

Yepeausis mo cjaefiaM BCeX BTOPHYHBIX 3apsiXKeHHBIX YacTHL, IIO-
JyvyaeM

n n
1 ] s
—lgve == hitlge Y n. (28.12)

=l i=l

B nanHOM cayyae 1, — YHCJIO BTOPHYHBIX 3aPSi?KeHHBIX YACTHIL B JIHBHE.
Jast nanbHeHIero cyllecTBEHHOTO YIPOILEHHSI BOCHOJb3Y€eMCsl OCHOB-
HOH mpenesbHOH TeopeMOH TeOpHH BepOSITHOCTH, COIVIACHO KOTOpOii
cymMmma N OAHHAKOBBIX CHyYyaHHBIX BeIHYMH npu N — oo sBaAsercs
TaKKe cJyyaHHOH BeJUUYHHOI, pacnpejiesieHHe KOTOPOH MpejcTaBaserca
¢yskuuei I'aycca ¢ aucnepcuet 6*N, rae 6 — qucnepcust nepBHYHON
cayyvaiinoli Bennuune*. IToatomy dopmyay (28.12) MoxeM npeicTaBuTh
B BHJE

1
—1gvc=-n:2 Koot (28.13)

rue
o= | P (n)dn, (28.14)

a o¢yHKUHA () — HOPMHpPOBaHHOE pacipefie/ieHHe BeJHYHH 1
B [l-cucreme.

EcrecTBeHHO, YTO BeJIHYHHA O 3aBHICHT OT CTENEeHH AHH3OTPOITHI
yIJIOBOTO pacrnpefieienusi B [[-cHcTeme, 0JiHAKO A5l Tpy60 OPHEHTHPO-
BOYHBIX PAacyeToB ee MOXHO NMPHHATL paBHoil eaunuue. HeaaBHo 3kc-
nepuMeHTajbHble HCCJefOBaHHA JNCNepCHH NoKasalid, 4To JJIsi CTOJIK-
HOBeHMSI MHOHOB ¢ sHeprueil 16 I's¢ ¢ sapamu dorosmynsenn o/ ) n, =
= 1,15 npu n; > 4. Ias npoTtoHoB ¢ sHeprueil 25 I's8, B3anmoneficTBy-

oux B GoToamyascuu, o/ V ny=1,6, Ans KOCMHYECKHX YACTHL| C 3HEp-

rueii okoao 100 Fss—cn’]/ns > 1,35. 1anHkie, nony4eHHbIE C TOMOILBIO
HOHH3AIHOHHOTO KaJopHMeTpa (E(,I ~ 10M"—10" 56), npusenu K rpyGo-

MY OMnpefejleHHI0 3HayeHHd m’y’ns ~ 1,6. Bce ™i jaHHbIE B3fATHI H3
paGotsl [64].

Kak yxaspiBasioch, onHCaHHbIe 3/leCh METO[bl ONpeleJIeHHs] SHEPTHH
NPUTOAHEL AN151 cllyyasi, Korja oTHouexne f3/B* = » GMH3KO K efHHHLe.
IlpakTnyeckn 3T0 03HAYaeT, YTO SHeprHs NMePBHYHON YACTHLBEI BeHKa,

* [lpu BHIBOJE 3TOI TeOPEMBI NpeAnoIaraeTes, YT0O AHCIIEPCHS 0F CYILIeCTBYET,
Kpome Toro, noayuawowmascs Gpyuxknus [aycca cMellleHa OTHOCHTENBHO HYJs; 3Ta
GOYHKLHS CHMMETDHYHA OTHOCHTEJNBHO HYJS B OJHOM BaX{HOM HaCTHOM cJayuae,
xorga ¢yrkmus @(U* cummerpuuma, T. e. Buinoauserca yciaoeue O(84%) =
= O(n — §*). D10 I ABAAETCH BTOPLIM YCJOBHEM NMPpHMEHHMOCTH (28.13).
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4 CJefoBaTeNIbHO, M YHCJIO BTOPHYHBIX UYACTHL[ BEJHKO MO CPABHEHHIO
¢ enunuieil. TouHyo TpaHHIY MeTOfa JaTh Hesb3sl, 0JHAKO MOXKHO Ha-
JlesiTbCH, BO BCAKOM CJlyyae, YTO €ro MOXKHO MPUMEHATh MPH 3Heprusx
Eg > 10" 36

OueHKy OMmHGKH, OOGYCJOBJIEHHYIO TeM, YTO CKOPOCTII BTOPHYHBLIX
YacTHIL He VJOBJIETBOPSIOT 3TOMY YCJ/0BHIO, MOXKHO NPOH3BECTH HECKOJ b-
KHMH TYTSIMH, OJ(HAKO BCe PABHO OCTaeTCs TPYAHBIM MYHKT, CBA3AHHbII
C MaJOoCTBbIO YHCJIAa BTOpPHYHBIX uacTuu. Hamerum 2z7ece HeKoTopbie
MOAXOALI K OLleHKe YKa3aHHOH Bbllle OLIHOKH.

Bo-mepBbiX, Tak ke Kak B § 27, MOXKHO BOCIOJIb30BAThCA annpoK-
cHMalMeil IMNyJIbCHOrO crieKTpa B [[-cucreme pyHKiueii bose —I1nanka
(27.30), Kotopasi jaer Aas pacrnpefiefieHus no A Bblpaxenue (27.31).
Kak BugHo u3 puc. 46, pacnpesenenue (27.31) HeCHMMETPHYHO H COOT-

BETCTBEHHO A==—Ig .. Beanununy A mpotie BLMHCAHTD He 110 hopmyJie
(27.31), a HemocpelCTBeHHO, Hcmoab3ys pacnpefenenne (27.30).
M3 o6biuHOil (OpMYJIbL PEISITHBHCTCKOTO npeoGpas3oBaHus YIoB (5.3)
clefyer, 4TO

k1
sln §#*

l + (p*) + cos « (p*) + cos 9%

- lg ?c"i"a‘ (21 Yc) (28 15)
HHTeT‘pHpOBaHHE no cos 0% BeIOJHAETCSA CPaBHHTEJIBHO MPOCTO:

o (p*)dp* d cos H* = —

= 1
A=—lgv.+ -5

G..___.-—=8

[=2]

% () + 1, (") +1
a(z:?c):‘_]ge_g{ 2 In QFI s
0

% (p*) — 1 % (p*F)—1 * #
e L }m(p)dp. (28.16)

HanbHeliliee WHTerpHpoBaHHe Mo p* BBINOJHHTL B KBajpaTypax He
yaaercsi. Pe3ysbTaTsl 4HCJEHHBIX pacyeToB no ¢opmy.e (28.16) npu-
BeJleHbl Ha pHc. 491,

Bo-BTOpbIX, MOMKHO HCHOMb30BaTh METOJ TNOCJENOBATENbHBIX Mpit-
GaIKEeHHH, TIOJIOKHB B EPBOM NMPHOJHKEHHH ® = 1, H ONpefennTh Ta-
KHM 06pasoM HEKOTOPOE Y., 3aTeM no gopmynae (3.12) ouenurn B*,
a MoTOM CHOBAa MpOJEJaTh BCe BbhluHcAeHHst. EcTecTBeHHO, UTO MPH 3TOM
HYHO He3aBHCHMO OINpPEeleNHTb HMMYJbC H Maccy HEKOTOPbIX BTOpHY-
HbIX uyacTui. TperbHM crnoco0oM ompefeseHHs SHEPTHH M caydas,
KOrjJia M3BECTHBI HMNYJIbC H MACChl HEKOTOPHIX BTOPHYHBLIX YACTHIL, SIB-
JISIETCA CUMMETPH3ALHs YIVIOBOTO pacnpejesients. JTOT MeTOM CBOAHTCS

1* BonpocoM 0 NMOMPaBkaXx K ONPeJeNeHHIo Y, CBA3aHHBIX C YUETOM CNEKTp&
BTOPHYHBIX YACTHI, 3aHHMa/JHCh ABTOPH 3TOro Mertoja [65]. C NOMOILBI0 HEKOTO-
poil annpoxcuMaunu B Hgrerpase (28.16) oHH MONYUHIH NS MEPBHYHOH SHEPTHH
27 I'se npu z = | suauenue | | ~0,05—0,06, uto focTaTouyHO XOPOLIO COBMANAET
¢ xpuBoH Ha pHc. 49.
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K ONMpeJe/ICHUIO B COOTBETCTBHH C (opmyJioit (8.11) takoro snauenns vy,
YTO B CHCTeéME KOOPAHHAT, KOTOpAas COOTBETCTBYeT 3TOMY 3HAYeHMIO,
yryioBoc pacrnpesesnenne o0/aajaaer HanGobIIel CHMMETpUell OTHOCHTE b+
HO I1OCKOCTH, MEPHEeHAHKYJISAPHOI K HANPABIEHHIO JBHIKEHIIS.
JIOnOMHUTe/ILHEIM BAYKHBIM HCTOYHHKOM OIIHGOK MOMKET GbITb pac-
npejesieHne MajalinX YacTHIl no 3HepruH. B stom cayuae (kak sto
HMEET MECTO B KOCMHYECKHX Jy4ax), KOTja 3HepreTHYecKHil crmekTp
YacTHIl, BbLI3BIBAIOIINX JIHBHH, MpEICTaBJAseTCH
wzy Obictpo majaiouleii  GyHKImeH, QAyKTyanHn B
pacnpenesieHiH HM3MepPeHHOH SHEPTHH OTHOCHTEJ b-
HO HCTHHHOTO €€ 3HAYeHHS MOTYT MPHBECTH K 60Jb-
woii omnoke. Ilpuunna saksioyaercs B ToMm, uTo
0201 najaiouiie YacTHUbl MajiblX SHepTHil MpeacTaBJeHbl
B ClIeKTpe ropasjio Goraue u, cJeloBaTeNbHO, pe-
THCTPHUPYIOTCSI ¢ OOMbllIell BepOSTHOCTHLIO, YeM ya-
cTHUBl Gonbwnx 3Hepruii. ITostomy merox B onn-
410 CaHHOH BbIlUE OPME AT 3aBEIOMO XOpOIIHE pe-
3YJIbTaThl JIHLIb B CJydyae, KOrAa CeKTp Majalomiix
YaCTHI [TOCTOSIHEH HJIH MOY=
TH mocTosiHeH. [isa  mece-

0 %' JIOBaHHs B KOCMHUYECKHX JIy-
4ax HeoOXOJHMO  IIOMHMO
BIHSHHS CHeKTpa TPHHATH
- BO BHHMaHHE CBSI3b MEXy

HOJMHBIM YHCJOM YacTHI[ B
3Be3jle H BeJHYHHOH 3Hep-
THH U 3HEPreTHYECKHM CIIeKT-
POM MepBHYHBLIX yacTHil. Bee
3TH BOMPOCHI paccMaTpHBa-
JINCh CPABHHTENBHO JIABHO
[66], HO ocTamuch Hesame-
YeHHbIMH. JINIIL HEJaBHO, B CBASH C BayKHBIM 3aMeYaHHEM O DOJIH
9HEPTeTHYECKOrO «IOPOra» MNPH YCTAHOBIEHHH CBS3H MEXAY H3Me-
PEHHbIMH M HCTHHHLIMH SHEPreTHYeCKHMH XapakTepHcTHKamu [64],
K 3TOMY KpPYyry BOIPOCOB BOSHHK 3HAYNTEJLHBI HHTepec.

CyTb 3TOro 3aMeyaHHs B CEAYIOLEM: 0OLIYHO DH3HIECKHE npuGopsl
HMEIOT HHKHHUII npejiesi H3MepeHHsl HCTHHHOTO 3HAYeHHs SHEeprHH («o-
por»). Torja BOmH3H mopora SKCNepHMEHTAIbLHOE 3HAYCHHE JHCTEpPCIH
G, T. e. 3HayeHHe O Jyis JaHHOIl yCTAHOBKH, HMCIHLITHIBAET Pe3KOe H3-
MEHEHIe, YTO CYLIECTBEHHO CKa3blBAaeTCsi Ha M3MEPeHHH HEeKOTOphIX
XapaKkTepHCTHK (0COGEHHO 3HEPreTHYeCcKHX CHEeKTPOB).

B sak;ioueHne oTMeTHM, YTO COBMECTHOE ONpefe/eHHe SHEepri
OMICAHHBIM 3/leCh KITHeMaTHICCKHM METOJIOM H C MOMOLILbIO HOHHU3ALLHOH-
HOTO KaJlOpHMETPa MOXKET MPOJIHTbL CBeT Ha XapaKTep aCHMMETPHH B
YTJIOBOM pacnpeieieHHH BTOPHYHbIX YACTHI[, BOSHHKAIOUIX B MHOMKECT-
BeHHBIX Mpoieccax [67].

1,67

Puc. 49. 3aBuchHvoCTe BeNWYHHBI MONPAaBKH
K dopuyae Kacranboan o ({, 2) OT 1, H 2.
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§ 29. KHHEMATHKA $®AHPBOJIbHOH MOJEJIH
MHOXECTBEHHOTIO OBPA3OBAHHSA YACTHIL

Jlna onmucanis ¢Tpyil BLICOKOIL 9HepTii BBILY OTCYTCTBHS MOC/EN0-
BaTe/bHOIl TEOPHH CHJBHLIX B3auMOAeHCTBHII ObIO TPEJJOKeHO He-
CKONBKO (heHOMEHOIOrnYecKHX MofAesell. B yacTHOCTH, JOBOJBHO LIHPO-

A0 coydaperus
v @) - Q@ w

focae coydaperus

—o -® B o—

N unu N¥ Fby Fb, Nunu K*

| ° %é

a

Ao coydapenus
W O—— Q@

flacqe coydaperuq

. @»@.@*@__.

Num N*  Fb, Fb, N umu N*

J

Puc. 50. Cxemarnyeckasi KapTida 3JeMEHTAPHOTO aKTa sAepHoro
B3aHMOJIHCTBHA NpPH BBICOKOI SHEPrHH COMIACHO JBYXUEHTPOBoil
Mogean B [l-cucteme (a) u B J-cucreme (6).

Koe pacnpocTpaHeHHe TMOJy4Ymia TaK HasbiBaeMasi JBYXLEHTpoBas
(nnu daitpGoabuas) mogenb [68—76]. ITo atoil Mogedi B pesyabrare co-
yAapeHns IBYX HYK/JOHOB IPH BBHICOKHX SHEPTHsX CHAuYaga o0pasyloTes
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uerbipe Tesna (puc. 50): ABa GapuoHa*, paasneraiomuxcsi B L[-cucrene
B IIPOTHBOMOMOXKHBIX HANPABJIEHHsX, H JBa ME3OHHBIX crycTka (daiip-
Gona) ¢ GapHOHHBIM 3apsIOM, PABHBIM HYJIO, KOTOphIE TaKiKe pas-
Jetaioress B L[-cucTeMe B NPOTHBONONOXKHBIX HanpaBleHHSX, HO CO
CKOPOCTSIMH, MEHBIIHMH, YeM CKOPOCTH HYKJIOHOB MOCJ]E COyAapeHHus.
3arem QaiipGosisl pacnajaioTcs H30TPONMHO B CBOell CHCTeME MOKos,
HCycKast B OCHOBHOM 7t-me30HbI. Bompoc o ¢usnueckom o6ocHOBaHHM
ABY XLLEHTPOBOH MOJIEJIH H PeajibHOM CYILeCTBOBAHNH (aiip6OIOB JMEKHT
BHE PaMOK 3TOH KHHTH (CM., Hanpumep, pa6otsl [73—76)), u B ganpueil-
LIeM OCTAHOBHMCS JIHIIb Ha KHHEMATHYECKHX CJIeICTBHSX JABYXIEHTPO-
BOi MOJeJIH, OHPAsiCh B OCHOBHOM Ha PaGOTbI 0JBCKHX aBTOPoB [6, 73].
_ Bsenem caenyiomne oGosnauennsi: M;, M, — macchl calip6os108;
Y1, V2 — JopeHn-aKTOpbl  (aipboNOB  OTHOCHTENBHO I[-CHCTEMbI;
«,:'IM). 'P{QFM — JiopeHI-pakTops! (aiipGoioB OTHOCHTENBHO JI-CHCTEeMBI,
npiyeM HHAEKC 1 oTHocuTest K (aiipGony, BhuleTaiomeMy B [[-cucteme
B nepeHiol0 nonychepy (B JI-cucreme ObicTpbiii (haiipboa), a HHEEKe
2 — K QaiipGosy, Bblnetaioumiemy B [[-cucteMme B 3ajHION moaycdepy
(B JI-cucreme MepseHHBIH (aiip6oi).

PaccmorpuM cHauana npocreffumii cayuail cHMMeTpHYHOI IBYX-
LEHTPOBOH MOJeJsH, Korja macchl oGoHX (ailp60J0B paBHEI Mem 1y
co6oii (M; = M, = M), npu pacnaje Kaxaoro ¢aiip6osa Bo3HHKA-
€T OJHO ¥ TO K€ WYHC/IO BTOPHYHBIX YACTHL (n, =N, = n./2) w
(afip6osibl  ABHAKYTCSL B I[-cHCTeMe C OJMHAKOBHIMH CKOPOCTSIMH

(1= ¥» = 7) B HaNpaBJeHUsX, KOIHHEAPHBIX HaNpaBJeHUIO ABUXKEHHS
NEPBUYHOro HyKJOHa. B 3Tom cayuyae [cM. dopmyast (4.9) u (4.9)}

WO = v+ Vv —1Vr—1;
Wo=v3—V92—1)v—1

(29.1)

HIH npu y, > 1

Wy, v+ ) P —1 ) (29.1")
v =, (Y~ P—1). |

[loneswo umers u oGpaThbie (oOpMyJsl, T. €. BHPAsHTH Y, H 7

uepez y{"* u {0

3 vhY).
V2 = p(FD pire); (29.2)
r g -
T‘l &) + T(z”’) T(1Fb) T .’5”’)

21, = 2]_/ 1 (F0) 4 (FO) 2

p= (29.3)

* B panbHeitiemM fis npocToThl GyLem cunTaTh HX HYKJIOHAMH, XOTS B npuy-
Lune GapHOHb! MOTYT GBITh Mt0Gbie (Hanpuyep, GApHOHHEIE Pe30HAHCH — H300aphl).
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Kak o6blyHO npH aHajiu3e CTPYil B5ICOKOH HEPTHH, B JaJbHeilmem
OyjleM CYHTaTh, YTO A1 Kaxaoro daiip6osia ¢ XOpPOLIEH CTENeHbIO NpH-
GJIHEHHOCTH CIpaBeJJIHBO cooTHOoIeHHe (27.8), T. . CKOPOCTH BTOpHY-
HBIX yacTull B cHcTeMe (aiipbonia paBHel cKopocTH camoro calipGosa
OTHOCHTENBHO JI-cucTembl. OyeBHIHO, YTO 10 YHCTO KHHEMaTHYECKHM
NpHYHHAM JBYXUEHTPOBOH MOJeNH NpHCYLe aHH30TPOIHOE YIJIOBOE
pacnpefienenne B [[-cucreme. Jro pac npefeseHHe B KOOPAHHATaxX A
B CHJIY NPOCTHIX TpaHC(OPMALHOHHBIX CBOHCTB pacnpefeseHuil mo A
(cm. § 27) paBHo cymme AByX pacnpefenenuii (27.21), rae Bmecro vy,
cliellyeT TOACTAaBHTL JopeHU-(akTopsl daiipGonos

1 4 | 1
1 danN - 1 ] A+ Ig_{:];:m) . ()\_{_ lg_{fq-’"b)) 3 {294)
ch? [—_ ch* |l S22

N dh 4lge

lge lge

Llentpsl pacnpenenednit, cocrasisiomux (29.4), CABHHYTH OTHOCH-
TeJbHO JAPYr Jpyra no ocu abCuucc Ha paccTosiHue

25 = Ig y{F) — g i) ~ Ige-In 2TV E=L _ 91ge. ArchT. (29.5)

i—Ve—1

W3 pasnoxenus [cM., Hanpumep, kuuary [19], dopmyay 1.642 (2)]

Archy= ]an—é e bR S ERA b, (29.6)

2% 24 43 2.46 6/°

cJaejyeT, YTO ViK€ NpH 9 > 2 —3 MOMXKHO C TOUHOCTBIO 0KOJO 5%

OrDAHUYUTHCS TOALKO MEPBBIM UJEHOM
. 6~ 1g2y. (29.7)
IToacrasasisa Beipaxcenue (29.5) B dopmyay (29.1°), nosayuaem
lgy{f =~ 1gy, +6;

lg v ~ gy, —8, I (29.8)
# pacnpefiesenue (29.4) MOXKHO mepenwucaTtbh B BHAE
1 av 1 1 1
Ve T e | g e T (Lﬂ!ﬂfj)]'(gg'g)
l ( lge lge

Ilns sanmucn yriioBoro pacnpeienenuss B KOOPAHHATAX A B JIBYXIEHTPO-
BOil MOJIe/IN 4acTO HCMO/b3YeTCs TaKiKe annpoKCHMALHS H30TPOMHOTO
pacnpefenenus ¢yuxuueit [aycea (27.217)

LA N G s
2 - 2
2 e 1 s B g oo (29.9))

N d. . 2V %a,
o,~ 0,356 = 0,37.



[IpousBoanas ¢ynkuun (29.9) obpamaercs B HyJlb B TOYKE A =
= —Igvy, 1 B Toukax

sh2 [ —— ) —1
(-’5-3—_ (29.10)

2% b
ch ( )
lge
npuieM ToukH (29.10) cywecTByiOT npu yC/OBHH
sh? ( = ) —1
lge
25
ch ( )
lge

8> —%"— Arch 2 = 0,286. (29.11%)

A=—Ilgvy, :};%EArch

> 1 (29.11)

HJIH

CaenoBarenibio, pacnpenenesus or 06oix daiip6osior ckianpiBaioTes
TakuM o6pasom (puc. 51), uto cymmapHoe pacnpenenenne (29.9) npu
6 < 0,286 o6nangaer ognuMm Makcumymom, a npu 8 > 0,286 asyms
MaKCHMyMamH, pacCTOSIHHE MEXKAY KOTOPBIMH BJOMb OCH aBCIHCC

2%
sh? ( I ) —1
26'=lge- Arch ———£ (29.12)
ch ( )
lge
HEeCKOJIbKO MeHblIe, ueM 26, Ho cTpeMuTCest K 3Toil Ben HUHHE ¢ pocToM 8.
AuusoTponus yriosoro Paclpefieyienna B nepBoM HpHOAMKEHHH *

XapaKTepHsyercst LMCNepecHeil, KOoTopasi 3KClepHMEeHTalbHO omnpefe-
Jsercs no Qopmyse

s
2 (it g2
Ugi{cn = = . (2913)

ng—1

Hanomunm, uro spech 7, — uncao 34pSKEHHbIX BTOPHYHBIX YaCTHIL.
B nanbueiimem npunumaetes ecrecteenioe Aony1eHne, 4To pacrpesee-
HHe (29.4) man (29.9) npHMEHHMO He TONLKO KO BCEeM BTOPHUHBLIM Ya-
CTHLAM, HO H K ONHHM 3aPsSXKEHHBIM, KOTOphie haKTHYIECKH HAGIIONAI0TeS
B Skenepnmentax. Jlucrepcusi yriosoro pacmpesenenus (29.4), npen-
CKasbIBAEMOTO JBYXIEHTPOBOII MOJEbIO,

(Fb)

at 1 i 2 2
o¥= ]_2“(18‘3)2'%—: ]gz-_W:UD + 6" =~

* Hns Gosee peranbuoit uuopuanin o popme annzoTponHoro yraoBsoro pac-
NpeAeeHIsT HeoOXOAHMO 3HAHNHE MOMEHTOB (0J1ee BLICOKOT nopsaka, yem BTOpOIi,
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~ op + lg°e-Arch®y = 0,155 + 0,189 Arch®y,  (29.14)
anpu y >2 [cM. Bhipawkenue (29.6)]
a2 =~0,155 - 1g22y. (29.14")

@opwmyna (29.14) ycranapiuBaeT CBA3b MeXKAY HECKONBKO (opMasIbHOIl
XapaKkTepHCTHKOH G M (H3HYEeCKHM [apaMeTpoM y (rpaduuecku cBasb
MeXJy G H y NpHBejeHa B BHAe ABYX IIKaJ MO OCII Op/lIHAT Ha puc. 51).
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Puc. 51. Pacnpegienenne no A, npeickaseiBaemoe ABYXLEHTPOBOIl
mojeasio [73]. .

Cornacho Kpurepuio (29.11"), pacnpenenenue no . CTaHOBUTCH ABYX-

MaKCHMYMOBBIM npu
o >>0,487. (29.15)

B skcnmepumenTtanbHO#l NpakTHKe ANs Gosee HANEHKHOTO BbIIENEHHS
NpoBajia MeXAy MakCHMyMaMmi B KayecTBe I'pPaHHLLI MPHHSATO IICMNOJMb-

30BaTh HECKOJbKO GoJbliee 3HaueHue ¢ == 0,6. X
Ilo mepe pocta @ pacnpefenenne IBY XIEHTPOBOIT MOJe I Bce Gosblie
OTKJIOHsIeTCs OT HOPMAJIbHOTO pacnpefenenns I'aycca, KOTOpbiM am-
NPOKCHMHPYeTCA pachpefiesieriie no & npu Manelx 3Hauennax y. B paGo-
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Tax noapckux ¢usnkos [70] B kauecTse Meph oTK/OHeHHs 3KcrepH-
MEHTaJbHOrO pacnpefeseHuss OT HOPMaJibHOTO C TeM ¥Ke 3HAYeHieM O

OBl BBEJICH Tapamerp
nl® — ntd) ) — nih)

=@ 0
ng' -+ ng g

, (29.16)

(7 3
rA€ n — YHCJO BTOPHYHLIX S3apsMEHHBIX YacTHl, Y KOTOPbIX 3Ha-
yenust (A 4-1gy,) nexar B uutepsane or — 0,674 ¢ a0 0,674 o;

()

1, " — YHUCJO BTOPHQHHX SapH)KeHHbIX YacTHlu, Yy KOTOPIJIK 3Ha4YeHHu4d
D
L B¢ W

a6}

o5} [

' -4s74c  +067c A+lgg,

04}

a3

a2t

o1t

1

0 i L L I 1 1 1 L
aVa,f o5 97 08 49 10 17 17 &

Puc. 52. Onpegenenne napaverpa D (na Bpesxe) u ero saslc-
MOCTB OT .

1
(M- 1gv,) nexar BHe sToro murepsasa (puc. 52). Ipanuusl UHTEp-
BaJa BbIOpaHbl HCXOASL M3 YCJIOBHS, 4TO JJsI HOPMAJbHOTO pacripe-
Aenenuss D=0 (puc. 52).
[Iponsrerpiposas seipaxenne (29.9) B ykasaHHOM Bbillle HHTEpBAJC,
MOJIyYHM, YTO COIVIACHO ABYXIEHTPOBOH MOfe/H
'0,6?46-—1/62—63

10,6746+ o° — a2
B l—th( | —th . (29.17)

\ lge i Ige

I/‘Isu rpaduka sasmcimocTi D oT ¢ (eM. puc. 52) BUJHO, YTO B IBYXLLEHTPO-
Boit Moftestit D >0, vaunHas ¢ ¢ >> 0,48, 1 pacreT C yBeJquYeHHEM O.

Ecan yraoBoe pacnpenesnenie B KoopiuHaTax A annpoKciuMupyercs,
KaK 3TO yacTo Je]1aeTCsl Ha NMpakTHKe, CYMepHo3HLLHeil IBYX HOpMaJb-
HbIX pacnpefenenni (29.9%), to
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0,6745-+ |/ 0% — 62 ) '.0,6744— 6% — o2
D:l—erf( ry]gar 2 )-—erf( ‘/lg/g‘ ) >, (29.18)
rae

z
2 ‘ oy ;
erfz= V=) e—1* dt (29.19)

0

—OObIUHBL 1IHTErpaJ BeposiTHOCTH.

Jlast JanbHeiIero I3jioM<eHHs BBeJeM BaXKHYIO XapaKTepUCTIIKY
coyaapenus — Koddduient Heynpyrocti K, onpeiesins ero Kak 10110
KITHETIUeCKoit 3Heprii CTANKHBAIOULIXCS HYKJIOHOB, TpaHcdopmipy-
IOLLYIOCST B MOJIHY 10 9HEPrHIO 00pa30BaBILINXCsT B pe3y IbTaTe COyAapeHtis
HoBbIX yacTui . QueBHAHO, YTO KO3hHUILEHT HEYPYTOCTH HE SABJsETCS
B o0UieM cJyyae peNsiTHBHCTCKIM HHBAapHAHTOM ¥ €ro 3HadyeHie sa-
BHCHT OT BBIOPAHHOI cHCTeMbl KOOpAIHAT. Ecan cyMMapHbiH HMIy/abe
HYKJIOHOB TIOCJIE COYAapeHTisi B I[-cHcTeme paBeH HyJ110, TO KObduieHT
neynpyrocrn B Jl-cicreme *#

e

Y E;
K(..’I] = Tor— (T1+4-T2) — =] (29 20)
Tﬂi TOI.
H KO3()pUILEHT HeynpyrocTu B [[-chcTene
=
K* — (Tor+ Toa) — (T + 7)) _ = (29.20)
o ] * :
Tor -+ Toz Tor+Toz
CBA3aHBI TPOCTBIN COOTHOILEHHEM
KD = e K*, (29.21)

Te+1

KOTOpOE BLIBOANTCS Ha OcHoOBe mpeoGpasosanuii Jlopenua. Kak Buiuo
ns coorHowennsa (29.21), npu y, > 1

K =~ K", (29.21")

Pasauynble xapakTepHCTIKH JIBHS B BY XLIeHTPOBOI MOJeJIT CBA3a~
Hbl MexAy coG0il onpeie/aeHHBIMI KOPPeALHAME, 00yCIOBICHHBIMI 3a-

# Qnpegenenie K Hyeer cMBICA B TOM cayuae, KOTAA (PEHOMEHOJOTHYECKH
NpoLECe COYAAPEeHist NPOMCXOANT TaK, UTO CTANKHBAIOUIMECH YacTHUB (B AAaHHOM
civuae HYKJAOHbL) B pe3yJbTaTe COYJApeHHA He MEHIOTCA No cBoeil npupote
H MOFYT ObITh OTOMAECTEJEHLI CPeAH BTOPHYHBIX UaCTHLL.

#* B gopmyaax (29.20) u (29.20") nngexcwt 01 1 02 oTHOCATCA K HYKJIOHAM A0
coyuapenns, HHAeKcH | M 2 — K HYKaonaM mnocje COyRapemis, WHACKCH [ —
K TeHEpHDOBAHHBLIM B COYAapeHIN BTOPHUNBIM HACTHUAM (7L-Me30HAM).
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KOHOM coxpaHeHus sHepruu. C Toukn spenns (aiipGonbHoil Mogenn
B €e NIpoCTeHileM BapHaHTe BCE BTOPHYHbLIE YACTHIBI BO3HHKAIOT B pe-
syabTate pacnajfa ¢aipGosioB, n HX cyMMapHast OJNHAs SHEPTHsA paBHa

Epy, 36
-5 -4 -3 -2 - g 1
4 7 7 f 0 0
12 —
18 v
20 | 2 —— 1072
o l // 10 13
— A
10 72 [/
i / s
107 i
5
10"
[ 20
ng -4 3 -2 1 a 4
boicmpsid paipdon Medaennsid gadplon

Puc. 53. Tloaoxenne oGonx MaKCHMYMOB pacnpefejsenus no A,
NpeJicKasbiBaenoe ABYXHUEHTPoBoH daiiplonbHoil  Mogenslo  Kak
hyHKUHs nepsuyHOil sHeprun Eg M MHOMXECTBEHHOCTI ng. benas
NOBEPXHOCTL COOTBETCTBYET Kos(hduuuenty meynpyroctun K1) =

=1, B3alITPUXOBAHHAA MOBEPXHOCTH — Ko3(uuneHTy Heympy-
roctn KW' = 0,1 [73].

MONHOM 3Hepri BaiipGosos. Cuutas nanee, uto daiipGons AAOT npH
pacnaje TONbKO TT-ME30HbI, MOJHOE YHCJO KOTOPBIX /. = 311/2, MOMKHO
Ha OCHOBE 3aKOHA COXDaHeHHs! 3Hepruu B [[-cHcTeMe 3amiicath

2My = % n elro) p — 2K my (v, —1)=~2K*m,y,, (29.22)

(Fb)
TA€ &z~ — CDEAHss SHEPTHs T-ME3OHOB B CHCTeMe MOKOs (haiipGona.

Kak noxaseiBaer cpasnenue $alip6osbHON MoAeIH C IKCrIepHMeH-

(Fb) "
TOM, &, CJACAVET CUMTATh NPAaKTHYECKH He 3aBHCSLEH OT y,:

(Fb
gron

= const =~ 0,5 Iss. (29.23)

H3 storo coornomenus caenyer, yro

= 4K*m y; 4K* my
V=g e — D= oy e (29.24)
" 5T
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IToscraBasasa Janee nocaeiHee BolpaxeHHe B dopmyay (29.1) uau
’ F F :
(29.17), noayuaem sasucumoctnh {7 u yif®) or y, n. u K*, npu-
BefleHHylo Ha pHc. DH3. KauecTBeHHO XapaxTep 3TOH 3aBHCHMOCTH
MOXKHO OILIEHHTbH, BOCHIOJIb30BABUIHCH I'IpHG.?I[/I}I\'EHHbIM[I CxpOpMy.T[a-.\ll-l

(4.11) u (4.12), cnpase ausbiMu OpH > 2, TOrja

= 8K*m 4K=
Fb) ~ - i 2~ 5
WO =2 Y=g Yo = 5, om Eu (2929)
H
17 v 5 1 [ 4K*my 3 L0
1 2 (t_ ¥ _) T2 oy T !q* + gdah)
1 (e 3n e 4K my ;

U3 cootroenuit (29.25) 1 (29.26) BuaHo, yto mpu ns = const u K* =
= const sopenu-pakrop OGbictporo daiipbona pacreT NponoOpLHOHAb-
HO 3Hepruu Ey GoMGapAHpYIOLero HyKJaoHa, a JopeHi-pakTop MeLIeH-
Horo thaiip6oa He 3aBHCHT OT Ey; H onpeienserca TolbKO 3HaYeHHAMH
ns u K*. CooTBeTcTBeHHO B KOOpAHHATAX A paccToAHHe MEXIy ABYMfA
MaKcHMyMaMH Jorapu@Muyecki BospacTaer c sHepruedl Ey, npuuyem
TaKHM 06pasoMm, 4TO MaKCHMYM, OGYCJIOBAEHHbIH G5ICTPbIM HYKIOHOM,
c/lBUTAETCH, a MOJIONKEHIIe MaKcHMyMa, OOYC/IOBJIEHHOTO MeJIeHHBIM
(haitpGosiom, ocraercsi HenamenHbiM. M3 cooromenuit (29.25) u (29.26)
BbITeKaeT Takke, uto npi £, = const u K* = const paccroanne mexay
MaKCHMyMaMif BO3pacTaeT IpH YMEHbIIEHHH MHOMECTBEHHOCTH /ls.
Takum o6pasom, HanGosiee IPKO XapaKTepHblie YepThl [ABYXIEHTPOBOI
MOJeNH NPOSABISIOTCS B CTPYAX GONBLIOH SHEPTHH C Majoil MHOXKECT-
BEHHOCTEIO.

Jlns aByxueHtpoBoii Mofean F-rpapuk  Yoxepa — [lanaepa

(cm. § 27) umeer BuA
s L 1g(Fb) v 4 Y P
2+ [th(&){—th(ﬁ_)
F(<®) Ige \ lge _

y= lg T—F (=) =lg o (Fb) - TR B
2_|¢}1 (&) - th ( ol —Ig L ).‘

lge Ige

2—i—[th (%gg_rj_i) 1 th("-*—'f’#’“)]
le T T . (29.27)
L - | e T e 'r.—r‘, .

9 [“, (”f’iéﬂf’;] Lt (: 3 I|gg:: )]

[Ipoussopnas dy/dh B TOuKe TiepeceyeHus C OCHIO abcuucc
(A=A=—Igy,) pasua

dy | — (29.28)

,
{11+
1]

b

!



a npu k= -+ oo

¥

~ =2, (29.29)

h—++oc

u F-rpadux obuiajgaer AByMsi acHMNTOTaMH, ypaBHEHHe KOTOPBIX

2 ) — 2k +21gy, +lg(2y2—1). (29.30)

y=2A+2Igv. Lt 1g ch(

Ige
Paccrosune MeWAYy acHMnToTaMH BAOJIL OCII adeiHee
ds = 1g (292 — 1). (29.31)

Takum oGpasom, B F-rpaduka Ansi ABYXIEHTPOBOH MOJETH BecbMa
CXO0X ¢ BHIOM F-rpadnka Ajasi aHH30TPOMHOTO paclpeleseHust THia
cos2* 9* [cm. dopmyay (27.23)], mpusenernoro Ha puc. 48, ecan nojo-
6paTb k, HanpUMep, TaK, YTOOLl aCHMNTOTHL OOOHX pacnpeieneHHii CoB-
maganu, T. e. [em. Beipax enns (27.42) u (29.31)]

E=1y2—1. (29.32)

st 3KcnepHMeHTa/IbHOH TPOBEPKH H30TPOMiH B cHcTeMme daiipGo-
JIOB 4acTo CTpouTcsi F-rpadiK OTAENBHO AMS YaCTHI, MOMAajaloulHX B
o6mnacte OfiHOTO MakcuMmyma. EcTecTBeHHO, UTO Takas mpolleaypa BO3-
MOXKHA JIHIUb 118 TeX CTPYH, Y KOTOPbIX B pacrpeielieHHH 1o A yeTKo
pasgensioTes ABa Makchumyma, T. e. npu & > 0,9 (em. pue. 51).

OTtmeTHM Ternepb, KaK H3MEHATCSH KayeCTBEHHO XapaKTePHCTHKH
CHMMETPHYHOH JIBYXLIEHTPOBOI Mozenw, ecan (aiip6onbl pasieraiorcs
B [[-cucTeMe He KOJIHHeapHO HanpaBJaeHH IO ABHXKEHHA CTalKHBaloLlHXCA
HYKJIOHOB, a MOJ HeKoTopbiM YoM a*. TIpi 3ToM mpeanonaraercs, 4To
VIJibl BblJIETa BTOPHYHBIX YACTHLL B JI-CHCTEME NMO-NpeKHeMY OTCYHTbIBA-
OITCS OT HanpasJenlisi ABHKEHHsI nepBHYHOrO HyK/oHa. Jlopenu-dakro-
pbl chaiipGonoB B JI-cucteme

v =y, (34 )/ P Teosa’);
W = (1= P —Teosar).

Fb Fb f
1 ux orsomwenne yi’ /ps"? ymensiaercs ¢ pocrom a*. Ciie1oBatesHo,

B KOOpJAHMHATAaX A paccTosiHHe 20 MeXJy LeHTpaMmH pacrnpefeseHuii or
obonx afipbosoB MeHbIUE, YeM MpPH KoJHHeapHOM pasmaere. MoXHo
nokasathb [73] Takke, yTo WHpPHHA pacnpeaeaeniis OT OTAENBHOTO (aiip-
GoJaa [IpH 3TOM MCHBbIUE, YeM T.

OGpaTtumcst Temepb K HECHMMETPHYHOH JIBYXUEHTPOBOH MoeH,
Koraa caiip6oabl o6nafaioT pasnuunbiMu Maccamu (My == M,) u Jjo-
penu-(aktTopamu B [[-crcreme (y; = y») M pacmajaiotcsi Ha pasJiyHoe
YHCJIO BTOPHYHBIX YACTHIL (1, =& n,); HampaBJeHne ABHXeHHsA daiipGo-
JIOB mo-TipexkHeMy OyJeM CUHTAaTh KOJITHeapHLIM HANpaBJeHHIO IBHIKe-
HIisl TIePBHYHOTO HYKJOHA. JlopeHu-hakTopel daitpGonoB B JI-cucteme:
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(29.33)

RICTNE W Vo Juy g Vg PR ?‘ VA=) (29.34)
ps 8 = '\’c"_Fz_V'\’i_‘ 1 ]/f 15 —1 "-:\Jf.(‘\’: ‘—V{"’— 1)‘

B xoopjuHaTax A pacrnpeiejeHis or oties bHBIX (ajip6ooB CABHHYTHI
OTHOCHTENBHO APYT Apyra mo ocn adcunce Ha pacCTognue [cp. ypaBue-

nue (29.5)]

i b T
gyt — gyt ~lge.ln - =

[-3‘__ {4)

— lge Arch ¥, + lge Arch V2 = 8, -- 8, (29.35)

¥ CyMMapHOe paclpeje/eHue BMECTO pbIPAXKEHAI (29.9) u (29.9")
HMeeT BHJ

2 ' 1
1 dN _ 1 ny e ——
N ‘dh T 2]ge\nl+ﬂz' (18, +
ch? lge —
g na _ ! - l : (29.36)
Ny lg 11—_'&-;___"_-')]
ci ( lge )
(e 1t 0y)? (Hgi—%)?
— 3
1odN 1 [ m e T 4ogme T (2936)
N dE T Y ame | Mt e VIR |

Boluncnss crasjapTHEIM METOAOM aucnepCHio paciypeneseris (29.36),

no/fyuaeM [cp. ypaBHeHie (29.14)]
.I 1y g 2 W LT I 5,
([ge)2+m Ig R = 00 (ulm;p( 1+ 8=

12

¢ =

Mt g2e (Arch 7+ Arch yo)%. (29.37)

(n1-i- ne)*

~cp +

B HecHMMETPHYHOIl ABYXILEHTPOBOI MOAEJI MOy /ibChl HYKJIOHOE
B [[-cHcTeMe nocjie CoyAapeHus He paBpl MEXKLY coGoii. Koadouitent
neynpyrocru (29.21) B aToM caydae pmeeT CMBICH, onp3ysch TeM, UTO

To, = Tos, mpeoGpasoBath K BHLY
* T Toa—Ta 97
K$=_I_(TUI . Tl +_U_Z*____~) :?([('I _1_1(2), (2938)
2 Toi Too

rae Ki u Kp — kos(duiientst HeynpyTOCTH OTjenbHbX HYKJOHOB,
JI r T
yYaCTBYIOLIHX B COYAapeHInl. Ecan HyKJiOHBI NOCTE coyaapeHtis OCTAIOT

cs B [I-cucTeme GbICTPBIMH YACT HILAMH (P P2 = 1), uto 06BLIUHO U HMEET
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MECTO, TO C nomoiLblo npeoSpasosannii JIopeHLa MOIKHO JIErKO MOKa3aTh
[ananoriyno Bolpazkenuo (29.21)], uro torna

# (.
Ki= K% |
E__ (3 '
[(2 = K 3
rie K — kospuument HEYOPYrocTH B 3epKajbHOH (aHTH/aGopa-
TOPHOI1) CHCTeMe KOOpAHHAT (3-cucreme).

; F
Betpacerine 1t v, uepes pi™ u pi™ sasucnt reneps ot coor-

i £
HOWEHHs Mexay K| v Ko 3amuues 3akoHb COXPaHEeHHs] 3HEPrHH H
HMIyJibca B [[-cncTeme:

My Y14 My 9y = 2K* (p, — 1) my =~ (K'Y + K3) y, my;
MY = 1—M VBl =ps—piaTi—Ti= | (29.40)
= (Ki —K3) v, my.
CkusafpiBast 1 BeIYHTAS paBenctsa (29.40), nosyyaeM COOTHOIIEHKS

Mo+ VAT —1) + My (30— V FT= 1) =2K} p, my;

(29.39)

L = i _ (29.41)
My (?l —V - 1)+ M, (?2 + V= I) =2K2 v, my,
H3 KOTOPBIX C yueroM Bblpaxenus (29.34) caenyer
K M, 1§70 +m, 1{F0
ve =y P LT T T (29.42)

o o
Kl M_l .',éa"b) + M, r{I b)

3ameTnm, 4TO 3aBHCHMOCTD V2 OT Macce (aiip6onoB cBOAMTCA K 3aBHCH-
MOCTH OT otHouwleHnst M;/M,, KOTOpoe B CHIIY NPEANONOKEHHS 0 NO-
CTOSIHCTBE CPefHEeH SHEPTHH ITI-ME30HOB B CHCTEMe daiip6onia [cum. BhI-
paxenne (29.23)] MOKHO 3aMEHHTb OTHOLIEHHEM YHCena BTOPHYHBIX Yya-
CTHIL

A’I-_a ~
e (29.43)

Ecau  daiip6oasr  npmxyres B L]-cucTeme ocTaToyHo GhICTPO
(vi» 72>2), a ux maccer pas/iHyYao TCS He OYeHb CHJBHO, TO COOTHO -
menus (29.41) ynpomaiores:

My vy = Kivemy=~Toi —T1; | (29.44)
My ps= Kz y,my~Tos—Ts. |

Hs cootHowenns (29.44) Buano, yto B 5TOM cnyvae Kaxiblfi daiipGos
FEHEPHPYETCS 3a CUET SHEPTHH «OJHOHMEHHOTO» C HHM HYKJIOHA, JBHKY-
LEerocsi B TOM K€ HampaeJeHHIl.

IIpeneabHbIM CayYaeMm HecuMMeTpHYHOH dalipgonpuoii Momenu siB-
Asiercst renepauys b ofsoro daitpéona (751 13 5roy cayuae nopeni-

daxtop ¢aiipGona B JI-cucreme
yo sy (v v —1). (29.45

rAe BepXHHil 3HAK COOTBETCTBYET Bbm"{?)"ﬁ ?&“ pbosna B I]-cucreme
Brepel, a HIDKHIM 3HaK — BblIeTY (aip oK Ha3aj (HanpasiieHue
ABHKeHHA (paipGonia Mo-npexHeMy “0”31"35{” OJl1HeapHbIM HanmpaBe-
HHIO [BHJKeHHs [MEepBHYHONO HYKJIOHA). aPakrepHas 0COGEHHOCTH
YIJIOBOTO pacrpeiesiertsi B [[-CHCTEME COCTOHT B goyyyerpuynoM pas-
niere yacTHll. B KoopjHHaTax A 3TO pacnpeneneite yyeer ry e Gopmy,
YTO M M30TPOMHOE pacrpejesenie (0 = ), HO CMeleHO OTHOCHTENBHO

TOYKH — 1g y. TaK, 4uTo

A= —lgy = — gy, FlgeArch 5 (29.46)
[mpaBuio ynoTpeb/ieHns 3HAKOB TO XKe, YTO H i papepcrpe (29.45)].
SaMeTI-[M, YyTO B 3TOM C.ﬂyqae 'P(Fm COBIAJEET C TQM 3HayeHHEeM ﬂopeﬂu_
dakropa, KOTOpoe Onpejensiercs MeTOAOM Kacrauponn (em. § 28).

Paccmorpum Jajee AJs  ONpPEeAeJEHHOCTH q’aﬁpﬁon, BbLIETAIOUHIT
srepen B [[-cucteme. [Tonaras B BbIpaKeHuH (29'41) My =M, M, =0,

Y, = ¥ H HCHOJb3Ys PaBEHCTBO (29.45), monmyuaey,
. M = fT_‘
T . (v +Vy—1 I

2y my
o e = (29.47)
Kim K = g V=V =T,

M3 3Tux COOTHOLUEHHIT ClieAyeT, 4T0 y&Ke IPH Y > | 5 gosddunueHTs:
neynpyroctu B JI- 1 3-crcreMaX CYLWECTBEHHO pasnyyajoress Memiy

coboii:

K® j—Ve—1_1
K~ e a e (29.48)

npuueM HYKJOH-MHLIEHb TepsieT OHeHb Manytlo lomo cpoeit 3HEePrHH

K® L 1. (29.49)
B cayuae aiipGona, Bblaerajoiiero B []-crcremy Hasaj, B opmyJiax
(29.47)— (29.49) KosuLIeHTbl HEYNPYTOCTH MEHyo1cq cBOMMH MecTa-

— K3
M (KW = K@).
Igla cooTHoweHni (29.47) MOXKHO NMONYYHTE Takye nosesupie GopMmy-

Jbl, BeIpasKaioLye xapaKTepucTiKi Gaip6ona Yepag KU i K(3):
¥

_ K4 k® )
T Y Kk (23:50)
M =2myv, YV KWK, (29.51)
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§ 30. MACCA MHILEHM

Hacro BosHHKaeT HEOGXOAHMOCTH ONPEAeNHTh MACCy YACTHILEI, MTOKO-
Allllelicst mepejl CTOJNKHOBEHHEM (Macca MHLUEHH Mgy). Tlpu ynpyrux co-
yAapeHHaX pelleHie 3Toil 3alaqyn CBOANTCA K TPHBHAIBLHOMY PaBEHCTBY

Eo + meyy=E, + E,, (30.1)

rae E;, E, — 3Heprius cGeux yacTui nocae CTOJKHOBEHHS,

Ecnu nocsie cTONKHOBEHHS H3EECTHDI SHEepPrHsA Il TPeXMepHbI IM-
MyJbC Py YACTHLBI-MILIEHH, TO BeJNYHHA /Mgy ONPENEJNAETCA CTOMDb JKe
NpocTo:

E3 — p3 = ms. (30.2)

Hras cutyauns BosnikaeT npu oueHb GOMbUINX 3HEPTHAX, KOTAA A0-
MHHHDPYIOT MHOMECTEE€HHBIE MpOLECCH. XOTs H JerKo 3ampcaTh COOT-
HoweHne, ananoruynoe (30.1), Hanpumep

n
Eoy + moy = Z‘,i £, (30.3)
=
HO Ha NPAKTHKE €ero TPYAHO HCMOJB30BATh MO CJAEAYIOLHM ABYM MpIi-
uiHaM: 1) mpi GOJIBIINX SHEPTHAX HEJNETKO ONpeAeNiuTb BeTHyiHy
Ey 1 2) B nmpouecce coyjapeHusi BO3HHKAIOT HelTpaibHbiE YacTHIbI,
SHEPTHIO KOTOPbIX TaKkKe TPYAHO H3MEPHTb.

Has Toro yroGbl oboiitin mepsyio TpyaHocts, H. I'. Buprep
f0. A. Cwmoponun [77, 78] npefnokunu BHISBABIIHIT OXKIBACHHYIO JjiC-
KYCCHIO KHHEMAaTHYecKHil crnoco6 onpefeneHiisi BeJNYHHbl Hys.

3aKOH coXpaHeHHs MPOJNOJBHBIX KOMIOHEHT HIMMYJILCOB MOMKHO 3-
nucath B popme

i
Poy = 2 p;cos b, (30.4)
=l
rae ¢, —yroa BbieTa -l HacTILI OTHOCHTENBHO BEKTOPA Po,.
Tornaa

S (E;—p,;cos 9;). (30.5)
I

I =

Eoy—por+mos = )
)

Ecau Ey, mocratouno sesuko, T0*

2
Eor— Poy~ % & Mgs; I
. (30.6)

m(rg'"‘“‘}j} (E;—p;cos 'ﬁ';)-l
i= /

* Ilosne3Ho nopuepkuyTh, 4To cooTHoweHns (30.6) peasTHBHCTCKH HEHHBA-
PHAHTHY H BBINOMHSIOTCA AJ CHCTEM KOOPAIHAT, rje Eg My,
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Takum o6pasom, usmepenue Ey, B 1aHHOM caydae CBOAUTCH K orpe:
ACJICHHIO BEJIHYHH p; H €0S 0. Y IJIbI HBMEPSAIOTCS Ha OINBITE; BeJHYHHE]
P i BUIMHCJISIOTCS 110 3HaYeHHsiM £ ; PH NPEANookKeHHH , 4TO Bee BTOPHY-
Hble uacThibl mHoHbI. Cymma BennyuH (E; — p; cos 9;) s HeHTPaybHbIX
HACTHIL YYHTBIBACTCA yMHOXEHIEM aHAJOTHYHOH CyMMBI JUIsi 3apsiKeH-
HEIX yacTHl, Ha dakrop 3/2. K coxanenmio, Takoil npocToii MeTox yuera
HEHTPANbHBIX YaCTHIL JACT JHIUb HUXKHIO TPAHHIY CYyMMbl, TaK Kak
HE/IOCTATOYHO YYHTHIBAET POJIb MEAJEHHBIX HeHTPa/lbHbIX 6apHOHOB
MOC/I€ COYAApeHHH, KOTOphle, HECMOTPSl HA CBOK0 MalOYHCJEHHOCTD,
BHOCAT CephesHblif BKiaj B Boipaxkenue (30.6). K ananornunomy BBIBOLLY
NPHBOIAT TAKKE H BO3MOXKHbIE TPOCYETHI VIS MEJIEHHBIX 3apsKeHHbIX
GapHOHOB H HEOAHO3HAYHOCTH X HAEHTHHKALHH. [Tostomy ucmosib3zo-
Banne cootHoureHuit (30.6) nacT onpenesieHHBIH pe3ynbTaT, ecan my, >
>my (my—macca HyK/oHa). MeHee oiHO3HAYHBI BLIBOABI, KOT/lA Moy <
<rmy. Onpejenenne my, B COOTBETCTBHI C COOTHOWIEHHAMH (30.6) mpun-
LHONATBHO BEChbMA MPO3PAYHO, €CJH MOJAraTh MOKOSILLYIOCS YACTHILY

CBOOOJHOIT, T. €. ecslH J1sl Hee BBIMOJHIETCS Eiy= pﬁg = mgs. Bouee
MpOGNEMaTHYHO NPEACTABIeHH e, B KOTOPOM MO MACCOH MHIICHH MOHHU-
MaeTcd Macca 4acTH HeKOTOpPOH MOKOsIIeHcs CHCTeMsI, y4acTByiomeil
B CTONKHOBeHHH™. Eciin sneprus cBsizu U Ha MHOTO MOPSIIKOB MeHbLE
MAacchl KaX/0if 4acTH, TO HX MOXKHO CYHTATh KBA3HCBOGOIHLIMH H npak-
THYECKH HE yUHTHIBATL SHeprHI0 cBs3n. [Ipocrefiuunit mpuvmep nogobuoro
PacCMOTPEHHs — BBIYHC/IEHHE XapaKTepHCTHK O-mpolecca B aromax.
B atom ciywae U/m, ~ 105 (m, — macca 3/JIEKTPOHA) H TTO3TOMY C XOPO-
1Iei TOYHOCTBIO MPH BBIYHCJIEHHH IHEPTHH §-31eKTPOHOB X MOMArAIOT
CBOOOJHBIMH.

YIKe HHAs CHTYalHsi BOSHHKAET, KOT/Ia MHLICHBIO ABJSCTCS CI0KHOS
siApo. B atom cnyuae U/my,~10—2 u 3iech HyKHO COBMIONATH onpeneseH-
HYIO OCTOPOXHOCTb. [lyisi 3TOTO Cilyyas GbLIO MPeNOKEeHO 0Go0LIeH e
cootHoweHui (30.6)

m+Ty — pucos Oy — Uy + @ = 2 (E; —p;cos ). (30.7)
i=l1

3aecw T, py, Uy— KuHeTHUecKast SHepris, HMIYJIbC H SHEPTHUS CBA3H
HYKJ/IOHA B Ip€; 0 — HMIyJIbC OTAauH sapa. ITo emsicay BeiBoga (30.7)
ICHO, 4TO 37iech /m, = my. Eiie Goslee cropHa monbiTKa HCMOAB30BATh
coorromenust (30.6) man (30.7) ana onpexenenuss maccsl «yacTH» HY-
K/IOHOB, Y4aCTBYIOWHX B CTOJKHOBCHHH, MoOjarasi, HalpuMep, 4To CO-
YAapeHHe MPOHCXOANT C MHOHOM, CBSI3aHHBIM B HYKJIOHe. J[eno B TowM,
4YTO MHOTHE CMeJble MOMBITKH, BOCXOAMAIIHE ele K OCHOBOMOJATAIO-
uinM paGoram KOkaBbl, TpaKTOBATh HYKIIOH KaK CHCTEMY, IJIe MHOH c1aGo
CBSI3aH, OKOHYH/THC HeyAaueil. Henb3s Takike yTBepKaarth, uTo B3anmo-
AeHCTBHE TNHOHA OINHCLIBAETCA IOTEHUHATOM. BeposiTHo, aHanorus
MEKy aTOMOM M HYKJOHOM B OCHOBHBIX YepTax HE ONpaBJbIBAETCH.
['py6o MoXHO cKasaTh, uTo NMHOH OYEHb CHIBHO CBI3aH B HYKJIOHE H

* YroGbl OTJIHYHTB Macey, MOHHMAEMYIO B TAKOM CMbIC/IE, OT pealbHOI Macchl
¢BOGOAHON YacTHLB 0GO3HAMHM OnpejieJIEHHYIO Bhillle Maccy uepes ;.
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noatomy dopmyabl (30.6)—(30.7) mano npu ‘oHel, 4TOGbI HCNOMbH30OBATH
HX B KauecTBe 30HJA JJIS ONPeNeeHNs «CTPYKTYPbl» HYKJOHOB. AHanu3
5TOro BOMpoca MPOBOAMJICS BO MHOrHX padorax. Hampumep, B paGorte
[79, 80] onpepensnach CBfI3b MeXKAY dYeThipeXMEpPHBIM IepelaBaeMblM

HMIIYJIbCOM B OJTHOME3OHHBIX AHArpammax I BeJH4HHOH n:
my~—Ag + Acos¥,, (30.8)

rae Ay, A — KOMIOHEeHTHI 4-HMNyJbca BHPTYajJbHOro nuoHa B JI-cu-
cTeme; /my o6o3nayaer cymmy (30.6) 3a BEIYETOM HYKJIOHA OTAAuH.
U3 Boipaxennii (30.8) cienyer, uto My ~ M (Macca muoHa), AHLIb €CJl
A=0, Ay, =—m,, T. e. B BeCbMa YaCTHOM M MaJjONpaBJonoA0GHOM
cJyyae CTaTHYECKOTO IHOHA B HYKJIOHE.
3ameruM B 3axjroyeHne, 4yTo cymma (30.6) npubnusuTenbHO Iponop-
HHoHaANbHa KOa(hHIeHTy HeyNnpyrocTH B 3epKalbHOI cHCTeMe Koop-
JIUHAT, a HMEHHO
K@) = ¥ (Ei —picos®;)
Mas

31ech CyMMHPOBaHHE NIPOBOANTCS 110 BCeM {, OTHOCALLHMCS K BHOBb 00-
pasoBanubM yacTHIaM. Bo Bropom uiene cymmst (30.9) ckopocThb

myp 2
Bs=1—1, (—EJ)

TnoJiaraeTcs paBHOIl euHuUIE, P, — CKOPOCTb 3epKajbHOM CHCTEMBI OT-
HOCHTEJNBHO J[-CHCTEMb.

(36.9)

§ 31. KBAIPAT NEPEJABAEMOro 4-UMIIYJbCA B CTP¥AX
BbICOKOH 3HEPTHH

Ilpu mecnenoBanuM sepHBIX B3auMOJEHCTBHIl BecbMa BaiKHO H3-
MepHTh KBaupaT 4-uMmnysabca A%, nepejaBaemMoro TOil WJIH HHOMH rpynmne
BTOPHYHBIX YaCTHL. 3Ta peNIATHBHCTCKI HHBADHAHTHAS XapaKTeplcTHKa
MHOYKECTBEHHOTO ITPOLleccd CYLLECTBEHHO 3aBHCHT OT €ro AHHAMHKII, 110-
3TOMY IKCIIepIMeHTallbHoe HayueHIie pacnpeaesnenuii no A* i conocrae-
JIEHII€ 11X C pa2JHYHbIMII TEOPETHYECKIIMI MOJEJISIMH ITO3BOJISIET NONYYHTH
LLEHHYIO HH(OopMalLlHio O NPHPOJE CHJIbHBLIX B3aHMOAEHCTBHIL.

PaccmoTpum Al KOHKPETHOCTI HYKJIOH-HYKJIOHHOE COYJapeHiie,
NPHHSAB JJISl IPOCTOTHI, YTO BCE TeHepPHPOBAHHbIE YaCTHLbI—Jl-ME3OHbLI.
PasobbeM Bce BTopHYHEIE YACTHIILI TIPOH3BO/IbHEIM 00pa3oM Ha JBe rpyr-
Mbl, BKJIOYHB B KaXkKAYI0 H3 HUX OJUH BTOPHUHBIH HYKIOH. ITycTh, Takiim
0o0pasoM, NepByI0 I'PYNIY COCTARSAIOT HYK/AOH ¢ 4-uMnyJbcom 7 H

f-Me20Hb! ¢ 4-uMmnyabcamu Py, P, ..., 9P,, a BTOPYIO TPYINY—HYKJOH
¢ 4-umnyascom Py u q-Me30HE ¢ 4-umnyascaMmit Pppq, Ppars, ..., T

OGBIYHO JieJieHHe Ha TPYNNLl MPOH3BOJHTCS B MOPSJAKE BO3PACTAHHSA
yraoB O; nan Koopiaunats A;. Ilo onpeaenennto (cm. § 18) xBaapar ne-
pelaHHoro 4-uMnyJbca
R 2 n 2
A? = (g‘)ai __931_256;) = ( Z 931‘—5—333—5"’02) =
i=3 i=k-41
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2

x 2 \
= (Eﬂl_ E1‘_£é; EI) —(Dm—pr—_z P:) =

=3
n o n 2
= E-— E__ o o | N | i e
(;-:%. i+ Es Eu_) (;g?i."* -ps Poz). (3L.1)

PaccmarpuBas Kaxayio rpynny Kak yacTHubl ¢ 3bdeKTHBHEIME Maccamil

L 2
My = W My = Sz, NpH GOJBLINX SHEPTHAX coracHo (opmyse (18.6)
nosyuaem

Azﬁ (sl—mf,)(sz—mi,) 0*

- +ssin? 2, (31.2)

rae 0% —yron paccesnns B []-cucteme, T. . yroJ MEKAY HMMYJILCOM Mep-
Buqzroro HYKJIOHA Po; M CyMMapHbIM HMIYJILCOM N€pPBOIi Ipynmsl p; -

— *
-F—‘},S pi- K coxanennio, ncnonbsosars dopmyy (31.2) HemocpeacTBeH-
i= o

HO Jist 06paGOTKH SKCTIEPIMEHTAILHBIX Pe3y/bTaTOB MPAKTHICCKH He
YAAeTcs, MOCKOJILKY Ajisl 9TOrO HeoOXOAHMO ¢ GOJbLIOH TOYHOCTBIO H3-
MEPHTH YIVIBL Il HMITYJIbChl BTOPHYHBIX YACTHIL C TeM, YTOObI HANTH S, U S,
H yroa 0%, KoTopeIil BXOAUT B KO3(UILHEHT npu GOMbIIOI BEJIHYHHE S,

B cBsi3i ¢ 3THM 0GbIuHO BMecTo A% aHanH3HpyeTCa BeanunHa A%, xoro-
pas onpejensiercss Kak

Af = A*— A = A} — Al (31.3)

rae A, u Ay — nonepeysasi u NpPoOJONBbHAS KOMIOHEHTbI TPeXMEepHOro
; 2

umnyabea A. OdeBHIHO, YTO Ay — TaKkKe pPessiTHBHCTCKH HHBapHAHT-

Has BesnynHa. M3 ypasnenus ¢ gopmynamu § 18, rae nog %, n 9, Tenepb

CJELyeT NMOHHMATh CyMMapHble 4-HMIYJILCHI TIEPBOii U BTOPOIl rpymni,

2 o
BIJHO, 4T0 Ay coBnajaer c onpeienenHoii B § 18 Besanunnoi Alus, 7.8
2 2
A2 > Ay (31.4)

ITyTem mpocTeIX, HO HECKONLKO IPOMOBAKHX BBIK/IALOK A’ MOXHO BbI-
PasnTb 4epes BeJqHYHHbI, H3MepsieMble B JI-cucteme [81, 89]:

k
i / m? 2 2 1 (J)
3= | Spuctes Lttgt 0, 1 T2 1| akmi
|§3 l/ g + P, T 2E (I—K )

.f!.1 E .
x| 2 puctgd, ]/1+tg2-ﬂ,-(1+%)+1 +

i=k--1 i

HVE= =Bl g

F/€ 5HEPTHIO HYKJOHA OTAQYH E, MOKHO NpHOJHIKEHHO 3amMHCATbH
B BHe
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my (1= K9) plo+my
Eg= _2—_— 1 + mi, (I—K(a)}g‘ . (316)

Unens! B BolpaxeHHit (31.6), oTHocsiHecs K HYK/IOHAM (BTOpBIE YJl€Hbl
B KaxJoH (urypHoii ckoOKe), He 3aBHCAT OT XapakTepa pasOHeHH:
TI-ME30HOB MO TpYMMaM, M ecH YHCJIO T-Me30HOB B KaXJoil rpymnmne
He CJAHIIKOM Ma/o (MpaKTHYeCKH J0CTaTOYHO, YTOOB! OHO Obl10 > 2—3),

2
TO YKa3aHHBIMH YJ€HAMH MOXHO mpeHeGpeyb, Tem Gonee uto Ay npej-
cTaBisieT co6oil HIDKHIO rpaHuny 3HadyeHnst A® M moatomy HeboJblioe

yMeHblerne A% He cKasbiBaeTcsi Ha MHOTHX BbiBojax. IlpemeGperas
YKa3aHHBIMH Y/J€HAMH H MoJ1aras, 4To yrJbl BbljleTa BTOPHUHBIX Ti-Me30-
HOB B JI-cucreme mauant (§; << 1), nosyuaeM ynpouieHHy 10 Gopmyry

ke m?, 1 [ n

AII2_—'{§..:! p,utgﬂ':(l‘!—g_')”.“?_! prictgd;;- (31.7)
i=3 pif i=k

Ecnu HMIYJbChl BTOPHYHBIX YACTHI, HE H3MEPEHBI, TO MOYKHO HPHGEF-

HYTb K 4aCTO HCIOJb3YEMOMY NPEANOJOKEHHIO O MMOCTOAHCTBE Iomnepey-

HOTO HMMIYJIbCa
p. ~0,4 0,5/, (31.8)
1018
n
{ 3 ctgﬁll- (31.9)
i =k1

[Tpaktudecku copmysa (31.9) npumeHseTcss TOJNbKO K 3apfkKeH-
HBEIM TT-Me30HaM

s~7t | 3 e,

(I) % ;1(2)
5 3 2_2 ns 5
ﬁu’*‘(?) P2 3 gt || 3 cted,), (31.10)
=1 J k=1
rre nt" u nt?) — qncna 3apAKEHHBIX YACTHIL COOTBETCTBEHHO B MepBOil
i Bo Bropoil rpynnax. EctectBenno, uto dopmyiaa (31.10) ouenn npu-
GnHXKeHHAs, HO ee JIOCTOMHCTBO 3aKJIoyaercs B TOM, YTO /sl €€ HC-

MOJL30BaHHA HYXHO 3HATh JHIWEB YIVIbI Bb[JleTa“. .
HHTepeCHb[f:I MeTOJl aHaJii3a B3aHMOJEHCTBHH, OCHOBAHHBIH Ha H3Y-

yeHHu A?, MPE/IONEH B pa6ore [83].

Hacte 11

KBAHTOBASI TEOPUS

B 370l yacTH KHHTH ANIsl paccMOTPeHHS BBIBOJOB O SIEPHBLIX peak-
LHAX, BHTEKAIOUHX U3 OGIIMX CBOHCTB MPOCTPaHCTBA — BPEMEHH, MpH-
MEHHM KBAHTOBYIO MeXaHHKY. OTH CJEACTBHS 3HAYNTEbHO GOraue, yem
B K/IaCCHYECK Oif MeXaHHKe. BaxHo ¢ camoro Hauana nopuepkHyTb, YToO .
3/iecb Mbl Oy/ieM 3aHHMATbCSl TOJBKO TeMH CBOHCTBAMH peakiiuii, KOTo-
pbie OCHOBAHbI HA OGUIMX H XOPOWIO YCTAHOBJEHHBIX 3aKOHAX MPHPOJIbI.
Takoe BbifiesieHHe upesBbYAiHO NMPOAYKTHBHO. OHO MO3BOJNAET CBECTH
H3YYEHHE CJIOXKHBIX XaPaKTEPHCTHK SACPHBIX peakililii K H3MEepeHHIO He-
GOMIBIIOTO yHc/1a AEHCTBUTENBHEIX NapaMeTpoB (0606LIeHHbI (HasoBblii
aHa/ln3), CBS3aTh COBEPLICHHO PA3/IHYHBIE, Ha NEPBbIil B3rsA, NpoLec-
Cbl, KpOMe TOro, KOHTPOJIHPOBaTb 3KCMEPHMEHTbl H, HAKOHeL, Ompe-
AensiTb OCHOBHbIE XaPaKTEPHCTHKH HOBBIX YacTHI| (CIilH, YeTHOCTb M
T. L.).

Ananns 3KCTepHMEHTaNbHBIX JaHHBIX HA OCHOBE TOJBLKO OOLIHX KH-
HeMaTHYeCKHX COOTHOLIeHHIT npHoGpeTaer Bce GoJbluee 3HAyeHUe. DTO
NPOHCXOAHT HE TONBKO BCJIEICTBHE HECOBEPLIEHCTBA MM OTCYTCTBHS
JMHAMHYECKHX TeOpHIl sJlePHbIX peakUHil, HO U BCJEACTBHE TOTO, YTO
NOABJSAIOTCH HOBble BO3MOMKHOCTH HCCJIEIOBAHNSA SIEPHBIX peakIluii,
HYXKIIOWIeCs B CHelHalbHOM KHHEMaTHYeCKOM PacCMOTpPeHHH. 3jech
Mbl HMEEM B BHAY HCCJIEN0BaHNs SAEPHBIX PeaKLiii ¢ nyuKaMu noaspi-
30BaHHBIX YaCTHIl, peaKkUHH HAa OPHEHTHPOBAHHBIX MIILUEHAX, HCCIE/I0-
BaHue JIBYX M Jla)Ke TpeX KPAaTHBIX CTOJIKHOBEHHIL.

Ceoe nsioxenne Mbl GyJeM CTPOMTb Ha OCHOBE (hyHAAMEHTAIbHOTO
noHATHA S-maTpunel. CBoGoaHoe obpallienue ¢ 3THM TIOHATHEM CTaJN0 He-
OGXOAUMEIM JVIs KaXK/JOTo KBalH(HUHPOBAHHOTO 3KCTEpHMEHTAaTopa,
3aHHMAIOLIEroCs HCC/AeJOBAHUSIMU 10 s/IepHOH (H3IIKe, HA KOTOPOTO
B OCHOBHOM H paccyHTaHa KHHIa. 3HaHHe KBaHTOBOH MeXaHHKH Y UIl-
TaTe/ist NMpPeAno/iaraercst B OGbeMe YHHBEPCHTETCKOr0 Kypea HJIH KHHT
[1, 3. TnaBubiM 0GpasoM HCMOJb3yeTcss (OPMYJAHPOBKA KBaHTOBOI
MeXaHHKH B TePMHHAX TeOpHH npeoGpasoBaHuil, BBeAeHHON Jupakom.
Ota TePMHHONOTHA H 0GO3HAYEHHs HAaHGOJNee TOYHO COOTBETCTBYIOT
KBaHTOBOK MeXaHHKe Il 0COOEHHO YA0GHBI st HaLInX 1eaeil. PasninuHble
KOS(UILIEHTE! M CJIOXKHBIE BbIPAXKEHHS, OMHCHIBAIOUHE KHHEMATHYE-
CKME COOTHOUIEHHS, MOJYYaioT OuYeHb MPOCTYIO Il €HHOOOPA3HYI0 HH-
Tepnperanio yepes GyHkuun npeo6pasosanns. Henonbszosanue Teopui
npeoGpasoBanuit [lupaka mossonsier uaGexarb TEOPETHKOrpYMNMOBOIL
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TepMHHOJOrHI. Mbl He npejnonaraeM y 4HTaTesst 3HaHHe TeopHH TPy,
XOTsl MO cyuiecTBy OyJeM MO/b30BaTbCsl HEKOTOPBIMII 3JEMEHTaMi ee
anmapara.

B ocHOBHOM B KHHI'€ HCMOJIL3YeTCsl HEPeIsTHBICTCKAs KBaHTOBAs
MexaHnka. OJIHaKO BBEICHHE MOHATHS CIMHPAJLHOCTH (MPOCKIHS CrHHA
Ha HMIYJbC) CAENANO PACCMOTpPeHHE PeIITHBHCTCKOH KITHeMaTHKH sjep-
HEIX peaKIHii oYeHL MpPOCTHIM 1, GoJiee TOro, HCNOoAb30BaHHE 3TOTO I10-
HSITHSA MO3BOJILIO CYILECTBEHHO YNPOCTHTL I HepeisiTHBHCTCKYIO KHHe-
MaTHKY. BMecTe ¢ TeM MBI He COUJIH 11e1eco00pasHbIM CTPOUTD H3J/0KeHIe
TOMBKO Ha OCHOBE MPOEKTHPOBAHHSA CMHHOB Ha MMIYJILCHL 1 MPHBOAHM
o6a cnocoba napamerpusaunu S-marpuusl. CHauana nsnaraercs donee
NpPOCTOi AN MOHIMaHHsA, HO GoJtee TPOMO3/AKHIT annapar, B KOTOPOM BCe
MOMEHTbI YUaCTBYIOULIX B peakLHH YACTHIL POeKTHPYIOTCHS Ha OJHO Ha-
npasjeHde. B HEKOTOpHIX Caydasix 3TO PacCMOTpeHlie OKasblBaercs H
Goaee yJ06HbIM. B moc/iefHeil riaBe npuBeleH annapar CripaibHOCTel
U pasobpaHbl Hanbojee THINHYHBIE €rO NMPHMEHEHHs; AT CHpPaBOYHbIX
neseil mpuBeJeHbl Haubogee yacTo BCTpeyalolnecss Ha NpakTHKe KHHe-
MaTHYECKHe XapaKTepHCTHKH silepHbIX peaKiuil (yryioBble pacrnpejeie-
HHA, TIOJSPU3ALLII U T. [.) U pACCMOTPEHA CBA3b Pa3JHUHbIX TapaMeTpH-
3auuil S-MaTpHLbl, BKJIOYAS PeIATHBUCTCKH HHBAPHAHTHYIO MapaMeTpH-
sann0. Matemarndeckuii anmapar Bo BTOpoli 4acTH KHHUTIL HHOTJA AaeT-
csi ¢ GoNbIINMU TOAPOGHOCTSAMH, YeM TpeGyeTcsi /st BbIBOJA OCHOBHBIX
dopmyJ1. ITo ¢llenaHo s TOro, 4ToObl KHHTA OKasasach MoJaesHoH Goee
IIHPOKOMY Kpyry aniu. Hampumep, ynpouieHne CyMM NpOH3BeleHHT
KO3(QHUIHEHTOB BEKTOPHOrO ciaoxeHHst (cm. § 43) HYKHO He TOJIBKO
JUOJAM, HHTEPeCYOUMMCA KHHeMATHKOIl silepHbIX peakiuil. ITH maTe-
MaTiyecKie MOAPOOHOCTH TPH MNEepBOM YTEHHH KHHUTH DPEeKOMEHIYeM
OIYCTHTb.

Fnmasa 5

MATPHULIA PACCESIHUS U EE CBOHCTBA

§ 32. S-MATPHLA

OO0bluHast mocTaHOBKAa 3ajayl s slepHOil peakLHH 3aK/i0Uaercs
B COTIOCTABJIEHHH CBOIICTB YACTHLL U apaMeTPOB, KOTOPLIMH OMHCHIBAETCSA
COCTOSIHME HX ABIIKEHHsI J0 peakiiiiy, ¢ napaMeTpaMH II CBOHCTBaMH
NpoAYyKTOB peakuuu. B cayuae, Korja B3auMojiedcTBHE I JBIXKEHHE
YacTHI, MOXKHO OIMHCATH MPH MOMOULH KJacCHYecKoli MexaHiKH, rOBOPAT
O COIOCTaBJICHIIH HAUaJbHbIX H KOHEYHbIX KOODJHHAT, HMIYJ/bCOB Ya-
CTHL, H mxux-.nnﬁo H@pﬂM&HHb[){, xapaI{TepnsymuJ,Hx HX BHYTPEHHeE
cocTosHHe. B KBaHTOBOII MeXxaHHKe HeoOXOJHUMO FOBOPHTb O COMNOCTAB-
JIEHHH HayalbHOro M KOHEYHoro cocrosiHufi cucremel. CocTosHue iKe,
KaK M3BEeCTHO, 3ajaeTcsi HaGopoM KBaHTOBbIX yuces. Taxim oGpasowm,
HeoOXOAHMO HAHTH NPABHJIO, MO KOTOPOMY COMOCTABJSIOTCS KBAHTOBLIE
4HC/la, OMHCLIBAIOULIE HAYaJbHOe H KOHEUHOE COCTosiHIsA clicTemsl. Ha-

182

npiMep, B 3ajaue paccesHiss GecCnHHOBOI 4acCTHULI CHAOBLIM TOJEM
MOXKHO I'OBOPHTbL O NMpaBHJ/ie, CBA3LIBAIOUIEM KBAHTOBLIE YHCJ4, KOTOpbIE
XapaxkTepH3yIOT OpOHTAIBHBII MOMEHT [, ero NMpoeKIHIO /711 Ha HEKOTopoe
Hanpas/eHue u sHepruio £ B HauaJbHOM H KOHeYHOM cocTostHIsix. Or-
METIIM, 4TO COCTOSTHHE JBHIKEeHHs1 GeCCrHOBOI YacTHLBI MOKHO 3a]1aBaTh
TaKke ee HMnyabcoM p. [1pn B3anmoaeHcTBIIn ABYX GeCCMIHOBbIX YACTHLL
MOXKHO 3a/laBaTh CJeAyloline Habopsl KBAHTOBBIX YHCeN: [y, [y, 1y, My,
Ey, Es unu py, p2. Ecin yactuusl 06/1a4ai0T CIHHOM, TO B COOTBETCTBYIO-
uie HaGopel HEOOXOAMMO BKJIOUHTH YHCJIA § H [, XapaKTepH3VIOLLie
BeJIIIUIIHY CIHHA M ero npoekuiio. Ecii B pesyibraTe CTONKHOBEHHS
MOTYT pOKJAThCH APYrHE YacTHILI WJIH H3MEHAThCA BHYTpPeHHee co-
CTOSIHHE CTaJIKHBAIOULHXCH YacTHI (TaKie CTONKHOBeHHS MPHHSITO Ha-
3LIBATH HEYMPYLHMH), TO B UHC/IO MEPEMEHHBIX HYIKHO BKJIIOUHTH elle
KBaHTOBbIE YHCAA, XapaKTepl3yioulue CTPYKTY Py YacTill, HX BHYTpeH-
Hee cocTosinMe. Tak Kak B Hallly 3a/lauy He BXOJHT M3YUeHIe CTPYKTY pbl
YacTINL, TO BCe NMOCAeHIe XapaKTepHCTHKH AaHHOH cHeTeMbl Gy AeM 060-
3HayaTh OfHIM IHAEKCOM .

CorslacHo KBaHTOBOII MeXaHHKe, COCTOSIHHE CHCTEeMbl OMHCHIBAGTCH
BOJIHOBOH (pyHKUHEN P, (¥), THe 7 — HHIEKC COCTOSIHUS, T. €. KpaTKoe
oGo3HaueHne Hadopa YNOMAHYTHIX BbIUIe KBAHTOBLIX YHCEN, 3aJal0I(HX
(oCTOsIHUE CHCTEMBI, X — HHIEKC MpeACTaBaeHns, T. €. Habop mepeMeH-
HBIX, OT KOTOPBIX 3aBHUCHT BoJsiHOBas ¢yHKuus. BoanoBas ¢yHKuHA
yaosaerBopsier ypasHenuio Ilpepunrepa *

. oW A
i =HWY. (32.1)

Ypaeuenue (32.1), onmpegmensiouee npupauieHine ¥ 3a HeKoTOpblH

MaJiblil MHTepBaa BpemeHH Af, MOXHO 3amucaTh CJAELYIOUHM 06pa3oM:

t-AL
VA =V@O)—i | AT @dL. (32.2)
H

OcHOBLIBAsICh HA 3TOM paBeHCTBe, BBejleM omepatop U ({4 At, {)=

— 1 — i[{Af, KOTOpBIit TIEPEBOJANT 3HAUEHHe BOJHOBON (YHKIHU OT
MOMEHTa BpeMeHH f K MOMeHTYy BpemeHH ! - Af. MowkHO BBecTH
¥ IHTerpajbHbIH omepaTop U(t, t,), npeobpasyomuii ¥ (£,) B W(),
rie { — f, — KoHeuHass BeqnuyuHa. HerpynHo nokasars [4], uto

19 = ), (32.3)

PaccMoTpuM peakiyio THMa
)y O R ] (32.4)

* Kpoiwky Hag GyKBaMH 03HAYAIOT, YTO COOTBETCTBYIOIIHE BeTHUHHBL IBJIfA-
f0TCsl onepatopamu. 3leck H B JajbHelmem £ = ¢ = 1.
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T. €. B pe3yJibTaTe CTOJKHOBEHHs yacTHup! / ¢ yacThueid // BO3HHKAIOT
yacTHUbl / M 2, MMEIOUlHEe COBCceM Jpyrie xa paKTepHCTHKH H Jaxe
JpPYTYIO NPHPOAY.

YpaBHenue (32.1) onuceiBaeT Bech HHTEpeCyIOlLHil HAC TIpoLece, T. €.
cyllecTBYyeT Takoe ero pemleHne ¥, xoropoe npu / — — oo nepexopiT
B BOJIHOBYIO Gy HKIHIO W' (x), onmHchIBaIOLLY 0 /1BE He B3aHMOAEHCTBY IOLLHe
yactuubl / 1 /] ¢ 3alaHHBIMK XapaKTepHCTHKAMH JBHMKEHHS H BHYTpeH-
Hero cocrosiHust — Wy, a npu {- +oo— B BonHOBYIO0 dyHKUHIO Y,
JABYX HeB3aHMOJEHCTBYIOUHX yacTur, / u 2. Tak Kak Ha ONbITe Peruct-
PHPYIOTCST COCTOSIHHS HEB3AHMOJEHCTBYIOUHX YACTHIL IO H NOCJ€ CTOJIK-
HOBEHHA, T. €. NpH [ —> —oo U { — --co, TO HAc Oy/leT HHTePecoBaTh
oneparop, npespauiawouuit ¥(—oo) B ¥(+-oa):

limU (¢, ¢) = §;
ty——o0
t—> -+ o0

¥, (+ 00) = 8¥, (— o).

(32.5)

Onepatop S nasbiBaercs S-matpuieii. X

Kak BuaHO 13 HalIKX paccyxjeHuil, 4ToObl HalTH U uau S, Heob-
XOJMO He TOJIbKO 3HaTh onepatop H (oGbiuHo onepatop H s B3aumo-
JEHCTBHA AJICPHBIX YACTHLl, KOHEYHO, HEH3BECTeH), HO H YMeTh peluaTh
c atuM H ypaBHene [peannrepa. Ha nepeeiil B3rJisii Mbl HUCKOJIBKO HE
ynpoctuiu 3ajgady. llenecooGpasHocTh BBeleHHsi omepatopa S 3a-
KJTI048€TCs B TOM, YTO MATPHYHbIE J1eMEeHTH S, C OJIHOIl CTOPOHBI, OUEHb
NPOCTO CBsI3aHbI ¢ HAOMIONAEMOIT XapaKTepHCTHKOI npolecca — BepoAT-
HOCTBIO Mepexojid, a ¢ APYroi — cieicTBHSA OOLNX 3aKOHOB TPHPOJHI
HeMoCpPe/ICTBEHHO BbIPAYKAIOTCS B Blijle CBOICTB onepatopa S. Takum o6-
PasoM, ¢ MOMOILIO S-MaTPHILBI MOXKHO PeIiTh 33aJauy, chopMyaHpoBaH-
HYIO BO BBEJEHHH: BbIIEJHTL CPeJH BCeX CBOHCTB peakKlHil Te, KOTOpble
ABASAIOTCA CJAEICTBHAMH YK€ YCTAHOBJEHHBIX 3aKOHOB MPIPOZALL.

B coorBercTBHH ¢ ompejesieHieM NpeaMeTa Halleil KHHTH TJlaBHOe
BHHMaHHE YAeNHM B3aKoHaM coxpaseHus..B 3Toil cBs3m caefyer oT-
METHTb, YTO H3 HALLEro PacCMOTPEeHHs BbINAJAlOT TaK Ha3biBaeMble aHa-
JHTHYECKHE CBOHCTBA S-MATpPHIIbI, HCMOAb3YeMble B AHCIIEPCHOHHOMH Teo-
puH 1 HMeroline Go/blIoe 3HaYeHHe B COBPEMEHHOM TEOPHH SEPHBIX pe-
akuuid. XoTsi HeKOTOpble M3 aHaJHTHYECKHX CBOHCTB MOTYT OBITH Bbl-
BeJIeHbl H3 OYeHb OOUINX 3aKOHOB QH3HKI (TAKHX, HAPHUMED, KaK NMpIHH-
LHIT IPHYHHHOCTH), 3TH CBOHCTBA He/b3st OTHeCTH K KuHemaTHke. Of-
HaKo, oOcyxjasi 1esecoo6pasHOCTL BBeleHHs NMOHATHS S-MaTPHUBI H
pOJIb 3TOrO MOHATHA B AAEPHOH (H3HKe, HeTb3si HE YIOMAHYTH CBOIiCTBA
aHANIHTHYHOCTH, HOO CYILECTBYeT JOBOJILHO PACNpOCTPaHEHHAs TO4YKa
3peHHs, YTO Ha OCHOBE 3ITHX CBOHCTB S-MATPHIBI MOXKHO IOCTPOHTb
NOJIHYI0 AHHAMHYECKYIO TEOPHIO siiepHbIX peakliuil. MoxHo He coraa-
LIaThCsl C 3TOil TOUKOI 3PEHHS, HO Hesib3s He TNPH3HATh, YTO HA OCHOBE
aHaJIMTHYECKHX CBOMCTB S-MaTpHIBI ObLIO MOJAYYEHO OYeHb MHOTO BaK-
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HBIX pe3y/bTatoB (cMm. Hanpumep [52]). Ocrasnss B cTopoHe 3Ti BaKHbIE
BOMPOCH! TEOPHH SIICPHBIX peaKiluil, 3aiiMeMCcsi YCTaHOBJIEHHEM HEKOTO-
pbix OOULIX CBOHCTB S-MaTpHIBL.

[Noxazcem, uTo KBaApaThl MaTPHUHBIX IJAEMEHTOB S-MAaTPHILI Ompe-
JeJISIOT BEPOATHOCT OOHAPYKHTh TO HIIH HHOE 3HAYEHHe AHHAMHYCCKHX
NepeMEeHHbIX B KOHEYHOM COCTOSIHHH, €CJIH OHHU 3aJaHbl [ HAaYyalbHOTO
cocrosnist. Pasnoxum ¥;(—oo) i1 ¥ (+-00) no coGerBernbM QyHKLIHAM
omeparopa (), ONMNICHIBAIOUIErO KaKylo-HHOYAb AHHAMHUECKYIO MepeMeH-
HYI0 (MOMEHT, CMHH H T. I.):

QY,=q¥%,

rje ¢ — coGCTBEeHHbIE 3HaueHus Q,

IFE' (— DC') :gcé 11)‘(;; IP‘}‘(_|~ OO) = % Cg ‘Pr}“

TlojcTaBnsAs TH pasJoXeHHst B paseHCTBO (32.5), moayuaem

Cé :gsﬂ'qcé'

IlycT B HayaJbHOM COCTOSHHH BEJMUHHA ¢ HMEJA ONpeAeseHHOe
i
BHaueHHe ¢,, T. e. C; = §40,%*, TOrIA

fo_
Cq’— 7’ qo

Ho, corsiacho ofmum mnosoxenusM KBanToBoil mexaunku, |Ch [ —
BEPOSITHOCTb OOHAPYKHTb BEJNHYMHY ¢ = ¢’ B COCTOSIHHH f; I0O3TO-
My | Sgrq[* ompefiensieT BepOATHOCTL MEPEXOAa H3 COCTOSIHHA ¢, B CO-
cTosiHne ¢'.

§ 33. YHUTAPHOCTb S-MATPHULLbI

Hanomunm, 4To MaTpuila Ha3bIBAETCS YHUTAPHOI, €C/TH OHa o6nataer
cBoiicTBaMil

H " -l £
2 Srm Snﬁ = I'z,ﬁ! 21 Snm Sm: == Imn.‘
-4

n
HJIH, Kopodye, B CHMBOJIHUECKOMH 3arcu:
§t8=1 n 88t =] (33.1)

(3Be3jloyKa 03HAyaeT KOMIVIEKCHOE CONpsiKeHHe, MII0c — IPMHTOBCKOE
conpsi:Kenue); [ sgech H B JaldbHeHlleM — eJUHHUHAN NHACOHAJNbHAS

¥ 3,?%. Kak o0pl4to, o3nauyaeT cumpon Kpoxekepa:
I npu g =g,
8940 =
0 npu g 5= g,

Jas npoeToTEl MBI PACCMATPHBAEM SAECh BeJNUNNY C ANCKDeTHBLIM CheKTpoM. Pacemo-
TpeHiie clyyasn HenpepLBHOTO CNEKTpa ¢ — oueBugHoe oGobuienie.
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#aTpHua. 310 CBONCTBO BbITEKaeT H3 OPTOrOHAJBLHOCTH M HOPMHPOBaH-
HOCTH BOJHOBLIX (DYHKILIHA

(Yous ¥) = T (33.2)

IToa ckansipHBIM NPOH3BE/ieHIeM IIOHHMAaeM (KaK OGBIYHO) CYMMIIpOBaHNe:
H HHTErpHpOBaHHe MO BCeM HHJEKCAM, OT KOTOPBLIX 3aBHCHT BOJIHOBAs
GyHKIHST —X (1HAeKcaM npejcrapienus); [, — COKpalleHHas 3anich
npoussefenns 8-pyHKIHIT OT KBAHTOBBIX YNCEJ C HENMPEPLIBHBIM CIEKT-
pom H cuMBOJIOB KpoHekepa oT KBaHTOBLIX YICEJ C AHCKPETHBIM CEKT-
pom. CooTHoutenne (33.2) coxpaHsieTca ¢ TeYeHHeM BpeMeHi™:

d 5P g\ . 4 : A
= (@, 1) = (% qf) £a (cp, hé?) —i (@, AY) —i (®, HY) = 0.

PaccMmoTpuM cJaieficTBHSA, BBITekaiolipe U3 Bhipaxkenuil (33.2), aas
BBeJIeHHOro Bhilie omeparopa U (¢, fy):

II!“ (f) = E Unn (f: fo) Ip‘n (fo);
n

III‘; ()= > U:’;n (¢, o) L (fo);

3

(VW) = 8u3 = X Upn Usw = DU Uip = (0 U) 5.

[pu fy——o00 u f—>- oo mosyuaeM OUeHb RAXKHBEIH pe3y/bTAT
S 84‘ == ?-

Oro paBeHCTBO HMeeT MpocToi (u3HuecKHil cmbicy. JlelcTBUTENBHO,
Geps AuaroHajbHbE 3J€MEHThl OT 00eHX ero yacreii, mosydyaem

2| Su 2= 1. (93
I

Tax xak | Suq|* XapaxkTepuayer BepOATHOCTb NMEPEXOAd H3 COCTOSHHA 12
B COCTOSIHHE ¢, TO PaBEHCTRO (33.3) MpocTo 03HAYALT, UTO CYyMMa BEPOAT-
HoCTeli BCceX nepexofloB paBHa efunnie. Orciofia sicHO, 4TO, NPONYycKas
B cymMe (33.3) Kakoe-nubo COCTOSIHHE, MBI 3aHHIKAEM ee 3HaueHue. Y. pas-
HeHns (33.1) HaknaAbIBAlOT CTpOTHE OrpaHHYEHHS HA S-MaTPHILY pas-
JHUYHBIX mpoleccoB. M3 aTux orpannyeHuii BbITEKAET HECKONBLKO COOT-
HOLICHHI MEXKAY CEUCHHSIMH Pas3JIHYHBIX MPOLLECCOB, H3YYeHHEeM KOTOPBIX.
MBbl 3afiMeMCs HHIKe.

* IlonyepkueM, 4YTO 3JeCh HCIOJNB30BAHA 3PMHTOBOCTE H.
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§ 34. HHTETPAJIBI IBU)XXEHHA

HHTEF[)&J'IEIMI-I ABIZKEHI B KBAHTOBOH MeXaHHKe HasblBalOTCH JHHa-

MHYECKHE NIePEMEHHbIE, ONepaTopsl KOTopsX () YOBNETBOPSIOT ypaBHe-
HHIO

dQ g ~ oo
=3 +Ad =0

Ecan Q sBHO He 3aBHCHT OT BpeMeHH, To 310 ypaBHEeHIIe CBeAeTCS
K YCJIOBHIO KOMMYTAaTHBHOCTIH ) ¢ raMH/IbTOHHAHOM. HerpyaHo nousts,
4TO TaKHe onepaTopsl () KOMMYTHPYIOT H ¢ oniepatopom S. B caviom Iene,

OIepaTop S, COrNIACHO HAIUEMY ONpeJeseH 0, COCTONT H3 GecKOHEYHO
00NbIIOro yHena GECKOHEUHO MajbiX OMepaTopoB, KaK/bli M3 KOTOPBIX

nponopuioHanex H, Te B
[$Q] =o. (34.1)

Ho KommyTHpyIOLHEe onepaTope! MOrYT GHITH OJIHOBPEMEHHO NP HBEAEeHRI
K JuaroHaibHoMmy BHAY*. Iloatomy eciiu B KauecTBe MHIEKCOB .  n
BbIGEPeM HHTETpasibl JIBINKEHHs (MOMEHT, HMITYJbC, SHePTHs, U3OTOMH-
YecKHIl CHH U T. 11.), To S-Matpuua 6y/eT AHACOHAABLHOMN 110 STHM HH-
Jexcam**:

(9"’ | S|ag) = (o’ | S7]a) 8, ,, (34.2)

A€ ¢ — BCE NPOYHE KBAHTOBbIE YHCJA, 32 HCKIIOUEHHEM . DTO COOTHO-
LICHHE JIEZKNT B OCHOBE TEOPHH KOPPEJALii B YIIOBBIX pacnpeieseHisx
W ApYTHX BaxmHBIX ABaennii. Mujexe ¢ osnauaer, uto snavennue (/| S9 )
3aBHCHT OT .

Caienyer nopuepKHyTh, 4TO He BCE MHTErpalibl ABHIKEHHS KOMMY TH-
PYIOT MeXIy coGoi (HanpuMep, MOMEHT H HMMYJbC, pasinuHble Mpoex-
LLHHM MOMENTa). IT0 03HAYAET, C OJHOI CTOPOHBI, UTO HENb3sl ONHOBPEMEH-
HO BbIGpATD B KAYeCTBE HHAEKCOB 7 BCE MHTErPaJbl ABIKEHHS, C JpYroii
CTOPOHBI, OIEPATOP S MPOCTO HE 3aBICHT OT HEKOTOPBIX KBAHTOBBIX Y-
cen. Ilokazxem, nanpumep, 4To S-MaTpHUA He 3aBHCHT OT KBAHTOBOIO
HICIA, XaPAKTEPH3YIOMEro NMPOEKIHIO NoaHoro Momenta. Onepartop S
KOMMYTHPYET CO BCEMH OnepaTtopamMi NpOeKLHH TMOJHOTO MOMEHTA:

LN
(91

£

s
s

e

| =0
| =o0; (34.3)
J,8]=o0.

[
[
[

* Cwm. kuury [1], erp. 94.
% Mpl Gynem BANNCHIBATE MATPHYHbBIE 3IJIEMEHTHl COTJIACHO 0GO3HAYEHHTM
Hupaxa: Sq.“ =g S|g).
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O603HAUNM KBAHTOBOE UHCJIO TNPOEKLHH MOMEHTAa Ha ocb 2 uepes M
M sanumieM mepsoe paBeHcTBO (34.3) B MAaTPHYHOM BHIE. YuuTeiBas,

yto J . W == const ¥y, moayuaem
x TMT

S (M| | M7 (7 0’| S M) = D (M@’ | S| a’) (M| J | M).

M” M

Ho cornacko  pasenctsy  (34.2)  S-marpuia JuaroHanbHa
no M:

M’

J | M) (o' | SM|0) = (o' | SV |a) (M'| | M), M'5=M.

Orcioza caeayer, uto (0’| SM|a) or M He 3aBucut. 3T0T pe3yJ/ibTar He-
NOCPEACTBEHHO BbITEKaeT U3 CBOHCTBA H30TPOIHH NPOCTPAHCTBA, CAIE/CT-
BleM KOTOPOIl sIBJISITCs 3aKOH COXPaHeHs MoMeHTa. B camoM Jene, Kak
6LIIO TOKAa3aHO BeLe, | S, |* xapaxrepisyeT BepoATHOCTb Mepexofa I
He MOKeT 3aBHCETb OT BbI6OpA CHCTEMBI OTCYeTa, a KBaHTOBOe yhcao M
(MpoeKiisi MOMEHTA) H3MEHSIETCS IPOCTHIM IOBOPOTOM CHCTEMBI KOOP-
JUHAT.

[TocKOMBKY He Bee HHTErpasibl ABIXKEHHS KOMMY THPYIOT MEXKIY COGOH
TO MBI HMEeM HEKOTOpyio cBo0ony B BblOOpE HCXOAHOrO MpejacTaB-
JleHHsl S-MaTpHIb, T. €. B BbiGOpe B KauecTse HHAEKCOB ¢¢' B opmyiie
(34.2) coBOKYMHOCTH COGCTBEHHbIX 3HAUEHIH KOMMYTHDPYIOWHX MEXIY
coboit HHTErpaioB ABHIKEHHSL.

OCHOBHbIMH HHTErpajgamu ABHIKeHHS, C KOTOPLIMH MPHARTCH HMETh
Jeo HUMKe, ABJSIOTCH MMIYJbC-9HEPTHsl i MOMEHT KOJIHYecTBa JABHIKE-
Husi. CoxpaHeHHe 3THX BeJHYHH — CTPOrce CJIeICTBIie HHBAPHAHTHOCTH
TEOpPUH 10 OTHOILIEHHIO K NPeo0pasoBaHisM KOOPAHHAT NCEBA0EBKIHL0BA
IPOCTPaHCTBA — BpeMeHH. JTa NHBAPHAHTHOCTb COOTBETCTBYET QyH/a-
MEHTAJAbLHOMY MPHHUUNY (PHSHKH — OJHHAKOBOCTH 3aKOHOB NPHPOJILI
BO BCeX MHepILaibHBIX CHCTeMaX orcyera. TeoperHKkorpyrrnosoe of-
CyMKIeHHEe PeSTHBICTCKON KBAHTOBOI TEOPHH BBIXOAHT 32 paMKH Ha-
crosueit Kuurn (cm. nanpumep [5, 6, 8]).

JLnst BBIBOJA KHHEMATHYECKHX COOTHOICHUIT HaM MOHAA00sATCA JIHIID
XOPOILO H3BECTHBIE 113 KYPCa 3/1eMEHTaPHOH KBAHTOBOH MEXaHHKH [1—-3l
CBOMHCTBA ONMEpPAaTOPOB MOMEHTA H HMIIYJbCd H HEKOTOpbLIE CBeJeHIIs U3
TEOPHH HEMPUBOAHMbIX TPEACTaBICHHH IPYNNbI BPALLEHHI, KOTOPbIE H3-
JoxuM Hixke, TTpryenm B 1e1sSX YIPOLIEHHs Mel He OyleM NOJIb30BaThCs
TePMHHOJIOTHEll TeOpHH TPYIIM.

Onepatopel MpOEKIHH MOMEHTa HE KOMMYTHPYIOT MekKy cofoif,
HO Ka}li}],blﬁ 113 HHX KOMMYTHPYET C OrepaTopon KBaJpara MOMEHTa CH-
cTeMbl J?, MOSTOMY COCTOSIHHME MOMEHTA 3ajaercs COOCTBEHHBIMH 3HaYe-
HusiMu onepatopoB J? u J,. Onepatop mmmyJabca P He KOMMyTHpYeT
C OMepaTopoM MOMEHTA KosHuecTBa JBHKeHHst. COOTBETCTBYIOLHE BETH-
YHHBI MOTYT OBbIT H3MepeHbl OJHOBPEMEHHO TOJNBKO B CHCTEME IeHTpa
uHepuun, Korga P = 0. B Jpyrux nHepuuajbHbix cHcremax P MOiKHO
H3MEPHUTh OJHOBPEMEHHO TOJIBKO C MNPOEKUHeH MOMEHTA Ha HMITYJIbC
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J-P/| P|. TIpoeKiilifi MOMEHTA CHCTEMBI HA €¢ HMIYJIbC Ha3biBACTCH CITH-
paibHOCTBIO I 1MeeT GOJIbLIoe 3HAYeHHE B KIHEMaTIKe peaxiuii.

IToMHMO pejasiTHBHCTCKOH HHBAPHAHTHOCTH, NpUBOAAILEH K 3aKOHAM
COXPAHEHIIsS MOMEHTA, HIZKe Mbl PACCMOTPIM HEKOTOpbI€ CIEACTBIA TaK
HA3bIBAEMBIX JIHCKPETHBIX CHMMETPHil — MHBAPHAHTHOCTH MO OTHOLIe-
HHMIO K OTPaKEHHIO MPOCTPAHCTBA I ->—r, OGpAIIEHHIO BPEMEHH H
CONPAMKEHINO YacTHLA — aHTHYaCTHIA.

[TpeoGpasosanmio oTpaxennst MPOCTPAHCTBA MOXKHO COMOCTaBHTH
orneparop (4acTo HasbiBaeMblil OnepaTopom NMPOCTPAHCTBEHHOIT YeTHOCTH)
P, xotopslii fieficTBYET Ha BOJHOBYIO (DyHKILHIO, OMHCHIBAIOLLYIO COCTOA
nne cuctemb (oM. [2]§ 30). [IBaxkael npiuMeHeHHas onepauns OTpaKeH s
NMPOCTPAHCTBA ABJAETCS TOXKECTBEHHBIM I1PEOOPAa3OBAHHEM. Cnerona-
TeNbHO, P2 — MpocTo UHEI0, KOTOPOE BCerla MOXKHO MOJNOKHTDL PABHBIM
enunuue. MHaue ropops, cnekTp coGCTBEHHBIX 3HAYEHHIT HOBO AHHAMH-
yeckoil mepemenHoil orpaninunsaetcs +4-1. CoGeTBeHHO® 3HAUEHHE one-
paTropa P nasbiBaeTcsl YETHOCTHIO CHCTEMBI.

Kak nokasani 3KCIepPHMEHTbI, Oneparop P me spasercss CTPOTHM
WHTerpanoM ABIDKeHHs. B mporeccax csiaboro B3anmojeicTBua (Ha-
npuMep, B npoueccax fi-pacnaja) 4eTHOCTb He COXPAHSETCS. Hapywenue
YeTHOCTII O3HAYaeT, yTo NpH mnpeoGpasoBaHuu P cucremMa MepeXOAHT
B (DH3HUECKH HE peasinizyemoe (He CyllecTByollee B TMPHPOJE) COCTOSTHHE.
OJHAKO st O4eHb GOJBIIOro Kiacca MpoleccoB IhPeKTsl HeCOX paHeH s
YETHOCTH HMEIOT HHYTOXKHO Majioe 3Hadexne. [Ljis STHX MPOLECCOB NpH-
MeHeHHe 3aKOHA COXPAaHEHHST YETHOCTH AAeT MHOI'O BaXKHBIX BbIBOJAOB.
Oneparop D He KOMMYTHPYET C OIEpPAaTOPOM HMIYJbCa, 8 COCTOAHHSA C
onpejiesieHHbIM 3HaueHueM P He siBaIfIOTCS COOCTBEHHBIMH COCTOSTHHAMH
orneparopa YETHOCTH, 3a HCKJIIOUEHHeM Clyyast P=0

Ocoboii oroBopki TpeSyer NpHMEHeHHe TOHATHS UYETHOCTH K CH-
cTeMaM C TOJYLeNbiM 3HaueHiieM MomeHTa. Eciail mposienaem npeobpa-

30BaHHE I — —T, a 3aTeM CcjejaeM MOBOPOT R(2mn) BOKpYT 1060t
u3 oceil Ha yroan 2mn, rae n=0,1,2, ... (em. § 49), To ans npo-
crparcrsa EBkanga KomMGHHALHS 3THX npeobpa3oBaHuil ocraercs npe-
o6pasoBaHiieM 4YeTHOCTH. [l COCTOStHMIt C UEJbIM 3HAYCHHEM MO-
MeHTa

PR@an) m>=P[n>=n[n>,

rje 1 — CoOCTBEHHOE 3HAUEHHe oreparopa UeTHOCTH, | n ) — cober-
BeHHAsl (DYHKIHsSI COCTOSHHS C OMNpeJe/ieHHbM 3HAYCHHEM 1] H LE/IbIM
3HaueHueM MOMEHTa, TOTJa KaK JJIsi COCTOSHHE C TOJyLe/biM 3Haue-

HieM MoMeHTa rnpeoGpasoBanus P u P R (2nn) omanuaiores Ha
(—1)*dasy, npuoGperaemyto BOJIHOBOH (PYHKIMEH, ONHCHIBaIOUIEH
CHCTEMY € TOJYIeJbIM CIIHHOM NpH TOBOPOTE HA 2nn. ATO O3HAUAET,
YTO JIsi COCTOSIHI C MOMYIE/BIM 3HAYEHHEM CIHHA YETHOCTb MOXKHO
OPEJeNHTh C TOYHOCTBIO 10 3HaKa. OJHAKO OTHOCHTEJbHAs HETHOCTH
HIMEeT CMbICJI. B YacTHOCTH, HMEET CMbIC/ YTBepXkKAeHue, 4To Her-
HOCTH 3JIGKTpOHA M MO3UTPOHA HMEIOT NPOTHBOMOJIOKHbIH 3HAK.
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BbIBORbI H3 HHBAPHAHTHOCTH MO OTHOLICHHIO K oﬁpame}uuo BpemMeHn

¢ = —1 (s1oii omepaunn comocrasisiercs onepatop 7T), Kak GyeT mo-
Kasano p cjenyioileM naparpade, CuibHO OTVIHYAIOTCH OT BLIBOJAOB 113
HHBAPHAHTHOCTH MO OTHOLWIEHHIO T — — I. B uacTHOCTH, BBeieHIe
NOHATHS BPEMEHHOH YETHOCTH OKAa3bIBAETC HEBO3MOMKHBIM, 4 YCJIOBIie
Ha S-MaTpHIY — OTIHYHBIM OT ycsosus (34.2).

IMocne roro xak Jlupak BBes MOHATHE AHTHYACTHLbBI 1 ObLI OTKDLIT
NO3HTPOH, BO3HNIKAA PyHIAMEHTANbHAs THIOTE3a: A4 JI060I ClHCTeMbl
CYIUECTBY €T CHCTeMa, 00/1a/ialonias TeMi JKe caMbIMii (DH3IYECKIIMU CBOI-
CTBaMi, HO C NPOTHBONOJIOKHLIMH 3HaKaMi BcexX 3apsiaos. WMuaue oc-
HOBHBIC YDPaBHEHHS, OMUCHIBAMOILHE 3JI€MEHTAPHLIE YACTHILBI, JOJMKHbI
OLITE CHMMETPHYHBI OTHOCHTENLHO NPeoOpa3OBAHUsSI YACTHIL B AHTHYA-
cruubl. MHoraa sto MpeodpasoBaHIie HASLIBAIOT 3aPS/IOBLIM COMPSIIKEH H-
em. AnajiornuHo oneparopy P BBonuTCS oneparop G KOTOpbIil KOMMYTH-
PYeT ¢ onepaTtopami, ONMHCHIBAIOLLHN I NPeoOpasoBaHiie MpocTpaHCcTBeN-
HO-BPEMEHHBIX KOOPAHHAT (MOMEHTa, HMIYJbCA, SHEPrHH) H AHTHKOM-
MyTHpYET C oneparopamu 3apsja

C'QC=—0;, C'BC=—B8;
'l =—1; &-'PC=—7,

rge Q, B, L — COOTBETCTBEHHO 3J/IeKTPHUYECKHH, GapUOHHBIN H Jen-
TOHHBII 3apsifbl; Y —runepsapsa.

JBax el NpHMeHeHHas onepauus C BO3Bpalllael CHCTEMY B HCXOJHOE
COCTOAHHE, B CBSA3H ¢ uem C* = /. CoGcTBeHHble 3HaueHHs onepartopa
npu ynoGHOH HOpMHPOBKe y = -1 u HasbiBaloTCH 3apsiloBOH YeTHo-
CTbIO CHCTeMbl. BBUIY TOr0 4TO ClicTeMa 10/KHA HAXOANTHCSH B COCTOSHUT
C Onpe/ie/IeHHbIM 3apsiZom, onepatop C He NPUHAMMEKIT K OJHOMY Ha-
60py COXpaHSIONHXCS OnepaTopoB. TOMLKO NS CICTEM C 3apsajamu,
PABHLIMII HYJIIO (MCTHHHO HEHTPANbHBIX CHCTeM), onepatop C Mmoxer
OBITE BKJIIOYEH B TOJIHBI HAG0P COXPaHAIOLHXCS OIepaTopoB, 4YTO MPH-
BEJIET, COTVIaCHO BhIpaKeHnio (34.2), K onpepeneHHoOMY NpaBHay OT-
Gopa. OZHaKO TaKHX CHCTEM HEMHOTO, B CBSI3H C STHM OCHOBHOE npH-
MEHEHNE 3aKOHa coXpaneHusi C-yeTHOCTH B Buje (34.2) sakmiouaercs
B IOMYYEHHH COOTHOUICHHIT Mex]y aMmmIHTYAaMH Tepexofa s 3a-
psxKeHHBIX cucTeM. Tak e Kak u ﬁ-llHBapI-lal-xTHUC'rb, C-unBapuant-
HOCTb HapyIuaercs caGbimi BsanmoneiictBusimu. [Tostomy anst mporec-
COB, B KOTODPBIX cJlaBble B3aUMOIECHCTRIIST HMEIOT onpenessionlee sHaue-
HHE, CBOHCTBO (34.2) K uHTerpany Apmxenus C Henpimennmo. OIHAKO
AJist OTPOMHOTO GOJIBIIHHCTBA [POLECCOB CTONKHOBEHHS YAaCTHIL 5TO Ha-
PyUICHHE JaeT JIMLIb HHYTOKHO MaJjble [OMPaBKIL.

B cBssn ¢ oGuapyxennem napymennus C-u P-1HBapHAHTHOCTH Gblia
BBICKa3aHa THIOTE3a, YTO HCTHHHBIM HHTETPAJIOM ABHIKEHHS SIBJSAETCS
HX npoussefieHne CP, Tak HaskiBaemash KOMOMHM]OBAaHHAsl HHBepCHs
190

‘CMBICJT 9TOTO YTBEPIKACHHS MOXKHO MOSICHHTb HA MPHMEpEe HEelTPHHO.

B B-pacnaje HeHTpHHO, HCIYCKaeMoe BMECTe C JICKTpPOHOM, obiajaer
ChHpanbHOCTBLIO A = --1/2, a HeHTpHHO, HCMyCKAaeMoe C MO3HTPOHOM,
©06aajaeT CupanbHOCTbIo A = —1/2%. Onepaiiisi P MeHsieT To/IbKO 3HaK
CTIHMPAJbHOCTH (MPOEKIHS CIIHHA HA HMITYJILC ABASIETCS CKaNAPHBIM PO-
U3BeJleHIIeM MCeBJOBEKTOPa — CNUHA H HCTHHHOrO BEKTOpa — HMIYJb-
<a) H, C1efloBaTeNIbHO, MePeBOAHT HeHTPHHO B COCTOsIHIE, He peatinsy-
emoe B mpipone. Onepaiust C nepeBOfNT HEHTPHHO B aHTHHEHTpPHHO, HO
He MEHSeT 3HaKa CMHpPaIbHOCTH, T. €. TAKIKe JlaeT COCTOSIHHE, He peajiay-
emoe B npupojie. CoBMecTHoe 3xKe neiictBre onepaunit C u P 1epeBoaut
HelITPIHO ¢ OTPHILATebHOI CMIPalbHOCTLIO B AHTHHEHTPHHO C [OJIOMKH-
TeALHON crinpaibHocThio. Muaue rosops, omepamist CP mepeBomut
OJIHO (PU3HYECKH peasH3yeMoe COCTOSHHME B JIpyroe, Takke (HanyeckH
peannsyemoe.

OjHaKo runoresa o ToM, 4To KOMOHHHPOBaHHAS HHBEPCHS — TOYHBIH
VIHTEerpaj [JBMKEHHA, TpojepiKanach Heloaro. XoTsS NpPOoH3BeJeHHe
CP siBisieTcss ¥ 3HAYHTENBHO GoJIee CTPOIHM HHTErpaJsoM ABHIKEHHS 10

cpaBHeHHI0 ¢ C U P B OTHE/NbHOCTH H HMeEeT JOBOJIbHO IIHPOKYI0 006-
J1acTh IPHMEHHIMOCTH, TeM He MeHee B MOC/eAHHe oAbl oJyUeHkl Cepbes-
Hble KCIepHMEHTAJbHEIE Pe3yJibTaThkl, MOKAa3blBAIOUIHE, UTO KOMOHHH-
poBaHHAs MHBEPCHA TAK)Ke He SBJIAETCA CTPOTHM HHTErpajioM JBHIKe-
Husa. Hekoropeie Mozpl pacnaja HefiTpanbHbix K-Me30HOB, KOTOpbIE
CTPOFO 3amnpelleHsl coxpanenuem CP-HHBapHAHTHOCTH, HaOMI0AaJHCh.
Xorsa addexT n oueHb MaJ, TeM He MeHee OH CTABHT HECKOJbKO (yHpa-
MEeHTaJIbHbIX BOMPOCOB, HCCIEAOBaHHE KOTOPHIX B MOMEHT HaIHCaHHHA
KHUTH ObLIO OfHOH M3 CaMBIX aKTYaJbHbIX 3aa4 (PU3UKH.

Bounbliioe 3Hayenye B hH3NKe 31eMEHTAPHBIX YACTHIL MMeeT KOMOHHA-

st - npeodpasopanuit CPT. MHBapnantHocTh Teopuu Mo OTHOUIEHHIO
K 3TOH KoMOHHAUMH npeo0pasoBaHHH BbITEKAeT I3 caMbIX OOGLLIMX
TIDHHLIMIIOB KBAHTOBOH MeXaHHKH H TEOPHHM OTHOCHTesbHOCTH. Tak Kak

9Ta KoMmOMHALNA BKJAoyaerT mnpeodpasoBanne 7', TO OHA He HMeeT
CMbIC/1a AHHAMHYECKO# nepeMeHHo nIH HHTerpasna asmkenns. [Tostomy

CPT-uHBapHaHTHOCTD He ABASETCS OOBEKTOM [PHMEHCHHSI COOTHO-
iwenns (34.2), XoTa H3 Hee MOXKHO TOJYYHTD LeJblil Psifi BaXKHbIX COOT-

HouwteHuil. B wacrnocTtn, Hapywenne CP-HHBAapHAHTHOCTH 03HAYyaeT

HapyiieHye 7-1HBapHaAHTHOCTH.

IToMuMO OTMEUEHHBIX MHTErpajloB JABHMKEHHs OOJbIIOe 3HayeHHe
HMEIOT ele MHTerpasbl ABIHKEHHS, KOTOpHe B CYIIECTBYIOULEll TeopHH
SIBJISIOTCA JAHHAMHYECKHMH NePeMeHHLIMH, COBEPIICHHO He 3aBHCSALLHMH
OT AHHAMHYECKHX NepeMeHHbLIX, ONpeAe/IeHHbIX B 0OBIYHOM MPOCTPaHCT-
Be — BpemeHH. Cpefn 9THX HHTErpajioB Mpexae BCEro cjeiyer oT-
METHTb CTPOTHE HHTEerpajbl JBHKEHHS: 3JeKTpHYecKHil sapsai u 0Ga-
puonHblil 3apsif. CoxpaHeHHe 3THX BEJNHUHH YCTAHOBJIEHO C OrPOMHOM

* CpolicTBa COCTOSIHHII, XaPAKTEPH3YEMbIX KBAHTOBBIM UHCJOM H COHDAIb-
HOCTBIO A, H3J0XeHBl HHXKe, B § 53.
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TOUHOCTHIO. Kpome Toro, BecbMa BePOSITHO, YTO TOYHLIMI AB/IAIOTCH 3a-
KCHBI COXDaHEHHs! JeNTOHHLIX 3apAJ0B — MIOOHHOIO I 371EKTPOHHOTO.
STH 3aKOHB COXpaHEHHsI Ha OCHOBE COOTHOWEHHs (34.2) npHBOAAT
K TpocThIM IpaBuaam orGopa. HeckosmbKo Gosee cjodHbIe Mpasiaa
0TGOpa BO3HHUKAIOT MPH MPHMEHEHHH 3TOr0 COOTHOLICHHS K NP0/ IIKEH-
HbIM HHTerpajias JABHIKEHHS — H30TOMHYECKOMY CHHHY, CTPaHHOCTH
(v runepsapsjy) Han 0000IaloWel 3TH 3aKOHbl COXPaHeH1Is YIiuTap-
HOII cUMMETPHH. HitKe Mbl yeNHuM 3THM 3aKOHAM COXpaHeHHs A0BOJILHO
HeGobIIoe MeCTO, TaK KaK HX o0cyiKAeHHe HeCKOJbKO BLIBOANT HAC 3a
pamMKi Hauleli CKpoMHON LeH.

Bekope nocsie OTKphITHA HellTpona Qusnki oGpativin BRIMAHIE HaA
OJIHHAKOBOCTb €0 CBOIICTE € TPOTOHOM 1l ObLIO NPENJo¥keHo paccMmar-
pHBATb HEITPOH M MPOTOH KaK /Ba 3apsilOBLIX COCTOAHIIA OIHOI 11 TOi
e YacTHlbl — HYKJAoHA. Ilpu 2ToM BOJIHOBAst (PYHKIHA HYK/IOHA CO-
JepKUT AONOJHHTENBHYIO — H30TOMHYECKYIO — MepeMennyio, KoTopas
MOYeT NPUHHMATD 110 aHAMOTHH C MPOEKILHell 0OLIMHOTO CIIliHa 1Ba 3Ha-
yennsi. AHAMOTIS CO CNKHHOM OKasaJjach oueHb ray6okoii. Ecan pacevor-
peTb IPYNNy HYKJIOHOB H C H3OTOMHYECKOI MepeMeHHOMH NnocTynarh Tak
e, KaK CO CII{HOBOIl NepeMeHHOH: BBECTH H30TOMHYECKHH CIHITH 3TOH
rpynnel no 3aK0OHaM CJIOXKeHHS MOMEHTOB KoJndecTBa ABIEeHIs H
TPEeANONONHTD, YTO MOJHBIH H30TOMHYECKHH CIIHH FBAACTCH IHHTET DA OM
JBIKEHHS,— TO MOM<HO BbIBECTH HEKOTOpble CJEACTBHS, MO1Y4lBLIIE
GuiecTsiliee NOATBEpIKAeHIE B 9KcnepivenTe. Mexossi us s1oit anaJiorii,
MOKHO OMNpEIEJIITh ONepaTop H30TOMHYECKOro CrMHHA KaK oreparop,
OMNCLIBAIONHIT GECKOHEYHO MaJblil MOBOPOT B HEKOTOPOM (UKTIIBHOM
{30TOMHYECKOM MPOCTPAHCTBE (HMEHHO TaK HandoJiee noc/aefoBaTe/IbHo
ONpejeNsieTCs ONeparop MOMEHTAa KOJIHYeCTBA ABIKEHHS — CM., Ha-
npumep, [2]). Takoe onpeaesenye H30TONHYECKOTO CIHHA KaK HHTErpa-
fa IBUIKEHHS HeH30eXKHO NPHUBOAHT K BbIBOAY, YTO BCE HACTHLBL (HJH
noJisi), HCIBITHIBAKLIHE CHIBHOE B3aUMOJIeHCTBLE C HYKIOHOM, HOJKHbLI
NOAYHHATLCHA 3TOH CHMMETPHI. 3t0 1 GblJIO NPEANoJ0XKeHO BCKOpe nocjie
BBE/ICHIS B TEOPUIO T-Me30HOB. OTKpLITHE T-ME30HOB H Ii3yYeHHE X
BaanMojielicTBHiT 6aecTaAlle NOATBEPAHIO THIOTE3Y H30TOMIUECKOIl ITH-
BapHAHTHOCTH. A MpPH MOCAEAYIOWHX OTKPLITHAX HOBBIX YaCTHLL 1l PE30-
HAHCOB 130TOMHYECKHil CHHH 3THX 4YacTull (uIypHpoBal Hapsiiy Co
CMHHOM B UHCJIE OCHOBHBLIX XapaKTeplCTHK.

MsoTtonnuecknit cnuH GonblIoe 3HaYeHHe HMeeT B TEOpHIH JErKix
aToMHbIX f7ep. B mocseanie rofibl BLIABIIACH BO3MOKHOCTL HCIONB30-
BaHHS 5TOTO MOHATHA M s Tsaxenpx sjgep. [lockoabky maremariye-
CKHil anmapar H30TOMHYECKOro CHHHA COBMAJAET C allnaparoM MOMEHTa
KOJHYecTBa JBHKEHUS, TO HaT0MXKEHHbIE HIKE Pe3yJbTaThl, OTHOCHULHECS]
K OGBIYHOMY MOMEHTY, HeMoCpEACTBEHHO MEePEHOCATCS Ha H30TOMHYeCKIH
cnun. CreyeT NOMHHUTB, YTO B OTJIHYHE OT OOBIYHOrO MOMEHTa H30TOMII-
yeCKHil CIIMH — NpHOAKeH bl nHTerpan ABiKeHns. Eule Gonee chilb-
HO HapyIIeHHOIl OKasajach yNOMsHYyTas YHHTapHas CHMMETpHH, OCO-
GeHHO B CBS3H C MPHUMEHEHHEM K SiIePHBIM peakuusaM. OTH HapyIIeHHs
HACTONBKO BeJIHKH, YTO HellenecooGpasHo MOAPOOHO OCTAHABIHBATHCS
Ha 3TOii CHMMETPHH B HACTOSILEH KHHTE.
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§ 35. OBPAULEHHE BPEMEHH*

Ecai cuerema He HaxXOAUTCA BO BHEUIHEM IMOJE, TO BCE MOMEHTLI Bpe-
MEHU 11 TAKOH CHCTEMb! PaBHOIIDABHBL TakK Ke, KaK H BCZ HanpapJaeHid
npoctpaHcTea. B KiaccuuecKoil 11 KBaHTOBOIl MeXaHilKe 13 3Toro ob-
CTOATENLCTEBA ?LITEK&ET 3aK0H COXpaHeHisl IHEPrir. Kpome TOT'O,
B KJacCHYeCKOH MeXaHHKe ypaBHCHIA ABIKEeHHs HHBapHALTHBL 110 OT-
HOLLEHHIO K 3ameHe { = — [. [lycTh, Hanpumep, HMeeM pelleHHe ypas-
Hennit HblOTOHA, OMHCHLIBAIOUIIX JBHIKEHIIE CHCTEMBl MaTepHanbHLIX
ToueK. B MOMEHT BpeMeH! [ == [} pafilyChbl-BEKTOPbI TOYEK II X CKOPOCT!I
pasHbl r;(f;), vi({;) 1 MO HCTEUEHIIII HCKOTOPOro MPOMEKYTKa BpeMeH il
At = {y — {; B MOMEHT {5 TH BeJHUYHHLI MPHHIMAIOT 3HAUeHHs T;(/s),
vi(l,). MHBapianTHOCTh YPABHEHHIT MO OTHOWIGHIO K 3aveHe [ =~ —/
03HAYaeT, uTO CYILECTBYET Tal:KC peuleHne, XapakTepHsyloiieecs Tex,
4TO PajiilyChi-BEKTOPBI It CKOPOCTIH MATEPHAMBHLIX TOUEK, pasHbie T;(/s),
—v;(fy), mepexoAaT 3a TOT Ke MPON3BOJALHO BLIGpPaHHBIT MPOMEKYTOK
BpemeHn B BejuuliHel ri(f;), —v;(f;). Taxoil cummerpuell odnananr He
BCE& CHCTEMBI. l'lp}imepom MOZKET COYMHThL CHCTEMa 3apaAeHHbIX ya-
CTHIL B MarHHTHOM noJie. B 3ToM caydae, Kak H3BecTHO (CM., HAmpHMED,
kunry [11]), B onepauuio odpaiierns BpeMeHit HeOGXOAHMO BKIIOYHTD
H3MeHeH!e HanpaBJeHHs MaTHHTHOTO Mo Ha npoTiBonoaoxkHoe. Ecan
JKe 3TOro He Cles1aTh, TO AJs CHCTeMbl 0OPATHMOCTI BO BPEMEHH He Cy-
ILLECTBYET.

“l'locxo.n bKY KJaccHuecKas MexaHHka — MpeaesbHitil cayyali KBanTo-
BOIT MeXaHUKH, TO C/eLyeT OXKilgaTh, UTO 0OPaTIMOCTL BO BpEMeHH Haii-
JleT CBOe OTpa)KeHHe H B KBaHTOBoIl mexanuke. llycTe paccmarpuBaemas
KBaHTOBOMeXaHHUYecKas cHcTema KOlLICepBATHBHA, T. €. TamiJbTOHIAH
HE 3aBHCHT OT BpemeHH. ¥ pasHenite [peaunrepa

. OV (1)

= AW (1) (35.1)

npu 3amese [ ——{ MepPexXoiMT B ypaBHeHHe BHAA

COW(—=h) A 5

—fiete = MW ). (35.2)

Ilocnennee ypaBHenne He coBnajaer ¢ ypaskenuenm Illpeinnrepa. 3to

He no3BoJser HaspaTh W(—/) o6palieHHbIM BO BpEMeHH PellieHneM ypaBs-

genus (35.1). YroGel HafiTi peitieHiie ypaBHeHus (35.1), paccMoTpiim
ypaBHEHHE, KOMIJIEKCHO CONpsiKeHHoe ¢ ypaBHeHleM (35.2),

. oW (—1)

| = "W (—1). (3

Hs spmutoroctu H caepyer, uto I n H* umeror OIHM H Te iKe
ccCCTEEHBBIE ZHayeHHs (HO, Bcoblle roeops, pasjuyHbie cOGCTBEHHDIE
{[)}’HKAI.LHH); 3TO 0ZHAUAET, YTO CYLIECTBYET TaKoil VHWUTAapHBIH onepa-

o
(]

top V, urto

* Ilns usyuenns sroro naparpada caenyer osnakomutbes ¢ §§ 36 w41,
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VA VT = H. (35.4)
V3 Buipaskenns (35.3) IpH NOMOIMWM COOTHOLWEHHs (35.4) moJyunm
T LA M) B L (35.5)

at

CpasHuBas mocJejiee COOTHOLIEHHE C YpaBHEHHEeM (35.1), BUAUM, 4TO
1.?‘1”:(—!.) eCTECTBEHHO HasBaTh pelleHHeM, oOpallleHHbIM BO BpeMeHH.
Takum o0pasoM, npeodpasoBaHie ofpalleHHs BpeMeHi HOCHT HeoGblu-
HBl1 JJ8 KBAHTOBOI MEXaHIKH XapakTep: OHO COAEpP’KHT KOMIIIEKCHOE
conpsizKeHue

TW () =VKY(—1). (35.6)
3necs 7' — omepatop oBpauieHds BpEeM2HH; K —onepaTop KOMILJIEKC -
HOTO COMpSIKEHHS.

PaccMOTpUM 3aKOH TpeoGpasoBaHHs ONepaTopoB NpH OOpaileHHH
BpeMeHH, npryeM GyJeM CUHMTaTh, YTO BOJHOBblE (YHKIUHH MPH TAKOM
npeodpasoBatiiil COXPAHAIOT CBOH BHJ, @ H3MEHSAIOTCA ONepaTopbl AHHA-
MIUECKHX BeJHuiH (cpaBHM ¢ mepexofoM oT npeacrasnexis [IpexuH-
repa x npeacrasaennio [aiisendepra [1]). Taxoit mepexol ciepyer u3
obuteit GopmyJibl KBAHTOBOH MeXaHHKH

v, QT v ©)=(¥ (—HQ¥ (—1),

rae Q — npeoGpasoBanHblil (06paleH Hblil Bo BpeMeHH) oneparop. Hrak,
JJId HE 3aBUCANLNX OT BPeMEHH OMepaTropoB HMEEM

A A A "}'\'T
rae T 03Hauaer, YTo COOTBETCTBYIOMLHII ONepaTop TPaHCTOHHPOBAHHBIH.
Ecait () = Q, KaK 9TO HMEET MeCTO Il BeJIHYHHBL [, COTVIACHO BhIpaKe-
Hio (35.4) 1 cBoOicTBY apmuToBocTH F, TO OyJeM TOBOPUTB, YTO 3TOT

onepaTop HHBAPHAHTEH N0 OTHOLIEHHIO K 00palleHiio BpeMeni { = —7.

HerpyHO noKasarth, YTO H3 MHBADMAHTHOCTH [ 1O OTHOWIEHHIO K
onepawii ¢ = —;{ ClefyeT TaKxKe HHBAPUAHTHOCTD S-MaTPHIbI:
VvtV = 3. (35.8)
ATo COOTHOUIGHHE HA3LIBAIOT Teopemoil BaamMmHOcTH. OHO OTpaxkaer
oucHb ofuiee cBoiicTBo S-matpuuel. OgHako coorHourenne (35.8) npen-
cTapJsieT codoil Malo colepiKartelbHoe VTBEpKIEHHE, N0Ka HEH3BECTEH
ABHEL1 BUA onepartopa V. Urtodsl HaiiTH onepatop V, HeOGXOLHMO 3a/1aTh
TpaHchopMaILOHHbIe CBOHCTBA OMCPaTOPOB AHHAMHUCCKHX TIEPEMEHHDIX,
KOTOpbIE COCTABJSAIOT TOJHBIE HA0OP BeNHYHH, XapaKTepH3YIOUHX CH-
cremy. DTo onpenenut TpaHchopMalHOHHbIE CBOHCTBA JI000H APYyTroH
AHHAMIMeCKOl nepeMenHoil. Mcrounnkami Hauwnx sHaHuit o6 oneparo-
pax KBAaHTOBOH MeXaHHUKH SBJSIOTCA TOJBKO MPHHIIM COOTBETCTBHA
1 onwit. [Tostomy Hanoxum oneparop Ha V TpeGosaHue, 4TO0bl BEJIHYH-
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HBI, e MEHSIOUIHE 3HAKA NpH npeodpasoBaHiii [ - —/ B KJIacCH4ecKoil
MexaHHKe (KOOpAHHATA, 9HEPTHS 1 T. [1.), HMeJIH OrMepaTopbl, HHBAPHAHT-
Hble 110 OTHOILEHHIO K npeobpasoBanuio (35.7). Beanuunst Ke, MeHsioulie
3HAK NpH peodpasoBaHuil { = —{ B KJACCHYECKOIT MexaHuKe (CKopocTs,
HMITYJIbC, MOMCHT, BEKTODHBII MOTEHIfA] 3JeKTPOMATHHTHOTO MO K
T. A.), AOMMKHBI MMETh ONepaTOphl, MOAUHHSIIOULHECs YCIOBIHIO

A A A A T
VtQv =—Q". (35.9)
Oneparopel cnuHa, OyAY4N BEAHUIHAMIH, aHATOTHYHBIMIT MOMEHTY KOJIII-

yecTBa JOBHZKEHHsI, TaKXKe NOJIMKHEI npeoﬁpasosmsamcs corJjiactHo mno-

caegnemy ycaosmio. Eciin cymectByer onepatop V, o6ranaomuii nepe-
YHCJIEHHBIMH CBOICTBAMIH, TO IO OMpEeNeeHHIO JBHIKCHHE CHCTeMbl 00-
pariMo BO BpEMEHHL.

Hafizem siBHBIH B MaTpHLBI onepatopa V uist cocTosHuil, 3alaHHBIX
KBAHTOBBIMH YHcaMIl Jiioforo momenTta [, (' (Harnpumep, opOHTAaIbLHOTO
MOMEHTa OJIHOil H3 4aCTHI CHCTeMbI), I €ro MPOEKIHII /1 U m':

("m'a"|V|inma),
3lech ¢ 1 ¢ — OocTaJbHbIe KBaHTOBLIE UHC/IA.

Bocniosbayemcst  yCnOBIAME, HAaKIalbBaeMbIMH Ha onepatop V
TpeGoBaHHeM 00paTHMOCTH BO BpPeMeHH 1 5PMHTOBOCTH pacCMaTpHBAaeMbIX

orneparopoB:
+

&

M3 seipamenus (35.10) BriTexaer, yTo V AHArOHAIBHO MO KBAHTOBOMY

yueay [. 3aBHCHMOCTD V OT KBAaHTOBBIX Yiices 71 1 /" MOXKHO YCTaHOBHTD,
peunniB ypaBHeHusl (35.11) ¢ Hcnosb3oBanueM SIBHOrO BbIpaxKeHHS AJis
MaTpHILL NpoeKuHii onepaTopa MomeHnTa (cM. kuury [2], § 27):

’ 1—
(I m'e’ |V I z"n CX,) — (Gf-r | V“ | C{.) 6!'! ﬁ—m’m g™, (3512)
Ecnit nosb3oBarses npejacraBjeHueM, rje Bce oCTANLHBIC AHHaAMHYeCcKHe

nepeMeHHble — MHBApHAHTHl mnpeolpasoBanus (35.7) (KBaapaTel MoO-

MEHTOB, CIHHOB, HMMYJbCOB H T. A.), TO, VUHTLIBAS YHHTapHOCTh V,
MOXKHO 3amicarth Beipakenue (35.12) B suge

(U'm'a’ |V |lma) = 8,0u 810y 8 _pyr €17 L7 (. DFm])
rie ¢asa f} mpoH3BoNbHA; ee MOMKHO BLIGpaTh, PYKOBOACTBYACL coobpa-
*KeHHeM yjo0cTBa pacyeroB. OGbiuHO f BHIGHPAIOT TaK:
(t"ﬁl!a' I V [ !.-‘}T,Q’f) = 6&»3 6{’; 6‘__”,‘, . ei= ({4m), (35_ 13)
IlepBoe mpemvyuiecTBo TaKoro uiGopa b saksiodaercs B TOM, 4TO MaTpH-
na V JeiicTBUTeNbHA; BTOPOE BbITEKAeT H3 pPACCMOTPEHHS CJIOMKCHHA
MoMeHTOB (cum. § 41):

qfﬁJM = E (JA{I I jl My Jf2 “‘2) IFO‘! fiv1 11;“:1"2'.‘-9’

ok B

<
o

2 =1 (35.10)
| (35.11)



rne Wasa — BOJMHOBas (hbYyHKIMsSI MOJHOI'O MOMeHTa. B unpaexc A sToili
(YHKUHH BXOMAT Jy, ¢y, Joo,. Ecam kaxjoe u3 cocrosinuit Wo, 0, H
W,, j,u, MpeobpasyeTcs NpH 3aMeHe t— —1{ npu nomowH (GopMyJibl
(35.13), T0, HCMOIL3Ys CBOWCTBO KOIDPUUHEHTOB BEKTOPHOrO CJIO-
wenust (e, § 41)

(] — M| jy — Wy fa— o) = (— DIt = (JM| jy 1y f2 2),
MOXKHO mokaszarth, 4to Wiy Takke npeoGpasyercs 1o (opiy.e
(35.13).

Takum 06pasom, Npil TaKOM BbiGope B HeT Heo0XOMIMOCTH 3a00THTLCS:
o npeoGpasoBannil pas — BCe BOJIHOBbIE (DYHKIHH MOMEHTOB I CIITHOB
npeodpasyloTcss OAHHAKOBO.

PaccmoTpriM S-Marpuily B MpeicTaBjieHHH, KOTOPOe OMpeiessercs
HOJHBIM MOMEHTOM J, ero npoekiifeli M 1 JHHAMHYECKHMIL NePeMCHHbI-
MH, HHBAPHAHTHBIMH MO OTHOMIEHHIO K mpeoOpasosannio { — —i. Ha-
npumep, s peakuuit Thna @ + X > b + Y (em. npeAsAyLIIHE napa-
rpa) Oylaem HMETDH

(s'U'a’ | S |sla) 8syr Oamms

aziech S, S — CymMMapHplil cnnH wactuw; [°, { — opGUTANBHBIH MOMEHT
OTHOCHTENILHOTO jBHKeHInsA. [lofcTaBiasis 9TO Bblparkenue B QOpMYyJy

(35.8) 1 HcroAb3Y st ABHBII BIL MATpHILLL onepatopa V (35.13), naxonum,
uTo S-MaTpMila B TAKOM NMPEACTABJEHHII CHMMETPIYHA:

(B! S7|A) = (A|S’|B). (35.14)

ATOT pe3yLTaT OTPAXKAET ONHO 13 (PyHAAMEHTANbHBIX CBOHCTB S-MaTpPH-
1bl, HMelomee GOAbIIOe 3HAYEHHE B TPHJIOKEHHAX.

CoBepIIeHHO aHAJOrHYHO JIOKa3bIBAETCS CTO/DL Ke BaXKHOEe COOTHO-
eHHe

(P Jitalabat’ | S| Py iy iy fry i @) = (— D/ ierblistartiornctlres
X (—pify— W fyy — B @ | S| — iy — W J2 —upa’).  (35.15)

31ech f;, W, — CIHHBI YAaCTHI W MX IPOEKUHH; P; H Py — HMOYJIBLC
OTHOCHTE/IbHOTO JBHIKEHHSI B HAUYaJbHOM H KOHEUHOM COCTOSHHAX.

) Econ naj ¢ynkuuedl W cosepimaeTcst yHHTapHOe mpeoGpasosa-
Hue W

v =W, (TVv) =W T,
TO M3 BhIpaxKeHHs (35.6) H paBeHCTBa
(Tw) =V ¥"
HaXO0JHM

Vo =wvrw, (35.16)
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T. e. omeparop V npeoGpasyercs H3 OAHOTO IPEICTABJEHHS B Apyroe
(cM. § 36) He KaK oOblYHAA YHHTAPHAS MATPHLA, & MPH MOMOLILI TpaHC-
MOHIPOBAHHOTO TpeodpasoBaHHus.

[TockoabKy BHA omepaTopa V' MOXKeT cleloBaTb I3 coobpaenni
HHBApHAHTHOCTI, TO BbIGOp (a3 y oneparopa V' osHauaer O/IHO3HAYHbI {1
BuiGop (has y matpliubl npeoGpasopanns W. [Tpusenem npumep. Ilyctb
onepatop V samaercst Bbipax<ennem (35.13) u mycTb W npeobpasyercs
13 TIpeACTaB/CHIs [im B MpeJCTaB/eHIE, 3alaBaeMOe EANHHIHBIM BEKTO-
poM n:

W =e'tY,, (n), (35.17)

rjie y; — (hazoBblil MHOMKHTEb.
BekTop N MOKeT ObITh HampaBJeH IO r (pajuycy-BeKTOpy HacTH-
upl) WM 1o p (uMnyJabcy uactuusl). K3 tpeGopanus 06paTHMOCTH

spement (VT pV = —p% ViV = 1) umeem
@ VIip=8®p +p; @ [V[r)=8F"—1). (35.18)

IIpeoBpasyem ¢ yuetoM (35.17) omeparop V, umeiomuit Bug (35.13),
corsacuo opmyae (35.16)

@ |Vin)= X e Vi (0') 8101 8 me™ T &Yy (n) =
Im 'm*
L 6(n" +n) nmpu y, =0
= E Mty ()Y, (n) = z nl
d(n"—n) npu y, =-5.

I

CpasuuBasi 3Ty opMyay c Bbipaxennen (35.18), Buaum, uTo BBIGOpY
¢as B BeipakeHun (35.13) oTBeyalOT BOJHOBbE (YHKUHH op6uTann-

HOTO MOMEHTa B p-NpeJCTaBJIeHHH Y!m(%) , @ B r-npejicTaBJeHHH —

=l
_ei? Yim (%) =i'Y, (%)

§ 36. PYHKIIHH NPEOBPA30OBAHUA

Msl BLIICHIUIH BaHefinine cpoiictBa S-martpuipl. Tenepb HeoOXo-
AUMO YCTAaHOBHTb, KaKHM 00OpasoM 3TII CBOHCTBA CBf3aHbl C KCMEpH-
MEHTANBHO HAGMIOAAEMBIMIT BEJIHUNHAMY, HAMpPHMED CeUeHIsiMH, YIJIO-
BBLIMH pacnpejeseHusMu 1 T. I.

Buitiie 6bLI0 MOKA3aHO, YTO KBAAPAThl MATPHUHBIX 3J1EMEHTOB S-Mart-
PHIIH OTPEEJSIOT BEPOATHOCTH NMEPEX0J0B H3 ONpeeIeHHOro Havallb-
HOTO COCTOSIHHSI, 3aldHHOTO HAaGOPOM KBAaHTOBBIX YHCEJ f, B KOHEUHOe
COCTOSIHHE, XapaKTepuayemoe Ha6opoM . ITo 03HAYaeT, YTo e/ B Ka-
yecTBe KBAHTOBLIX YHces BeiGepeM YIiibl 6, ¢, onpeesiollie Hanpasie-
HHe JIBHXKEHHS YaCTHILBI, TO KBaApaT S-MaTpHullbl Oy A€T aBaTh MJOTHOCTD
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BEPOATHOCTH OGHAPYKITb YACTHULI JIETSIHMH B JaHHOM HallPaBJeHIH.
Ecan xe BhiGepem kBantoBbie uncaa /, m, To HIOJTYYHM BEPOSITHOCTL 00-
Hapy KHTb YaCTHLEI C JAHHBIMH BeJIMYHHOH 1 MPOeKIHell MOMEeHTa KOJlH-
UyecTBa ABHIKEHNS.

3alimemcst Tenepb npeoGpasoBaHuem S-MaTPHLLI, 3aJaHHOH yepes
OANH Halop KBAHTOBLIX 4HCeJ, B S-MATPHLY, 3aJdHHYIO Yepes Jpyroit
Ha6op. Takne npeoGpasoBanusi GyayT Ype3BbIYAiiHO TOMNE3HBI B 1a/b-
neiimem. Ilpusesiem npumep. 3akoHbl COXpaHEeHHS HAKIAIBIBAIOT pan
OTpaHHYeHHH HA BUJ S-MaTpHIb. Eciiu B HAGOps! KBAHTOBBIX unCes ¢ K
7t BXOAAT KBaHTOBBIE UNC/IA HHTETPAJIOB ABHKEHHS, TO IO HUM S-MaTph-
La rnaronanibua. Ecan mbr Gylem HHTepecoBaThCA OrpaHHYEHHSMH, HA-
KJI2[bIBACMLIMN SAKOHAMH COXDaHeHHS, HaNpHMep, Ha YIJIOBEE pac-
TNIpELIeNICHIIS, TO OJIKEBI NIEPeBecTH S-MaTpHLy U3 TpeJCTaBJeHNHs, 3a-
AaHNOTO KBAHTOBLIMH YHC/IaMH HHTET DaJIoB JABHIKEHIs!, B IPEACTABICH e,
3ajlaBaeMoe yIJyami.

Coryiacko o6luM NpUHELENAM KBAHTOBOI MeXaHHKH [1—3], nas Toro
uTOCH! HAliTH BEPOATHOCTL OGHADYIKEHHs B 3aJAHHOM COCTOSIHHI BeJili-
YHHBL ¢, HAJI0 pasaoxuth W,(x) no cobeTBeRHbIM GYHKLHAM oneparopa

3TOH BeNNYHHBI Q
¥, (x) = 3X,Cq ¥, (x) (36.1)

H B3ATb KBaApaT MOAYas Kosddruuenta pasnoxenus Cy. HaGop K03(.

¢uinenros Cy ABSIETCS BOJHOBOIT (byukuuei B g-npefcTaBaesui.
Bripaikenue (36.1) B oGosHauennsix Jlupaka samumercs Tak:

n)=(x|q)(q|n). (36.2)

q

(x

Orciona cnenyer, uro coGersennas dynkuust oneparopa Q: ¥, (x)=
= (x | g)—dynkunsa npeoGpasoBanus ns NPeICTaBNEHHS ¢ B NpeicTaB-
JeHne x.

Yno6etBo oGosnauenuit [Iupaka sakmiouaercs B TOM, UTO OHI Hamu-
Gosiee TOUHO H B HanGosee oflieM BHIe OTPaXaioT OCHOBHBIE 3aKOHDI
KBaHTOBOIl MexaHHKI. B wacThocTi, 0603Hagene byHKuHi peo6paso-
BaHHsA (X |g) MOQYEPKHBAET HEKOTOPYIO CHMMETDHIO MeXAYy HHAEKCaMH
TNPEACTaBAEHUST X 1 HHAEKCaMH cocTostHus ¢. Kpome Toro, sTa cuctema
0603HaueHuil O3BOUT B MPOCTOI (opme MOAICHATL CMBICH pas]HYHBIX
KO3QQHILIERTOB, BCTpPEYAOIUXCS B TEOPHH YIJIOBBIX pacrpejiesienil,
Koppessiiuii ¥ B APYrUX 3ajayax.

Herpyaro nokasars, uto (x | 9)* paBHo (g x), T. e. byHKIUH, coBEp-
waiouteil oGpatHoe npeoGpasosanne. B camom jede, YMHOMXHM (x| n)
Ha (x|q')* u npounterpupyem no x. Torza B CIIJIY OPTOrOHAJBLHOCTH
H HOPMHDPOBKH QyHKUMH (X|q) mosyunm

T(x1g) x| mydx = (¢"|n),

OTKyZa no omnpenenennio Gyukunn npeodpasosanusi: (x|q¢')* = (¢’ | x).
Hs usnoxennoro sicho, uto, Hanpumep, B ciyyae AHUCKPETHBIX CHEKTPOB
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BeJAHUHH X M ¢ Gynxuns |(x|g)|? spasercs OLHOBPEMEHHO Befi)gﬂTt
HOCTEIO HANTH BeJNUNHY ¢ B COCCTOAHHM X M BEPOSTHOCTBIO HAllTH X

B COCTOSIHHH (. . '
[IpuBesieM npuMepsl XOPOLIO H3BECTHBIX BOJHOBBIX (QYHKILIH KBAHTO

BOil MEXaHMKH, KOTOpble HMEIOT GOJIblIoe 3HaueHHe Kak (QYHKIHH rpe-
o6pasoBanusi. CoGeTenHass (yHKLHS Oneparopa HMIyJbca B KOOPAH-
HATHOM TpeJCTaBJeHHH €CTh IJOCKas BOJHA

Wp ()= s err =)

a KOMIIEKCHO conpsikennasn GyHkuus (r|p)* = (p|r) ecTb coGerBenHasn

HKIMS T B pP-NpeACTaB/CHIH. . )
B Co6eTBennas (DyHKIHSI omepaTopa MOMEHTa B MMITYJIbCHOM Npel

CTABNEHHH HMEeT BHJ
Y. (0, ¢) = (0| im),
rie ¥, ¢ — noasipHble YTJBl HMOYJbCA.
HsgecTHO CJjepylolLiee PasfioxKeHue:
20 m=1 J .Ll(pr}

I+3 :
1 - eiDl' — ———'ﬂ._. 1'{ Y.fm (9, (‘D} Y?ﬂl (’a! (P)'
(gﬂ}3/2 =0 m=—1 Pr

; — ¢ysxuus  bec-
rae 0 u @ — nosspHble Yrybl BEKTOpa T; JI‘_}__; GyHK 1L

censi. Ero MoxKHO 3anucaTth TakK:
(r|p) =2 (0P |lm)(r|p)(im|Dg).

im

34ech Mbl TOJICKHJH C YYETOM PE3y/bTaToB § 35:
(0D | Im) = i'Y 1 (0, D);
JH—% (pr)
(rip) = -ﬁ' .

9T (QyHKUHM OPTOrOHAJIbHBEI M HOPMHPOBAHBI H SABJAIOTCS BaXHBIMH
npuMepaMH (yHKUHIl IpeodpasoBaHus:

> (0 |im)(Im|n) = (n"|n) =8 (n—n’).
L,m
3jech n M n’' — eJMHHYHBIE BEKTOPEI, HAMpABJEHHE KOTOPBIX Ompe-
|jl .
AeJisileTcsl cooTBeTCTBeHHO yruamu G u 0 ¢

[ m"|n)dQn(n|lm)= 8 mrm;

4 1 ;
[y redr (1 ph = 55 80" — )
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3ametum, uto §(p'—p)=06(n"—n) ;l- S(p"—p).

[1peoGpazopanie MaTPHL, ONEpPaTopoB H3 OAHOTO NpejCTaBJeHHs
B APYroe sIBJSIETCS! OUEBHMJHBIM CJIEACTBHEM H3JOKEHHOrO:

(' |P|m)=2(M|E)E|P|E)El),

e’

T. €, Nepexo] OCYLLECTBJIeTCsl NpPH INOMOUIH TeX 2Ke (byHI{Ile[ npe-

o6pasoBanisi, JTO, OUEBHHO, OTHOCHTCS M K OMepaTopy S.

3uasi Buj S-MaTpulbl B NpeAcTaBieHMll, Tie 3a nepeMeHHse § u &
NPHHSTHE HHTErpajbl ABHMKEHHS, 1 3Hasl QYyHKLHH mpeobpasoBaHus OT
3TOTO TpeACTaBJeHHs B NpPeICTABJEHIE, COOTBETCTBYIOLLEE YCJIOBHAM
OMnbITa, (§[1]), HETPYIHO MOAYYHTE S-MATPHILY B HYKHOM NpeACTaB/IeHHH,
a cJefoBaTelbHO, I CBsI3aHHbIE C Hell SKCIepHMeHTalbHO Haduogaemble
Beatuntel. Jljist Gojiee MoJHOTO O3HAKOMIIEHHS ¢ (PYHKILHAMI rnpeodpa-
30BaHIIA I HX CBOHCTBAMH YHTATE/IO C/ejllyeT oOpaTHTLCA K CTPOHHOMY
H3JIOXKEHIIO KBAHTOBOIT MexaHuKH B KHure upaka [7].

§ 37. CBA3b S-MATPHLbI C 3¢$EKTHBHBIM
CEYEHHEM

Kax yxe orMeuanoch, KBajpaT MaTPHLHOrO 3jeMeHTa S-MaTpHLbl
ornpejenser BePOATHOCTL 00HAPYKHTE B KOHILE Mpolecca TO WIH HHOE
COCTOSIHHE CHCTeMbl. 3Hasi 3Ty BEepPOATHOCTH, BEIYHCAUM 3PeKTHBHOE
ceuenne npouecca. o cux mop Mbl paccMaTpHBadH 3aJauy O CTOJNKHO-
BEHIIIT YaCTHL, B QYeHb OOLeM BHJe, NOHHMas 110/, HauaJlbHbIM (- H KO-
HEYHBIM f-COCTOSIHHSIMH  Pa3HOO0pAa3Hble COCTOSIHMS MHOTHX YacTHI.

PaccmorpuM Tenepb 3ajauy O CTOJNKHOBeHHH ABYX wactui. [lycrs
710 CTOJIKHOBEHHS (NpH { = —o0) yacTuua | uMena CiHH j; U MPOEKILHI0
criiHa iy, actina I1—cnuH jii ¥ NpoeKnHIO CliuHA [11; YaCTHILL JIBUTA-
JIICh, He B3aHMOAEICTBY I, C HMIYJbCOM p B CHCTEME LIEHTPA HHEpILHI.
3agaauM TaiKe HHAEKC KaHana * «-BeJIMYHMHY, ONpENesomyio THII
vactui I u 11 (mesousl, Hefitpoust, nporonst u T. 1.). [Tof cocroanuem f
MOK4 MOMKHO NMOHHMATh JI000€ COCTOSHHE JI000r0 4ieia YacTHi, KOTo-
pble MOTYT BO3HHKHYTL B peayabraTe cronkHoBenus ugactui, | w IL
DibdekTHBHOE MOMEPeYHOe CeYECHIHE ONMpEeeNsaeTcs OTHOUICHHEeM uYucia
co0bITitll JaHHOrO THIIA B eIUHHILY BpeMeH!H, NIPHXOoAslLeecs Ha OJHY da-
CTHLY MHIIeHH, K HOTOKY HAJMETAIOU[HX YaCTIL Yepe3 elHHIIy [MoBepX-
noctii. CoryiacHo 9TOMy ONpeiesieHnio HeoGXOAUMO HAHTH He MPOCTo
BEPOATHOCTL OCYLIECTBACHHA B pPe3yabTaTe B3aUMOJCHCTBUSA COCTOAHUA
f, a BepOSITHOCTb BO3HHKHOBEHHS 3TOTO COCTOSIHIIA B €HHHILY BPEMEHH,

* Mpl npujepikuBaercsa 31ech o0blyHOH B sAepHON dH3HKe TePMHHOJOTHH,
Kanaaauu peaxkuuil pasplpaloT pasiliussie nyTtH (B CMbICJe cBOHCTB NMPOLYKTOR
peaxiuii), KOTOPLIMH MOXKeT HATH peakuus. B nousTHe Kanana 4yacro BKJIOYAIOT
He TOJBKO KBAHTOBLIE YHCJ/A, XapakTepH3yoliHe BHYTDeHHee COCTOSAHHE YacTHILL,
HO H CYMMapHBIH CIHH YacTHIL M OpOHTAJbHbI MOMEHT.
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Boigeanm g8 3Toil e cpell HHAEKCOB S-MaTpHLbI B BHOM Bije
3HEpriio HaYaJbHOTO COCTOSIHHA H BOCMO/Ib3YeMCs TeM, UTO JHEepriis AB-
JisieTCA OJHHM 13 HHTerpajoB ABHMKEHHS:

(F1S|i) = (fo| SE|i0) 8 (E; — E)), (37.1)

riie fo H {;— KBAaHTOBBIE UHCJ/IA, XapaKTepH3YIOlllie HayalbHble H KOHed-
Hble COCTOsIHIISA, HCKAouas snepruio E.
Bospejiem 3T0 BbipakeHie B KBaApaT M MOJYYHM

|(FI1 S1i) 2= |(fo| SE [i)lP-8 (Ef — E)) |* =
¢
=;lj$ | (Fol SE | io)i2 6 (Ef— Ei)i % el (Er—E)t qf.

HuTerpupys 3TO BhlpaxKeHHe no BceM E,, HalileM

lim 5| (fo| SE [i0)2 AL,
RYST. 2

OTKYyJa CJeAyeT, YTO BEPOSTHOCTh Nepexoja B e[MH HUY BpeMeHH
paBHa

o= | (Fo SE| i) . (37.2)

O wmatpuue (fo|SE|i,) uHOrAa roBopAT Kak O 3aja HHOH Ha NoBepx-
HOCTH 3HEPTHH.

Haiimem mnoToK uyacTuil B COCTOAHHH | ). HauanbHoe coctosiHiue
sagainm HaGopom | ajriijripip). Tak Kak B 9TOM COCTOSIHIH HMMYJIBC
HMeeT OIpesie/IeHHOe 3HaYeH e, TO OTOK, Kak HaBecTHo [ 1], pasen v/ (2n)°.
Cocrosinue e | {;) 3aJaeTcsi He KBAHTOBBIM YHCJIOM P, & KBaHTOBLIM
YHCJIOM FHEPTHH OTHOCHTENbHOro ABHXKeHHs yactiy E.

HeTpyaHO MOKasaTh, 4TO BOJIHOBble QYHKIMH |cj; W i wyP) U |io)
3THX COCTOSIHMIl CBSI3aHBI IPOCTHIM COOTHOLLEHMEM:™

* Toxamex 370 cooTHouweHne. Tlyers 'I'p 3 \I'lp p BCTh BOJHOBAA (VHKUNA, HOPMEPOBAH-

Haf COrJ4cHO Y CJI0BHIO!
i

(4P
P a’E)
3pech n—eguHnunLii BeKTOp Mo HanpaBaenuto p. CpaBHHBAR STO € YCJOBHEM HODMUPOBKI
W g g

§p ¥y n dzmi(p=p) =133 (p—p") i (n—m') = i (E—E’) & (n—n").

-
[ wpave pd==i(E—E) 50 —n),
HaxoguMm
: dp .
YEn=? VE ¥p n.
3ameuasn, uto dE/dp = v, noayuaeM dopuyay (37.3).
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: s P
lig) == | iy Wy Jiy orr D) o7 (37.3)
Orciofla HaXOJAMM BbIPaJKeHHE JJIsl TOTOKAa YAaCTHIL B COCTOSIHHH |f,):

p*
)T (37.4)
Taxum o6pasom, BulpakeHHe AJs 3(PeKTHBHOrO CeueHHus MpUMeT BHA:

e (Fo | SB[ ctfy g fiyy g M2 (37.5)

91‘}’ BE€JIHUHHY an MOMKHO BBLIPA3HTE H Yepe3 MaTpPHYHLIE 3JIEMEHTBI
S-ManHubI B Npe/icTaBJeHHH, I'/le 3a NepeMEeHHbIe B3ATHI Im BMecTO n:

I
fo = p?

X (Fol SE | cigptyfygpiyy Im) (lm | )| . (37.6)

Im

HMs npeapiayuiero naparpada Buaso, uto (Im|n) = Yf,,;(n). Brige-
peM B KauecTBe OCH 2 HaNpaBJ/IieHHE MAaAaiouiero Mmyuyka, TOraa

. ST
Vin(©0,0) =)/ ZEL6 g

H Bhipaxkenue (37.6) npumeT BHJ
g, = ntﬂ[ XV 2+ 1(fuISEiaf:mf..HniU)’f, (37.7)

rle K— JIJuHa BOJHEI Je Bpofas,

Ilokaxkem, uyTo HaiileHHOe BblpaKeHHe JIsi CEYEHIs COBMAAdaeT B
Ipefle/bHOM CJIyyae ¢ BbIDarkKeHIeM, MoJay4aeMbiM B KJIaCCHUECKOIl Mexa-
nike. ITyers ciicrema obnajaer TakuMu CBOHCTBAMH, YTO PeaKIHIO BbI3bl-
BAIOT TOJIBKO YACTHILBL C ONPeeeHHBIM OPOHTATbHEIM MOMEHTOM [ = [,
Kpome Toro, mycTh peakuis HAET ¢ MaKCHMAJbLHOI HHTEHCHBHOCTBIO,
T. €. COOTBETCTBY IOI[Hil KBaApAT MATPHYHOTO dJIeMeHTa S-MaTpHILbl paBeH
eJHHIILe.

B arom cayuyae n3 Beipawenusi (37.7) Haxoaum

0, = 2@l + 1).

ITonyuum 3TOT pesysabTaT H3 KBasHK/accHyecKix coodpaxenuit. Ilycrs
Ha MILIEHb najgaer Hapa.ﬂﬂe.’[belﬁ Ny40K YAaCTIILL. MOMeHT YacTHLULL OT-
HOCIHITE/IBHO LEHTpa MHLIEHH paBeH pp, TAe p — HMOYJIbC; P — MpH-
LeJIbHBIL TTApaMeTp; Ho, C JPYroi CTOPOHLI, MOMEHT KOJIHYeCTBa JABHIKe-
HHSl MOMKeT TPHHIIMATh TOILKO AMCKperHble aHavenus V [( + 1), no-
aToMy A1 [>> 1 OyleT BBIMOMHATBCS NPUG/IHKEHHOE PaBeHCTBO pp ~= [
HIH 0 == [, T. €. YaCTHIBI ¢ JaHHOI AJHHON BOJIHBLI I OPGUTAIBHEIM MO-
MEHTOM [ MIPOJIETAlOT Ha J0BOJIBLHO OMPEETeHHOM PACCTOSHHH OT Hauana
202

xoopaunar. Haifigem nuomais Kosiblla B INIOCKOCTH, TEPIEHAHKY/ISAP-
HOIl. HATIPABJAEHHIO MOTOKA, HA KOTOPYIO NONajaroT 4aCTHIbl C 3aAaHHbIM
MOMEHTOM [:

0y = iy —mop = qk” [+ 1)° — 7] = a® 21+ 1).

OTciofia BHAHO, YTO NMOJYYeHHOe Bbliue 3pheKTIBHOe ceyeHne Mpi 60/b-
X, [ MepexoflT B cedeHiie, onpeenseMoe B KIacCHIecKoi MeXaHnKe
KaK MJI0LLa bk KOJblid B IJIOCKOCTH, MepNeHHKYISPHON NMOTOKY YacTHIL.

Haiinennoe sblpamenne (37.7) e asasercd Hanbosee OOGULIM Bbl-
pakeHHeMm cedeHHs J1000ro npouecca, HAYILEro MpH CTONKHOBEHHH ABY X
yacTiil.” Mbl HaLLTII CeyeHlie nepexoia 0y 13 COCTOAHHS ¥; B cocTosiHNE
V';, Gepst KBaJpaT MaTPHUHOIO dJ1eMenTa oneparopa S. B cayuyae ynpyro-
ro paccesHHs UaCTHI| 3a/la4a CTaBHTCsl TAKHM 00pPa3oM, 4TO HHTEPeCyroT-
¢Sl He TIPOCTO BEPOATHOCTBIO OCTATLCS CHCTEMe B MEpBOHAYaJbHOM Ka-
Hase, a BepOsITHOCTBIO TOTO, YTO B pesyJibTaTe B3aHMOJEHCTBHA CHCTEMA
BO3BPATHTCSA B HCXOAHBII KaHal. TO 03HAYaeT, 4TO H3 BOJIHOBOI (Y HK-

“wun ¥; Hano BbiuecTh BOMHOBYIO pyHKumio W

Vi=V;—V¥; = (S—I) LU
rie | — eouHIyHas Marpuua, H A/ BBIUHCAGHHA CEYeHHs ynpyroro

paccestHust GpaTh KBajgpaT MATPHUHOTO 3jemenTa omeparopa S — [.

Marpuua /, kak ussectio (cm. kuury [11), Bo Bcex mpecTaBieHHAX
ocraercs enuHnunoil. [TosTomy ofliee BblpaxKeHHe CceueHUst, BKI09asa H
yIpyTHe Mpollecchl, NPHMET BHI

Sya+l [(fulg—?lahmfuuuffl)]lg- (37.8)
ECJ'I][ ]'Iy‘iKP[ CTAJKIIBAIOUIHXCHA Y4aCTHL, He HOJ’IﬂpIISOBaHbI, TO 3TO BbI-

pakeHue Haj0 YCPEAHHTb MO NPOEKIHAM CIHHOB HAYalbHBIX YaACTHIL.
3to paer

T 2
oh_-:'r,?u

g, = _ o . 37.9
O TS (37.9)

OGliiee BhIpaKeHHe /15T CeUeHIis Yepe3 MaTpHUHbIE TeMEHThl S-MaTpHLLbI
B NpEJICTaBJEHIIH, Te 3a NepeMeHHble BMECTO [/ B3ATHL N, HMEET BHJ

G,r‘,:%l(hlg_ﬂafll-‘r:iuliun) i (37.10)

[TonyueHuble Bblille BbIPaXKEHHS ISl CEYEHMil CrpaBeHBbl JVIS CH-
CTeMBI 11€HTPA MHEepLlHil — OCHOBHOII CHCTeMbl IIpH H3YYEHHH fepHbIX
peaxnuit. OfHaKo 3KCrepHMEHTaAbHAsi TeXHHKA IO3BOJIAET H3yyarhb
[OCJIefloBaTe bHEIe [BOIHBIE H JlaXe TPOHHBIE CTOJKHOBEHHS 4YacTHL,
CTOJIKHOBEHHS BCTPEUHBIX i MePeceKalouuxcs Nyykos. OTH MOCTaHOBKH
ONBITOB TPEGYIOT PesTHBICTCKH KOBAPHAHTHOTO OMpe/lesieHi s OCHOB-
HBbIX BEJIHUMH, T. €. TAKOro onpeleseHns, yTo0bl ceyeHHs H MaTpHYHbIE
SJEMEHTHl S-MaTpHILI MOXKHO GbLIO C TOMOLILbIO MpeoGpasoBaHi Jlo-
peHila npeo6pa3oBaTh H3 OJIHOI CHCTEMbl KOOPAMHAT B APYTYIO.
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S-matpuua Gsuia Bbille BBeeHa HCXoAs M3 ypaBHenus llpeaun-
repa, T. €. HCXOAHA H3 TPEANOJIOKEHHA, UTO fAjepHad PeaKUHA MOXKeT
ObITh omHcaHa Ha ocHoBe Merofa I'amunnrToHa. QuuH4KO 3Ta TUnoresa
He ofs3aTejqbHa H, Gojee TOro, IIHPOKO pacnpocTPaHeHbl MOMbITKH
[MOCTPOGHHsST TEOPHH 3JIEMEHTAPDHLIX YACTHL, B KOTOPbIX C camoro
HauaJja MoCTyJHpPYeTCs CYILeCTBOBAHHe S-MaTpHilbl I OCHOBHBIE ypaB-
HEHHS TEOPHH MHIUIYTCH AJIS €e MaTp HYHBIX 3JIeMeHTOB. Taxk xe Kak u
B 3THX NOJAXOAax (MX H3JIOMEHHe, eCTeCTBEHHO, He BXOJHMT B Hauwy
3ajauy), TOCTYJHPYEM, UTO CYILEeCTByeT ymnapmﬂﬁ oneparop S
(S-maTpuua), KOTOpHIi OAMHAKOB BO BCeX HHeplHa/IbHbIX CHCTeMax
oTcyeTa. ITo O3HAYAET, YTO onepatop S KoMmmyTipyeT C Oneparopamu

-

A, npeacrasnsiomumMy npeoGpasosanie JlopeHuua:
(S, A,] =0. (37.11)

D10 BhIpaNKeHIe MOXHO PacCMaTpHBATH KaK ecrecTBeHHOE 06OGlIeHHe
(34.1), rae noa Q cJexyer NOHUMATD TMOJHbIN HMITYJ/be, MTOJHbBIA MOMEHT
KOJIHYeCTBA ABHMKEHHs, HOO B PeNATHBHCTCKOH KBaHTOBOH MeXaHHKe
OrepaTopel ITHX BEJHYHH BBOAATCS (CM., Hanpumep, KHHTY [6]) kax
onepatopbl 0ecKOHeYHO MasibiX mpeoGpasosanuii JlopeHla.

[Tpexkae uem mepexoquTh K PeJNATHBICTCKH HHBapiaHTHOMY Bblpae-
HHIO JJIf1 ceyeHHH, o6CYyAHM 3aJaHHe KOHEYHOro cocTosiHUA fy, KOTopoe
noka He Gbuio dukcuposano. Crennuduka sigepHoil GpusHKH TaKoBa, 4TO
B KOH@UHOM COCTOSTHHH M3MEPSHIOTCS TOJNBbKO HMNYJAbChl H 3aPAAbI YACTHIL.
CsefleHHs 0 CTHHOBBIX NMePEMEHHBIX MOJNYUYaOTCs Hecae 0BaHHEeM BTOPHY-
HOTO paccesaHus MJM pacmaja 4YacTHU-MPOAYKTOB, T. €. ONATb-TAKIl HA
OCHOBE H3MEpeHHs HMMYJbCOB (HampasJeHiil) yactui. B CBA3H ¢ 3THM
Cpeal KBAHTOBLIX UHCEJI, BXOAALLHX B Hadop f, 00si3aTe/1bHO BCTPEUAIOT-
Cfl MMIYJICHI YACTHIL MPOAYKTOB p;. [lockonsKy omepaTop HMIyJbca
o0/ajiaeT HerpepbLIBHLIM CIEKTPOM, a €ro coGCTBeHHbie (PYHKILHH HOpMII-
pyloTcst Ha O-dbyHKIMIO:

pilp> =8 (pi—p) (o' [pddpcp|ay = <2l

TO KBaApar MOAYJIsi MATPHYHOTO 3/IeMeHTa S-matpuupl ONpeiesisier, Kak
H3BECTHO H3 KBAHTOBOM MEXaHHKH, IJIOTHOCTbL BepoATHOCTH, BEpPOAT-
HOCTL MOJIyYaeTcst YMHOMKeHHeM KBajpaTta Moaynas Ha AuddepeHunan
CrnexKTpa. B cinydae, Korja f, BKJIIOUAET HMITYJbChl 71 yaCTHU-MPONYKTOB
Pi» ---, Dn, ZAHGpdepennnanoMm cnekTpa sBJAsieTcs [POH3BefeHHe
dp,dp.dp;...dp,. 1o NPOH3BeJeHIe YACTO HAa3LIBAIOT 3/1€MEHTOM (aso-
Boro o0bema.

Ilpu nepexojie K pesIsITHBHCTCKOMY OMHCAHHIO KeJaTENbHO BBECTH
BMECTO TPEXMEPHBIX HMMIYJILCOB YeTbipeXMepHble, HO MPH 3TOM Heob-
XOAHMO YY€CTL, YTO KBaJlpaThl YEThIPEXMEPHbIX HMITY.1bCOB YACTHIL CBA3a-
Hbl C HX Maccamu p% = —m?. Aro Jjocruraercs cieayloiuleid HOpMH-
POBKOIi:

[<alpy s+ mydipiplay =<' |w>.  (37.12)

31ech p — yeThIpeXMepPHBIH HMITYJIbC.
2014

[1puHumasi BO BHUMaHHE, UTO

8 (p? + m2) = {Po—E) ;-Eﬁ (Po+E)
rje
E=Vm*+r5

BHAHM, YTO BePOATHOCTbL MOKHO MpeiacTaBuTh B Bpuje JIBYX COMHO-
}KHTE.Heﬁ, KaXKablH H3 KOTOPBIX DpeJIATHBHCTCKH HHBapPHAHTEH

x|yl u .

Takum o6pasoM, 3/1eMeHT (ha3oBoro o6beMa B PeJIATHBHCTCKOH TEOPHH

d d

JaeTcHd Bb]pa}Ke['lPleM fpé %, a ]J&HHTHBPICTCKH HHBa]JPIaHTHbIe MarT-
1 n

pﬂ‘{HbIe 3JIeMEHTBI onepaTopOB M0 COCTOSAHHUAM C onpe(aenem-lbmu

UMIYJBCAMH p TIOJyYAIOTCS BBIJEJEHHEM MHOMKHTE/eil =

<p; ...p;]Q'|p| o Py == (VEI_ VEQ) (p; P::‘Q’lpr e P X
X (VEy...VE ) (37.12")

[TpuBeJieHHOE paccyxAeHHe [O3BOJAET 3amucath BblPaKeHHe JJIs
ceueHHs yepes DEJISTHBHCTCKH MHBAPHAaHTHYIO S-MaTPHILY

—-—_*__4“2 {:i_ﬂ ‘:"'.?_“. 4 —p, — b4
@ = saEyaEy (B E) O 1P

| V' g i i 2.
=i L . (37.13)
X(le—]—l)(g;'”.i_l) lklz'l'[[;f1<f|8 ]a"!p‘lfu%up)l (

3Jechb 2 . CYMI\-'III[.!;OBaHHE: 10 CIIHHAM KOHEYHBIX YacTHIL, UeTblpexXMep-
s

nan 8-DYHKLUs OTparkaeT 3aKoH coXpaHeHnsi 4-mmmyJbca [B orimune
oT nepexofia K gopmyJie (37.2) Mbl He IPOHHTErpHpPOBAJIH 1O E; n cox-
panuan O-QyHKIHIO, BHIPAXKAIOWLYI0 3aKOH COXpaHEHH: TPEXMEpHOro

umMnyascal; v — OTHOCHTeJbHAsl CKOPOCTb.
Coorsercteie dopmya (37.10) u (37.13) Jserko ycTaHaB/IHBACTCH
Ha OCHOBe cooTHouleHHs (34.2) B mpuMeHennu K 4-uMMyJbcy H ¢op-

MyJel (37.3):
(F1S|&'pypyy) 8 (‘Df—ﬁ’i—'.”u)z(f|S|‘3~"'IJ1|311)]/JE_‘lz‘Il‘5"i (Pf—p[—p“) o=

=(f| Slfo)];__u_-]/EJEII 8 (Pf—p;—pu)-
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BosBegenne B KBajpar TpexMepHOil uacTH O-pyHKIHI aHAJIOrHYHO
nepexoxy or (37.1) x (37.2):

& V
[0 (Pr—p,—p)]2= W‘S(Pf‘—PI —Pin)-

Aast npHESTON HAMH HOPMHDOBKH IVIOCKHX BOJH: eir/(2m)*/: mHop-
MHPOBOUHBIH 00beM V= (2m)%. 3a uCKJIOYEHHEM NepBOro MHOXKIITE/s,
BbipaxkeHue (37.13) ABHO pesIATHBHCTCKH HHBAPHAHTHO. DTOT MHOMKH-
Telb HMEeT OJAHWHAKOBHIH BHJI B CHCTeMe LCHTPa HHEPUHH M B JaGo-
paTopHoii cHcTeMme

1 1 1

- = = 37.

vE £y |9 =2 | E1 By Eyle [+ E |py Al

H HMeeT HHBapHaHTHOe o6odLleHHe
1

2 2 B

V(pl, Pyy)” —my gy

rae (pr, pi) — CKallsipHOE NPOH3BEJEHNE YeTHIPEXMEPHBIX BEKTOPOB.
Taxum 0GpasoM, MPHXOAUM K PENSITHBHCTCKH HHBAPHAHTHOMY BBIpaKe-
HHIO Ans ceyeHus (bopmyna Ménnepa) B ero HanGosee obuieM Bije:

d(}' —— dnt [ﬂ %
2 2 5 23
V (‘DI p“) —my m;

(37.15)

E, " E, ]‘54(ﬂf“_P1—P11)><

X

1 \ & 3 s 2 .
CrFHE,+1) EI%HHS‘— ey py iy prpypd| = (37.16)
Paccmorpum BaHBbIil CJIyuail, Korja B KOHEUHOM COCTOSSHHH HMEeeTCs

TOJIbKO ABe yacTHibl. Hekmiounm S-¢yukium, Beimonnas uuterpuposa-
HHE 110 HMIYJ1bCaM KOHEYHOIO COCTOSTHIS

dp; | dps
Yg—fj-ﬁp— 84 (1 + pa — p; — pyy)- (37.17)
ST0 JIerKo C/le/iaTh B CHCTeME LEHTPa WHEPHHI P, = — p, = p.
I/]HTeraJI nmocaegHero BbIpazKeHHs
p*dp dQ P
R i, e BB | et e

Taxum o6pasom, moayyaem BbipameHne Jyist QugdepeHinaibaoro ceye-
HHsl OHHApHOI peakuHH uepes pesATHBICTCKII HHBApPHAHTHYIO  S-
MaTpILy B CHCTEME LEHTpa HMHEepPLHH: '

de _ (2z\2/p ] 1 L

@ =v) () ey (RR1%
2 2« | S — L]ajy py fyy wupyonsd &

Lot t

snece W = E| 4- E, = E| -+ E; — nonuas IHEPTHS, P; = py=—p;;—
HMIYJbC HAYaJLHOIO COCTOSHHS.
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Fnaea 6

NPUMEHEHHUS OBILEM TEOPUU S-NATPULLBI

§ 38. CBSI3b CEYEHHH YOPYIHX
M HEYNPYrux NMPOLLECCOB

Ha ocroBauun dopmyJst (37.8) MOKHO clenath HECKOIBKO 00ILUX
g ( - X CEeUeHHH.
BBIBOJOB O CBOMCTBAX (PPEKTHBHLI
1. HonyeTum, 4TO B3aHMOJEHCTBHE YaCTHIL OC}FIIltC}\EJIHE.TCH TOJILKO
B COCTOSIHHII C OTIpele/IeHHbIM OPOHTATIBHBIM MOMEHTON £y (1. e. cieundu-
Ka B3aHMOJENCTBHsA TAKOBA, YTO OTJIYHEL OT HYJIs IMEHTB S-MaTp (iilbl
¢l = 1), Torna

ot = mk? (20 1) (ol Sl e fy g fyy g b O) [*

1y BeNUYNHY HA3BIBAIOT MapuialbHbIM CE%HILISeM:‘I"‘- .
M3 Buipaxenns (33.1) BbiTekaer, uTO | (fo | |£0'He < b 'emf:-
[HaJbpHOe ceyeHHe JIo00ro Heymnpyroro mpouecca i MO np -
wate nx2(20 - 1). 910 XOpOIIO COraacyercs ¢ odcy §anm1mca 33%1111)
pesysbTaToOM KJIacCHYECKOil MeXaHHKI. yHI-ITEpHOCTbaI -M&Tp:].lbl ( )
[pH 5TOM BbipaXkaeT TOT MPOCToil PaKT, 4TO YHCAO “eﬂOB, KOTOp ;
BO3HHKAeT COCTOsIHHE fo, He MOXKeT IpeBbiliaTh 4HCA0 HaCTHI, MO
{HIIEHD.
na,&gfouélax(:;;erg;;u;ﬂ Heynpyrux npoueccos, KOTOpl'Il? Hei% COnmpoBOMKIa-
JiHCh Obl OHOBPEMEHHO TPOILeCCOM YIPYTOTo pa{_:ceﬂﬂr”ti. C&MO]\FI ,ueﬂ;ec,)
eCJI XOTS Obl ONKH 3JeMenT S-Matpuubt (fo | S| i) or lmeﬁ 051:‘ Hya,
B CHJY CBOHCTBa YHHTapHOCTH AliaroHajbHbIE 3.111-2:,31{1‘};1 -'I\,IaT?)HL:‘[;[
10 MOAYJIO MeHblIe elHHHMIbl, a 370 O3HAHACT, '-ITOT H?HH@ yfapyroro
paccesiHHsA COIIACHO BbIPaXKEHHIO (37.8) oramyHO O : HyJI. .
3. V3 nonyueHHsIX Bbille OOWLIX PE3Y/ILTATOB MO?RHO O4CHDL I‘IPQGC
BLIBECTH HM3BECTHhIE BhIpAXKEHH S (e THBHBIX cedenlli pacceaﬂuﬁgfcﬁ
CIMHOBBIX UACTHI. B 5ToM caydae, HCHOAb3ys BBIpaKeHHs (34.
u (34.2), mpeacTaBiM S-Marpuiy B BHAE

St 6“’ amm' (E’ - E) : (38“

M3 TpeGOBaHHS YHHTAPHOCTH NPH OTCYTCTBHH HEVIPYrHX mpouec-
coB caeayer S!S =1, umm

5t =™, (38.2)

TlojcTapiasisi 9TO BbipaKeHue B QOPMYJY (37.8), KOHeuHoe cocmﬂm{iz
B KOTOpOJi Temeph XapakTepHayercs ONMpeAe/CHHbIM MoMeHTOM [, moJy
yaeM napuHaibHOe cedeHue

ol = 2| YU 1 (271 —1) [P = dar® (2 + 1)sin®§,,
a CyMMapHoe ceyeHHe HaXOAMM CYMMHDOBAHHEM no sceM [:
o = 4m2 3 (2l 4 1) sin?d,. (38.3}
{
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3aece §, — ¢asa paccesnus.
Huddepenunanshoe ceuenne PaccesHNsAs HaxOAMM H3 BBIPaXKEHHs
(37.8), sanaBas KoHeuHOe coCTOsHMe o yrnamu 6, ¢ 1 mnepepens

S-matpuuy (38.1), (38.2) B 3To npexcrasnenie c MOMOILBIO (Y HKIHH M pe-
obpasoBaHis

Yio 0, ) = 2'!T—‘_':—IPI (cos B);
32 - 2
do =" | 2 @1+ 1) (€ — 1) Py (cos 0 dot. (384

HurerpupoBanue Boipamenis (38.4) mo yranam, kax ussectHo, JlaeT cooT-
Howexne (38.3). Ms npopenannoro shiBoga Gopmyn (38.3) u (38.4)
BHJHO, YTO 3/leCb HCMOJAb30BAHLI TOMLKO ofL1ie cBolicTBa S-MaTpHLpl* *,

Pacemorpum Teneps caywait, korna BOSMOXHBI H HEYIpPYyTrHe mpo-
LECChI MPH CTOJKHOBEHHH GEeCCHHHOBLIX YacTHIL. B 3ToM caydae 13 yejio-
BHA YHHTADHOCTH YK€ HeJb3sl NOMYYHTb MPOCTOro BbIDAKEHHST JJ151
S-maTpuusl, 1 nox [ B Gopmyae (38.1) crenyer nonmumarn CYMMapHBIH
MOMEHT 4acTIIll, 0GPa30BaBIINXCH B Pe3yJ/bTaTe CTONKHOBEHIIS.

Has ynpyroro paccesinusi [ — NO-NpeXKHEMY OpGHTa/BHBIIT MOMEHT.
ITostomy ceuenire YHIPYTOTO pAaCCesHHS NOMYYHTCS U3 BBIPAKEHHS (38.4)
3aMeHoll ey KOoMIUIeKCHBIM yHeaom SY ¢ MOZYJ/IEM, MEHBLUIHM €HHHIILI,

das:§j§(21+ 1)(S'—1) P, (cos 8) | "0

Hurerpupyst no yriam, TOMTy4aem INOJHOe ceyeHHe ympyroro pac-
CesHIs

O, =mh 3 (2 + 1) St —1 |2, (38.5)
. i

Ionnoe ceuente Bcex HEYNpYHX NPOECCOB HalileM pH moMoIL bopmy-
Jibl (37.8), BeIGpaB B KauecTse f, Hab0p KBAHTOBLIX YHCEJ, BK/IIOYAION]
MOJHbIH MOMEHT DAa3/IeTAIOUHXCS YacTHIL:

0, =723, (2L + 1) | (n] §¢|0) |2

[lon cymmuposaniem no n NOHHMaeM, Kak OGbIMHO, CYMMHPOBAHHE Mo

BCEM IHCKDPETHBIM MepeMeHHBIM, BKJ/OYas TIePeYHC/IeHHIe BCEX THIIOB

PeaKuni, u HHTerplipoBanue o Beem HEMpPEepbIBHLIM NMepPeMeHHbIM.
Hcnonbayem yenosne YHHTapHOCTH -

Er(n]S*’JO)]”—I—l(OISﬂO)P: 1, 0|80 =g,

* OnemeHT TenecHoro yraa BO3HHKaeT, Kak o6bl410, B BEPaMKEHIAX, CBA3AN
HBIX C KBAHTOBLIMIL YHCTAMH, HMEIOUIHAMH HENPEPBIBHBI CrexTp.

** Kpome Toro, sgecs, KOHEUHO, HCMOJAB30BAHO NPEANOJIOKEHHE, YTO npu
t — - oo yacTHUB MoMHO paccmarpuBate Kak cBoOofuble. JIJAst nMoTeHWNANOB
B34IMOJIEHCTBHS, CNAIAIOWHX HA GECKOHEYHOCTH KAK I/r n meanenee, HeoGxoammo
ocofoe paccMmoTpenue,
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OTKVa
o, =nk*¥ (20 -+ 1) (1 —| 9. (386)
{

Iycts S’ = B,e'"" . Toraa napumaishoe ceenue paccesHusi MOMKHO
3amHcaTb B BHJE

ol 2
—5——— =1 —2B,cos§, - B,
AR 20+ 1) i

4 NapunaJjbHOe CeUeHHe HeYIIPYrHX IpPOLeccoB B BHe

{

w20 1)

o

M3 sTux Buipaxenuil 0COGEHHO OTUYETJHBO BHIHO, YTO Heynpyrue
fpoliecchl BCerjia COMpoBOXKAAOTCS ynpyruMmu. [lpu sagauuoil Besu-

HHHE CeyeHHs yapyroro paccesinus CYUIECTBYET MAKCHMaJbHO BO3MOMK-
(MaKc)

Hasl BeJIMYMHA Ceuenus Heynpyrux npoueccos ov“*? mpuuem, koraa

o, = 0\"* o, Toxe paBHO 61*%); MAKCHMAJIBLHO BO3MOKHOE CeueHHe
) (Make) 4 (MaKc)

YIPYrOro paccesiHus o. = 4gMaxe),

4. PaccmoTpum npefeasHbiil cayuaii, Korja Heympyrue IMPOLLECChI
HMEIOT OYeHb Go/bLuoe 3Hauene. [TycTh HMeeTcst OUeHb MHOTO OTKPEITHIX
KaHAJIOB If BCe MATPIYHbIC SJEMEHTBI S-MATPHLbI IPHMEPHO OJHOTO Mo-
psiiKa BeqldIlHbl, HO TaK Kak Z! | (ol S1ig)|*=1, To Kamablii 3meMeHT

o
| (fo | S|ip) | << 1. Ceuenne Kakporo oTAENBHOrO HEyIpyroro mpo-
tecca oueHb Mano. Oanako ¢ yuerom Beipaxennus (38.6) cymma cedemiiii
BCEX HEYMPYrUX MpoleccoB O, = X mi2(2{ 4 1).
I

[Tpu cymmupoBaHuK 110 COCTOSTHUAM f, Mbl BOCMO/Ib30BAIHCE COOTHO-
wenneM X | (fo|S|ig) [P = 1—[(is|S|io) [> u npenedperan | (iy| S|io) |2
Fig .
1no cpaal-nleﬁmo ¢ exunuued. ClenaeM aHaJOrHYHOE TMpeHeOperKeHHe
W B CeYeHHH ympyroro paccesnus .(38.5)

g, = Xk (2 4+ 1).
i

HMcnonbsopanuoe BbIpAXKeHIie IJ1sl MaTpHiLkl onepatopa S — / cnpaae:;n-
J1BO He 1is Beex [. Kak oTmeuasnoch Beiiie, npi GoJbUIHX 3HAYEHHAX
3ajauy MOXKHO paccMmaTplBaTh KBa3IKJIAaCCHYECKI, H ITHM 3uaqem-m_m
[ otBeyaioT Gosbliiie NpHILEAbHbE napamerpbl p = k/. Ecau paniiyc
B3AaNMOAEHCTBHS CTAJNKHBAIOWIXCS. YacTHI, paBeH R (3To, OYEBIIHO,
HEKOTopast 3h(peKTIBHAS BeJHYIHA, @ He 0053aTeIbHO CTPOro onpejenen-
Hasi), To HanboMbllee 3HAueHe [, NpH KOTOPHLIX B3aiMojelicTBHE eue
OCYLIeCTBJIACTCS, PABHO [, =~ Ri%. BTQ o3Havaert, yto npu [ ) [y = R/k
HACTHIBI He B3anMOJEHCTBYIOT H § = [, T. e. cyMMIpOBaHHe 1o [ uper
OT Hyast jo [,. OTcioAa HETPYAHO NOAYYHTL O, = 0, = aR*. HMuaue

20
8 3ak. 1924 .



roBopsi, CeueHHe YNpPYroro paccesiins OyJeT OYeHb BEJHKO — PABHO
CYMMapHOMY CEUYEHHIO BCEX Heymnpyrux npoileccoB. Haur pesynbrar
HOCHT Ha MepBblil B3IVIAJ NapafokcaibHblil xapaktep. elicTBiTensHo,
CyMMapHoe ceyeHHe B3auMOJeHCTBHS paBHO 27R*, TOrla Kak B K/accH-
yecKol MexaHHKe MakKcHMaJbHOoe CeyeHHe B3a[IMOﬂeﬁCTBIIH BOBOC MEHb-
e — wR*. DTOT mapajloKC paspeliaercs, ecdi PaccMOTPeThb yII0BOe
pacrnpeziesieHHe ynpyro paccesHHbIX dacTuil. [las1 sToro Hajo oneparop

S — [ = — | nepeBecTH B npejcTaB/leHHe YIVIOB paccesHuss. OyHKuIsA
3TOro npeo6pasoBaHiisl, KaK OTMEYaJq0Ch BbILIC, HMEET BHJ

Y!m ([']', (P) = (B(P |£m);
2 liimem ('m"|0g) =Y (0, ). ] (38.7)

i'm

[ToacraBum Beipaxenue (38.7) B oOmyto QopMyJay cedeHHs paccesi-
Hus (37.8); B pesyabTaTe NoOJyuyuM

{ 5 2
o =T
do = mi2 2+ 1p (cosO)| dQ. (38.8)
o= J 4z

4

(=]

MoxHo nokazaTth (cM. xHury [2], ctp. €30), uTo cyMMa B nocJe/HeM
BbIpAXKEHHH paBHa
R
Jy (T G)

> ?
(i] 0
R,
rae J; — ¢ynkuus Beccens nepsoro nopsaka. Takum oGpasom, B Tom
ciyyae, KOrjla HHTEHCHBHO MAYT HEYNPYTIIe MpoLecchl (MPOUCXOIUT HH-
TeHCHBHOe BLIObIBaHIE YacTHI H3 MNyyKa), YIJOBOe pacnpeneseHiie
YOPYro paccesiHHbIX YacTHL, HMeeT BHJ

R 2
J -—0)
ELRPYS 1(_?’ , (38.9)

Ho Jl(;@ﬁ) CYLILECTBEHHO OTJHYHO OT HYJs TONbKO npu R/k6 ~ 1 nan
npn 8 ~ X/R. Orciona crienyer paspelieHiie napajgokca: Npu rmepe-

XO/le K KJ1acCHYeCKOil MeXaHHKe COXPaHseTcsl COOTHOLIEHHE 6 = G,
-+~ 05 = 2nR*, oflHaKO paccesiHne YacTHIL NPOHCXOAHT Ha OYEHDL Ma-
Jible yriabl ~ A/R, paccMoTpeHHe KOTOPBIX NMOAPa3yMeBaeT NpHMeHeHIie
KBaHTOBOH MexaHuku. Kpurepuii mpuMeHHMOCTIH KJacCHYecKoil mexa-
HHKH 3aKJI04aercsl Kak pas B TOM, YTOObl MOKHO Obl/IO TpeHeGpeub OT-
HOIIGHHEeM JUTHHBI BOJIHBI YACTHI, K pasMepaM CHCTeMbl. A 3To 03HayaeT,

uTo ciefyer Booblle npeHe6Gpeus G U O; MEPEXOLNT B
0, = k2 ¥ (2[4 1) = nR2,
4
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Bripaxenue (38.9) B TOUHOCTH cOBNajaeT C BbIpaxKeHHeM AJs -
Gpaxunn Ppaysropepa Ha aGCOMIOTHO YEPHOM IUapHKE. DTO COBNA/IEHHE
HOCHT, OYEBHJHO, He cAyuailHblii XapakTep, a sIBIAETCS CJCACTBHEM
BOJIHOBOH MpHpOAbl dacTHL. B c¢BfA3u ¢ 3Toll onTHyeckoil aHanornei
YHPYI'DE) paccesgHIe 4acTil, BbI3BaHHOE CHJLHBIMII HEYIPYTHMII Ipo-
lleccaMi, HasblBalOT AndpakuHOHHBIM paccesauueM. Kak BHAHO u3 us-
JIOYKEHHOTO, JJ1l 9TOr0 PAacCesiHHA XapaKTepHO pe3kKo BBITAHYTOe Blepes,
YyrjoBoe pacnpejesieHne, MOJYIIHPHHA KOTOPOrO ONpefesisiercss cooT-
HOLIEHHEeM MeXay JIHHOH BoHEL e Bpofins 11 adgdekTuBHBIM pajilycom
B3a]1MOILEI:'ICTBlIH CTaNKHBAIOWIIXCA 4acTHIL.

5. B nmpuBefeHHOM NMpHMepe Mbl 1CM0/bL30Ba I CBOICTBO YHIITAPHO-
CTH S-MaTpPHUBL 1S HOKA3aTeJbCTBA TECHOI CBA3H YNPYTHX M HEyNpy-
rux mpoueccos. Ilokaxkem, yTo MeXKAy HiMH CYIIECTBYeT TOYHOE COOT-
HolleHHe, He 3aBHCAllee OT TeX NPeAnooXkKeHnii, KOTOPLIMH Mbl OJb-
80BalICh NPH PacCMOTPEeHHH Hallero npumepa. AT0 COOTHOUIEHHe—TaK-
e CjecTBHEe (QYyHIaMEHTa/lbHOTO CBOHCTBA YHITAPHOCTH S-MATPHILBI.

Beiuie Mbl Bufesau, uto S — I ssasercs onepaTopoM, KBajpaTbl Ma-
TPUYHBIX 3JIEMEHTOB KOTOPOrO ONpeJesiioT CeYeHHs PasJHYHBIX Ipo-

leccoB. Bmecto onepatopa S— 1/ uacto BBOAAT omepatop R, ompeje-

AseMblif Kak i R = S — . Onepatopel R u S —/ otimualorcsi Juib
HecyIecTBeHHbIM (pasoBLIM MHOMXKHTeseM. 3amuiieM CBOCTBO YHHTAp-

HOCTH S-MaTpullbl yepes omnepaTopbl R:
S8t = (T +iR) (I —iR") =1, (38.10)
OTKY/1a
iR—iRT - RRT = 0. (38.11)

PaccMoTpuM MaTpHYHBL 5/eMeHT onepaTtopHoro pasenctBa (38.11),
KOrja B KayectBe BOJHOBBIX (DYHKUMH MPUHATHL (DyHKIHH

27
¥ = |ap, p, nE) ;T_-
Hneenm
-] 2 I I I - 2=
(¥, RY) = (n" ninye | R|ny, p“oc);—jé(E’—E). (38.12)

Kax Buano u3 dopmyast (37.10), kBagpar MOJV/S1 BbIPaXKeHH s

2% N ] ] ’ A

o7 (n wipee | R|npu, a), (38.12")
BXoasimero B (38.12), naer anddepenunanbuoe ceyeiie ynpyroro

PaccesHusi. 9Ta BeHYMHA HA3BIBACTCS aMIANTY 10ii YIpyroro pacces-
HHS. MaTpHYHBIA 2/1€MEHT TpeThero ujena B (38.11) 3anuwercs B Bujie

(¥, RR™v) =
g* 211



o= (n'pipsa’|R|N)(WV | ?{’""]npl TI) {2:——")26(5’ — E). (38.13)
dod p'p

3nech ¥, KaK o06bMHO, 0003HAYACT CYMMIIPOBAHHE IO BCEM JHCKPETHLIM
.r\'

Il HHTerpHpPOBaHIe TI0 BCEM HenpepbiBHBIM I11HJEKCaM COCTOsIHHI, KOTo-
pblé MOTYT BO3HHKHYTh B pesyabTaTe CTOJKHOBeHHs yactui, [ u /1.
[Togcranoska seipamennii (38.12) u (38.13) B cootHowenune (38.11)
JlaeT CHCTeMY HHTerpasibHBIX ypaBHeHHIl Juis aMmnautyh npoueccos. Cy-
[IeCTBOBAHHE TAKOI ClCTeMbl, KaK BHJIHO 13 BbIBOJA, CJIELYET TOJBKO
13 TpeGOBAHHSA YHHTAPHOCTH S-MaTpHLbl. DTH HHTErpajibHble Y paBHeHHs
1IMelOT 0coOeHHO NMPOCTOH B, KOTAA B CHJIY 3aKOHA COXPaHEHHS SHep-
il BO3MOXKEH TOJNLKO Mpolecc ynpyroro paccesHusi. HerpyaHo mo-
KasaTh, YTO MPH MOMOLLH HailAeHHOM cHCTeMbl HHTErPasibHBIX YpaBHe-
HI1il MOXKHO OnpejeniTs dasbl aMIVIHTYJL PACCeAHHs, eC/H H3BECTHbl HX
moayi. Mamepsis 3ddexkTuBHbIe ceueHHs, HAXOAHUM KBaJpaThbl MOAY-
JAeil aMAaNTYL paccesiHiisl i C MOMOULbI0 HHTErpadbHbIX ypaBHeHHH —
nx ¢dasbl. B yacthocTil, Aas ynpyroro paccesHus GeCCIHHOBBIX YaCTHLL

r[(nléfln)%—(nlﬁln)%

2z
pi'

— (€2 (| &I de” (7| ¥ 1)
UM, BBOJAS O0O3HAUEHHe aMIJIMTYAbl paccesiHusl f, mojyyaem

Eimfi(n', ) = 5 Fl(n', n")] Q" f* [(n" n)], (38.14)
rje (n’, n) — ckaJaspHOE MNPOH3BEJEHHE EJMHHYHBIX BEKTOPOB.

Xors HHTerpaJabHble ypaBHeHus tuna (38.14) B npuHLHME U 103BO/A-
10T HaiiTi ¢assl amriTyj, pelleHHe 3THX YpaBHeHHH npejacrasasier
co0oil TPyAHYIO 3ajauy. PaccmorpuM To/IbKO 4acTHbLIH ciydait, Korja
HHTerpaJjbHble YpaBHEHIIsl CBOAATCS K MPOCTOMY cooTHouteHuio. ITycts
n’ = n; p] =l ws = wi; o = «. Torga (38.12) Gyaer amnautyaoil
JJISl paccesiHus Brepe] 0e3 H3MeHeHHsi NpoeKiuil crniHoB [oGo3Haunm
ee /(0)], a Boipaxeniie (38.13) npeBpariTcs B clelyiollee BbipaXKeHHe:

8(E'—E)a,

Il G — MOJHOe CeyeHile BCEX MPOLECCOB, KOTOPbe MOTYT IPOH3OMTH
NPI CTOJNIKHOBEHITH ABYX YacTHIL ¢ 3aJaHHBIMH MPOEKUHAMI CIHHOB {1
It 1. Ha ocHoBaumi Beipamenus (38.14) naitaem

“1mf(0) = o. (38.15)

Mnn, unade rosopsi, MHHMAasi 4acTb aMMJIHTYJBl paccCesHHs BIEepes
IIPOMOPLHOHANBHA MOJHOMY 3thdekTiBHOMY cedennio. ITpocymmiupyeMm
JIEBYIO Il MPaBylo 4acTi cooTHouerus (38.14) mo npoekiusiM CIIHHOB
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CTaJKHBAMOUIIXCA YacTHL, TOrJa NoJaydHM

%Sp Inf(0) = @j, +1) @i, + 1) 5, (38.16)
rje o, COrJiacHO BbipakeHHIO0 (37.9),—mnonHoe ceyeHHe CTOJKHOBEHHS
HenossipusoBaHHelx yactuil. CootHoluenns (38.15) u (38.16) cocrapasior
collepiKaHHe TaK HasblBaeMoll ONTHYECKOIl TEOPeMbl I 4aCTO HCMOMb3YIOT-
Cs1 TIPH TEOPeTHYeCKOM PacCMOTPEHHH PasjHUYHLIX MPOIECCOB CTOJKHO-
BEHHS I IPH aHaJH3e SKCIepHMeHTalbHbIX AaHHbIX. B KauecTse nprivepa
MOXKHO YKas3aTbh MpollecC paccesiHilsi y-KBAHTOB B KYJIOHOBCKOM MOJeE.
C ToukH 3peHHs KBAaHTOBOH 3/1eKTPOAHHAMIIKH — 3TO POLECC BLICOKOTO
nopsjika mno e*; oJHaKo, BBHAY TOTO YTO B KYJOHOBCKOM IOJie IpOHC-
XOJNT NOBOJIbHO HHTEHCHBHOE oGpasoBaHHe nap (Heynpyruii mpouecc),
OyleT NMPOHCXOJAHTL 3aMeTHOe paccesiHHe Y-KBAaHTOB, TaK HasbiBaeMmoe
nenbOploKoBcKoe  paccesiHue. [lpnyem npn  nomowmu  (opMyJibi
(38.14), 3Has ceyenne o6pa3oBaHuf Tap, HETPYAHO OLEHHTb HIKHIOIO
rpaHHIly CeueHHsl paccesiHHs Brepel. BaxHoe npimeHeHNe onTHYECKAs]
TeopeMa HaXOAHT B NPHMEHEHHAX JICMepCHOHHBIX cooTHowenHit [10].
ITy TeopeMy MOXKHO NMPIMEHHTb TaKKe AJsi YTOuHeHHs (a3oBOro aHa-
Ji3a pasJiH4YHbIX NPOLECCOB paccesiHid, 0COGEHHO B Tex cayyasax, Korja
TPYJHO H3MEepHTh CeueHHe PACCeSHHS TOJ MaJbIMIl YIJIaMH.

W3 onTruecKoil TeopeMbl MOKHO CTPOro Ge3 MpHBaeYeHHs HCMOMb30-
BAHHBLIX Bbille MOJEJbLHBIX MPEICTABMEHNIT MOJAYYHNTh OCHOBHBIE YEpPThI
YIJIOBOTO pacnpefieleHHss YNpyro pacCessHHbIX YacTHI[ MPH BbICOKIIX
3Heprusx. PaccMoTpuM Jns MPOCTOTH! cayuaii paccesiHusi GECCHIHOBBIX
YacTHIL, Torja H3 Bbipaxkenns (38.14) caenpyer

22
2 P3t
FO)12 > (%),
HO 9TO O3HAUaeT, YTO YIVIOBOE pacrpefesieniie YIpyroro paccesiHisa ya-
CTHIL NpH GO bLLIHX 7 PE3KO BbITAHYTO BTEPE] 1l B OCHOBHOM COCPENOTO-

5 . 4z \2
YEHO B TEJIECHOM yIyle: AQ — rf? (p_u) o,.
£

§ 39. CBAA3b CEYEHHH NPAMBIX H OBPATHBIX PEAKUHH

PaccMoTpiM iBe peakini:

[4+1121 42,
Ceuenne npamol peakuuu, corjacHo (37.10), samnuwiercss B Biige:
d i w2 19
2 = 3| (— 1y g e | SE |y ) (39.1)

Q )
d.-f p‘
3Hak MHHYC IpH €IHHHYHOM BEKTOpE My O3HA4YaeT, YTO B COCTOAHIH f
YACTHIbI JABHIKYTCS OT Hauasia chcrembl KoopanHatr. Ceyenue oGpaTHOI
peaxiHi iMeeT BHJ
dogi  4x? : :
@ = 7 | (=m0 g | SE nppy o) |2 (39.2)
f
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CpaBHiiBast mocjeAHIle 1Ba COOTHOIIEHHS ¢ Bhipaxenuem (35.15), Buaum,
YTO MpPOCTOIl CBfA3I MEXKIY CEUEHHSIMH NMpPSAMBIX H OOpATHBIX PeaKIlHil
HeT. CylLiecTBYeT JiIUb CBA3b MeXAy CEUCHHAMH MPSMOH peakmHH I
TaKoll oGpaTHoOIl peakiiiil, B KOTOPOH CHIHLI HAYaJLHOTO U KOHEUHOTro
COCTOSIHIIT OPHEHTHPOBAHLI B IPOTHBOMOJONKHOM HAaMpaBJeHHH [0 OT-
HOUWIEHIIO K OpHEHTAILNIl CITHHOB B l'[pHMOﬁ peakiiii. Paccmmpum, oA-
HaKo, cayuail, Koraa my4kH yacTHi, He noaspusosaHbl. Toraa Heolxo-
JIUMO TPOCYMMIIPOBATh CEUEHHE 0 MPOEKIHsIM CIIHHOB B KOHEUHOM CO-
CTOSIHIII I YCPEAHHTh MO MPOeKIHAM B HAYAJbHOM COCTOSIHHH; 3TO JdeT

day _ 4 1 E 2.
o, — !Tff'(g_,l 0@, +1) :letz | (—=nypy g | SB[ pppg) |3

1t te
oy 4n? 1
—_—— = i SE n 2'
d9o; Pf? IS NI 1*15‘112‘-"1'-*z|( n; py py | SE| fl"’lp‘z)l

Ecain Teneps Bocnossayemcsi cooTHoleHueM (35.15) u yurtem, 4To CyM-
MIPOBaHIe TPOH3BOANTCA MO BCeM MPOEKILHAM CIIHHOB, TO MOJYUYUM pa-
‘BEHCTBO

ds Fi

a0 GhHDELR+D. (393)

ds;

(2 + D@in+1) =

Pf 494
Kak BHJHO M3 BbIBOJa TMOCJAEJHEr0 pPAaBEHCTBA, CPABHHBATL CEUEHHS
npAMOro u 06paTHOrO MPOLLECCOB HEOOXOANMO CTPOTO MpH OJAHOH H TOIi
xe sHeprun E. Kpome Toro, Hallo MOMHHTD, UTO MOCJEAHEE BbIpaKeHHE
CMpaBeJyiHBO JIIillb s cjayyasi, KOrja CTajJKHBaOULHecs YacTHIb He
nonApn30Banbl. B ofiiem ciyuae umeercs Golee CJ0KHAS CBA3b MPAMbIX
11 OOpaTHBIX MpoLeccoB, ompefensemas dopmyunoit (35.15). Iaa peak-
witii ¢ TOJIsIPH30BAHHBIMII TIYYKAMH YACTHIL MOXKHO TaK)Ke BbIBECTH He-
CKOJIBKO TMOJIE3HLIX COOTHOLIEHHH MEXKIY CeueHHsMII TpsSIMBIX H o0pat-
HbIX peakiHil.

Pasenctso (39.3) uacto Has3bIBAIOT COOTHOLIEHHEM JieTalbHOro GanaH-
ca. JT0 Ha3BaHIe HETOYHO, TaK KaK B KJjaccuueckoil usHKe Mo cooT-
HOlLeHIIeM JeTanbHoro 0asaHca oObMHO MOHIMAIOT PAaBEHCTBO BepOAT-
HocTell mpsiMOro 1 0GpPaTHOTO MPOLECCOB, & 3TO PABEHCTBO, KaK ObljI0
OTMEYEHO BbIlIe, OTHIOAL HEe HMeeT MecTa.

[TpuBesem mpuMeps! HCMOMB30BAHHS COOTHOWEHH:A (39.3):

1) onpepenenne cnuna n-me3oHa. CmuH fi-Me30Ha Obul ¢ GOJMBILOH
OMpeeJIeHHOCTBIO YCTAHOB/AGH NMPH H3YYeHHH peakiHi

p+p=d+n'. (39.4)
[TpumMeHeHne K HUM cooTHolweHHs (39.3) naer

s
9y 3 P}

— = .t 254 1). 39.5
dsy, 4 P?(QT ) ( )
a9,
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3neck s —cnuH m-Me3ona. Mz nocaenueit dopmyasl  BuaHO, 4TO
ciyuan s = Ouns=1 JaT OTHOIUEHHA Ce‘IEH}Iﬁ, pasinHyaruecsd
mezsay coboit B 3 pasa. Taxim oGpasom, yiKe JOBOJILHO rpysble Hamepe-
Hus AnddepeHiHanbHbIX cededuit peakunil (39.4) TosbKo MmoA ogHHM
YIJIOM Jal0T BO3MOMKHOCTb YOCAUTHCSA B TOM, YTO CMHH TI-M€30HA paBeH
HYJI10.

Beujy csoeii oSutHocTi coorHowenne (39.3) mMoxer mocay:KiTh H
JUisl onpejesieHus CMHOB Apyriux yactHil. COOTHOUIEHHS MeMAy ceye-
HUSIMH TIPAMBIX 1 06paTHBIX peaKIMi 4acTo NPHMEHSIOTCA H AN peakiil
C yqacTHEM (I)OTUHOB. O,HHaKO B 3TOM Ccjay4dae Hx HEOﬁXDﬂ,[’IMO HECKONIbKO
BIJOI3MeHUTL™. B camom Jlene, xoTa cnuH (OTOHA 11 paBeH eMIHHLE,
YICJO PAasJiYHBIX ero npoekuiii pasHo He 2j + 1 = 3, a TonbKo
IBYM (BOSMOXKHbLI TOJIBLKO [Be pasiidHble MoJspisanii  QortoHa).
Orciona caeayer, yTo BHAOH3MeHeHHe Bhlpaxenus (39.3) Hocur Tpu-
BHAMbHBI Xapakrep: MHOXKITeNb (2] -+ 1) Ans oToHa 3ameHsieTcst Ha 2.

2) Goabluoe 3HAYEHHE HMEET I3MepeHHe cedyeHHsT (OTOpPONKJeHHA
T-ME30HOB Ha HeATpOHAaX:

yEn—p4a-. (39.6)

OnHako HeHTPOHHLIX MilllleHeH He CyLIeCTBYeT, H 9TOT MPOLece MpH-
XOAHTCS M3YUaTh NPH MOMOILH J0BOJIBHO CJAOXKHOII HHTEpPIpeTaliH mnpo-
uecca y + d— 2p 4 «—. Ho, oueBuano, Bmecto npouecca (39.6)
MOYKHO H3Yy4aTb 0OpaTHhIH emy mpouece, a s ONpejeneHis CeyeHHs
MPSMOTO Mpolecca NpuUMeHiThL cooTHowenue (39.3), a ¢ yuerom caenas-
HOTFO BbIILIE 3aMevaHiis:

Eé‘{: . %:T pj‘f 1

QT Q. 22

3) B TCOPETHUYECKIX pacuerax peakumHnn (i)ompaculennemm JeiiToHa
y+d—>n+p (39.7)

HHOTJIa OKa3blBaercsl yA100HBIM BbIYHC/IHTD CeyeHHe 06paTHOro mnpoilecca,
a 3aTeM Npu MoMolLH cooTHoweHHs (39.3) MONYyYHTH CeyeHHe mpolecca
(39.7).

B atom ciiyuae cootHoutenne (39.3) sanuuercs B Buje:

e e 2
doy, pn __ dcm‘ d 2 Py
2

— .

dQ, Q3

i

* TlopgpoGHee o peakUHaX ¢ yuacTheM (OTOHOB peub GYLET HATH HIDKE.
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CTOJIKHOBEHHUSA YACTHL, OBJAJAIOUWHUX CIIHHOM

§ 40. MTOCTAHOBKA BGINPOCA. MPUMEPHBI.
MAPAMETPU3ALHA S-MATPHLLBI

Kak 0b10 nokasano Bblille, 13 0OHIHX CBOIICTB MAaTpHLBlI pacCesiHiist
MOYKHO MOJYUYHThb JOBOJILHO MHOTO CBEleHI Il 0 ceueHHAX B3aUMOJeiicTBIIs
OeccniHOBBIX yacTul,. B uacTHocTH, M3 yHUTapHOCTH S-MATPHLBL 1I
3aKOHOB COXPAHEHHs CJelyeT BO3MOMKHOCTL OnicaTh npolecc HadopoM
JeficTBUTebHBIX napaMeTpoB — ¢a3. Creuudiika B3aHMOJAEICTBIISA
CKasblBaeTCsl Ha BesinuMHe (has 11X 3aBHCIIMOCTIH OT 9Heprui. Hanpiivep,
B TOM cJjyYae, Korja pajnyc B3alMoAeHCTBIA CPABHUM C JJIIIHOI BOJIHb
4acTui, ceyeHue ¢ GOMbLIOH TOYHOCTBIO OMHCHLIBAETCSI HeDOJMbLIIM Yil-
ciom (as (3To yTBepiKAeHHE HEenoCpPeACTBEHHO BLITEKAeT W3 MpojesaH-
HOTo BhILIE NEepPeXofia K KJacCHYecKOH MeXaHIlKe).

Takum oGpasoM, NpH H3y4eHHH CBOFCTB YACTHI, H HX B3aHMOJEHCT-
BHIl MOAJIEXKAT H3YYEHHIO (TEOPETHYECKOMY Ii IKCMepIMeHTa LHOMY)
HMEHHO 3TH mapameTphbl. Takofl MOAXOJ CYILECTBEHHO VIIPOLLAET AEe0.
ITponssons ¢asoBblil aHanH3 SKCIEPHMEHTANbHBIX AAHHBIX, Pa3le/sioT
CBOICTBA MPOLECCOB, KOTOPHIE CBSI3aHbl ¢ OOLLHMII, XOPOLIO YCTAHOBJIEH-
HBIMU 3aKOHaMII TPHPOJBI, H CBOCTBA, KOTOPbIE CBA3AHLL CO Crel HDIIKOi
CTOJIKHOBEHHS YACTHL, JaHHOTO COpTA.

Beeraa 1 BosmoxkHO mpoBecti (asoBbiii ananiiz? KakoBsl ocoden-
HOCTH CTOJIKHOBEHHUSI YacTHI, 00JafalomiX ClIHHOM? JTH BONMPOCH! SiB-
JISIOTCS NpeJiIMeToM 00CY:KAeHHs Hacrosiweil rnasbl. Pacemotpum s
Hayaja ynpyroe CTOJKHOBEHHE YacTHLl CO CIHHAMI:

[+11—>1+ 2 (40.1)
Oranyne sroro cayuas OT ynpyroro paccestusi GeCCrmHOBBIX YacTilil
3aKJII0YAeTCsl B TOM, UTO COCTOSIHHE CHCTEMBI 3aJ1a€TCs He TOJNLKO Han paB-

JleHHeM noJsiera yactui (yriamu 0, @), Ho TakiKe eile 1 3HAYEHHAMI T1PO-
€KL CIIHHOB YacTHl, (L. S-MaTpHIla Termepb 1IMeeT B

0" @ pypy | SE [Opp, ) 8 (E' — E), (40.2)
a s GeccrnHHOBBIX YacTHI[ OHa HMeJla BHI
(0" | SE|0¢) 8 (E" —E). (40.3)

B ciyyae GeccnHHOBBIX yacTHIL ObIIH BBEAEHL! BMECTO nepemeHHbX 0, ¢
nepeMeHHble [ 11 M 1 HCNONb30BaHbl 3aKOHbL coxpaHeHis (34.2). dro
NPHBENO K TOMY, 4To S-MaTpuila HMena BHJ

St 6:"!’ 6:::’:::6(E’_E)- (404)

Cpsase Bolpawenuit (40.3) u (40.4) ocywmecTB/]ssIach TNPH MOMOLLH

¢GyHkuui#  npeobpasosanus (8¢ |Ilm) =Y, (0, @)

0" |SE|0) = XV, (0, ¢') S'Y 1, (0, ) = 32t L Py (cosw) S,
. .

im
im

rie ® — yrosi Mexjy nanpasaenusmu (0, @) u (07, ¢');
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S! — KOMIIEKCHbIe MapaMeTphbl, 3aBHCAULHE OT snepruu. Henonwso-
BaHHE YHHTAPHOCTI AaBaj0 BO3MOXKHOCTh BBECTH OJHH AEHCTBHTENbHBII
napaMerp — asy.

B cayyae yacTuiy co CHHOM HCHO/IbL30BAaHHE 3aKOHOB COXpaHeHus
Jaer

ST 8Om0 (E' —E), (40.5)

HO S/— Tenepb yKe He YHCIIO, a MATpHUA. B camoM Jefte, 3T0 COCTOSTHHE
GBLIO 331aHO YETBIPLMS KBAHTOBBIMH 4HeaaMil 0, ¢, Wy, Wy, He cuuTas
SHEPriH, a 3aKOHbI COXPAHEHHs Aal0T BO3MOXKHOCTE AeMaTh 3aK/II0UeH ST
TOJIBKO O IBY X KBaHTOBBLIX uncaax J u M. CnenosarenbHo, O OCTAMbHBIM
JBYM KBaHTOBBIM YHCJIAM S ABISETCH MATPHIEIl H ee 3aBHCHMOCTH OT
STHX HHCeJ ompefensercs cremupukoil ssanmopeiictus*. Orciona yixe
SICHO, UTO B C/Iy4ae YaCTHIBI CO CIIHHOM HeJb3s TaK CHJILHO yIPOCTHTH
BbIpayKeHHe AJI5 CeyeHusi, KaK B cjydae paccessHHsl OeCCIHHOBBHIX ya-
crul (BBellenne (as). OfHAKO B YaCTHLIX CAYYasiX BBeJEHHE a3 Bce
e OKasblBaeTCsi BOSMOXKHbLIM. PaceMOTpHM paccesiHne GecCrHHOBBIX
YacTHIL Ha YacTHLAX €O cnuHOM 1/2 (HampuMmep, paccesHue T-Me30HOB
Ha HyKJIOHAX HJH HeiiTpoHoB Ha He'). Cocrosinue xapaxrepusyercs 3a-
AanueMm uuced (E, [, m, ), mpuyeM 4HCJIO {1 MOKET MPHHUMATH ABA 3Ha-
yenus: --1/2. Ecau eomum OpOUTANBHELT MOMEHT [ H CIIHH YaCTHILL H
BBEJleM IOJIHbIH MOMEHT cHCTeMbl J M ero npoekiuio M BMeCTo KBAHTO-
BBIX UHCEJI /M H |4, TO Halla cucTema GyJeT XapaKTepH30BaThCs YHCIAMH
(E, [, J, M). Tlpuyem 13 3aKOHA CIIOWKEHHS MOMEHTOB J = [ £ 1/2,
C yYeroM 3aKOHOB COXPaHeHHS MOMEHTa U 3HePrHH S-MaTpuIa HMeer
BHJ,

SI 6J'J' GM'M 8 (E‘lr - E)r
rje S — IABYXDAAHAS MaTpula:

(451817 + ) (J+ 181 =)

1

(“’“"%“'S“'”+7)(J—%1s~fu_ﬁgz_) (40:5)

YureM elle OJHH 3aKOH — 34KOH COXPAaHeHHS UETHOCTH (cm. § 34):
=) nyny=(—=1)"nn= Np

* Koanuecto KBaHTOBBIX 4HCes, BXOAALIHX B HaGOp, KOTOPHI 3ajaer co-
CTOSIHHE, ONpeJeNsieTcst YHCAOM CTeneHell cBOGOJBI CHCTEMBl H, OUeBHIHO, He 3a-
BHCHT OT npejcraBsienust. Tak, Hanpumep, A GeCCMHHOBEIX YACTHIL 3TO TPH UHC/AA
E, %, @, unu E, [, mu 7. 1., a /51 ABYX YACTHII CO CIHHOM — TISITh YliCen E, &,
Dy Wy, Wo, mart E, [, m, py, {bp. ECIH CHOMUTL CHIMHBL YaCTHIL B OAHH CYMMapHBIit
CIHH, TO BMECTO |i; H [L; BOHAYT ABA HOBLIX KBAHTOBBIX YHC/IA — CYMMAPHBIH CIHH
s u ero npoexuus . Ilpu sTom cocrosnue 6yler sanapatbes uneaamu E, I, m, s, .
MoKHO C/TOKHTE CYMMApHEI CIHE ¢ OPGHTAABHBIM MOMEHTOM, BBEJS BMECTO npo-
eKUHIT 1 U |. KBAHTOBEIE yHcna J — MOJHOTO MOMeHTa H M — ero NpOeKIHH:
{E, J, M,’l, s) — noBHlit Ha6op MATH KBAHTOBHIX uHcen. B Texcre pedb HJeT, Ha-
NpHMep, O KBAHTOBHIX uyHcaax [ H s.
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rjie v, — NoJiHasi YeTHOCTb HAYaJbHOrO COCTOSHHS; 1), — IOJHAS YeT-
HOCTb KOHEYHOI'O COCTOSIHHSI; 1, ;; M 7)1, 2 — BHYTDEHHHE YETHOCTH
yactun®; tTakum obpasoMm, B Hawem cayuae !'=1-2n, rvhe n=
={); :1; By

Ho, xax caeayer H33akoHa coXpaHeHHS [OJHOTO MoMeHTa, [ MokeT
oTan4athes oT [ He GoJblle, YenM Ha eIMHHILY; CJel0BaTelbHO, HeIHATrO-
HasibHBle uJeHbl MaTpuisl (40.6) paBHBI HYJ10 H S-MaTpHILA AHATOHAJLHA.

TpeboBanue yHHTAPHOCTH AaeT

J
JE o J 2i6
Si'S;=11n 8§ =",

T. €. B ¢Jyyae, Korja ofHa M3 yacTull GecCHHHOBasi, a Jpyras yacTula
1meeT cnuH 1/2, nonaTHe (assl coX paHsieT cBoil 06buHbIi cMbica. OfHaKo
(hasa 3aBHCHT He TOJNLKO OT [, HO elle 1 oT J.

Paccmorpum Apyroii BaKHblfl TIplMep — ynpyroe paccesiHHe ya-
cTHI co criHoM 1/2 (Hampumep, paccesiHue HEHTPOHOB HA NMPOTOHAX).
Crcrema xapakTepusyercst KBaHTOBbIMHU dncnamu E, [, m, py, [to. BBemenm
KBAHTOBbIE YHC/la HHTerpanob jApmkeHns J u M 1 KBaHTOBOe UHCJIO
CYMMapHOro CIHHA YacTHIL 5§ (OHO MOXKeT NPHHHMATb 3HAYEHHs HYJIb
H eHHIIA) '

(J'M’E’s'l'| S| IMEsl) = (s'1' | S7 | 1) 8, S 1 (E’ — E).

CorsacHo 3dKOHY CJOXKEHHA MOMEHTOB

J—1
L=ild mpy s=1 wu I=J npu s=0.
J+ 1

Y4er 3aKoHa coXpaHeHls YETHOCTH JaeT mpasijio otéopa I’ = [+ 2n,
rie 7 — Lejoe 4YIc/10. ST0 03HAYAET, YTQ BO3MOMKKHBI MEPEXOJbl TONBLKO
mexay [ = J -+ 1 ul=J—1 u nepexoas 6e3 namenenns /. Ilpu sa-
JAHHOM TIOJIHOM MOMEHTE Ii 3a/laHHOIl YeTHOCTH COCTOSHHS S-MaTpuua
HMeeT BHJ

(811 812)
Sor Saq

rje HHAeKcsl / 1 2 HyMepyloT COOTBETCTBeHHO cocToauus ([ = J — 1;
s=0nun({{=J-+1;s=1)nan cocroauus ({ = J;s=0u{l=J;

s = 1). Marpuunble snemenTH S, ABJSIOTCS, OUEBHAHO, KOMILJIEKCHBIMI
mapaMerpami I MOryT ObITh Bblpax{eHbl yepes JeficTBHTeJbHBIE mapa-
METPBL 7y 1 Oy,

id

S:m = r'_J.‘J e ™.

* Myl sanuMaeMcsl H3YyyeHHeM SIIePHBIX peakiHil, W BfocHOBHOM peub MueT
O CHALHLIX B3annojclcrBHsX. Hapyluenns sakoHna coXpaHeHHsl YeTHOCTH oGHa-
PY#ieHBL TOJMBKO B ¢1a0blX B3aHMOJEHCTBHAX, 06ycA0BINBaOWHX pacnaf. B cuab-
HLIX K€ B3aHMOJEHCTBHSX UETHOCTb COXpaHSETCA. '
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YciopHe YHHTAPHOCTH € Y4YETOM TeopeMbl B3aMMHOCTH (S, = S,,)
MOXKHO 3aNHCaTh B BH/JE MATPHYHOTO PapBeHCTBa

N

. ry e pgeifee) o e=Bup , e—lbi 1o
ss-rz(” * )1 = e ):(0 1) (.0

ryg €l ry, el )l r,, =ity g—lin

DTO paBeHCTBO — KpaTKasi 3amiiCh CHCTEMB ypaBHeHHIl, Kotopasi jaer
BO3MOXSHOCTbL BbIPA3HThL ONHH NapaMerpul yepes Jpyrue. B pesyibrate
peLleH sl 3TOH CHCTeMbl Haijem

[ —r2e28 jreiG+m)
= V R (40.8)
]rel(-’a—]—y) Vl__r?.emq
S,ECCIJ BBE/CHLI TPH HOBBIX [apamerpa: QS, M H r, CBA3b UX CO CTapPbIMH

mapaMeTpamil OYeBHJHA M3 conocrasieHns cdopmyn (40.7) u (40.8).

Takum oGpasom, B paccMaTpHBaeMOM cJiydae BBECTH NOHsTHE (ashi
B OOBLIYHOM CMBbIC/IE€ STOTO CJIOBA 0KAa3aJoch HEBO3MOXKHbIM. OfHAKO He-
NONb30BaHIe OOLUIHX CBOHCTB S-MaTpPHUbl Pe3KO COKPATHJIO YHCIO Napa-
METPOB, KOTOpPOe HEOOXOHMO O PeleiATL Ha onbiTe. B camom aene, gaxe
TnocJie HCNOJIL30BaHHsl 3aKOHOB COXPaHEHHSI MOMEHTA H YeTHOCTH MoJy-
4UM S-MaTpHIY NMpPH AaHHBIX J M YETHOCTH B BHJE TaGJIHILI, B KOTOPYIO
BXOJHT YEThIPE KOMIJIEKCHLIX TapaMeTpa, T. €. BOCEMb He3aBUCHMBIX Jeii-
CTBHTE/ILHBIX NapamerpoB. lcnonbsoBaHne YHHTAPHOCTH M TeOpeMbl
B3aHMHOCTH NIPHBEJIO K TOMY, YTO IPH AaHHBIX J H YETHOCTH S-MaTpHiia
BbIpAXKaeTcs BCEro yepes TPH AEHCTBHTENLHEIX Napamerpa.

OGB! MPUMEHUTH TOJYUYeHHbIe BRI Pe3yJabTaThl K YIPYroMy pac-
CEsIHIIO HYKJIOHOB, HEOOXOAHMO NPHHATE BO BHUMAHNE TOXKJECTREHHOCTS
YacTul (WIs 71 — p-paccesHHs — H30TONHYECKYIO HHBAPHAHTHOCTE).
OT0 TIpHBOMHMT, KaK JIETKO BHIETh, K 3alpeTy CHHIVIET-TPHILIETHBIX
(s=1+s5=0) mepexooB 1 JONONHITEILHOMY YIPOLIEHHIO CTPYK-
TYpPbl MaTpuibl paccesHudA. M3 H3/I0KEHHBIX NPUMEPOB BHJHO, YTO YeM
BbIIIE CNIHbI CTANK HBAIOLINXCS YACTHLL, TeM CJIOXKHee CTPYKTypa MaTpH-
bl paccesiHusi. YCAOKHEHHE CTPYKTYPbl MaTpIlbl PACCEsHHS — Hpo-
CTOE CJIEACTBHE TOrO OOCTOATENbLCTBA, YTO B HALUEM pACHOPSIKEHHH
HMeeTCs JIHLIb HeGO/bLIOE YIIC/0 orpaHHyeHNii Ha S-MaTpuny, a ¢ po-
CTOM CIIHHA YBeJHYHBAETCS KOJHYECTBO KBAHTOBLIX YHCEN, OT KOTOPHIX
3aBICUT S-marpuua.

Hccnenosanue CTpyKTY pbl MATPHILLL PACCESHHST HMEET GOJbIIOE PaK-
THYECKOE SHaueHue. B pesysbraTe mapameTpusain S-MaTpHLbl Bhiea -
10T HeGOJbIIOE YHCI0 ACHCTBHTE/IbHELIX [1aPAMeTPOB, BeJIHYHHA KOTOPHIX
onpesesnsierca crennduKoil B3anMOAeHCTBUA YyacTHLl. 3aTeM HCCAEAYIOT
BO3MOMHBIE [OCTAHOBKH OIBITOB 10 CTOJKHOBCHHIO YACTHL, HPH MO-
MOILH KOTOPBIX MOMKHO NMOJYYHTHL MOJHYI0 HHPOPMAIHIO O mapameTrpax
S-marpuupt. ITpn 3ToM oueHb MHOIHE ONBITHl OKAa3bIBAIOTCH M3JIHUIIHH-
MH — OHH Jal0oT MHOOPMAILHIO, KOTOPYIO MOMKHO IMOJYUYHTh H3 JaHHBIX
APYTHX OMBITOB.

Heobxonnmo Takike OTMETHTb, UTO BCE H3/I0MKEHHLIE COOOpaMeHHs
OPHUMEHHMbI, OYEBHJHO, He TONbKO K YIPYroMy PacCesniio, a sBidiores
BechMa obuinmi. B §48 nanoxkensas Beitlie Teopust Gy et npHMeHeHa i
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YCTaHOBJIEHHH CBA3H npoue{:con p&CCEHHi-IH, qJOTOPO}I{ReHIIH -Me30HOB
H KOMITOH-3(pexTa Ha HYKJIOHe. DTa CBA3b BhITEKAET H3 TeX Ke C000-
paeHuil, 4To 1 OB H2JIOKEeHb! BBIILIE, €C/H B YHC/IO MepeMeHHbIX HH-
JEKCOB S-MAaTPHIB! L H V BKJAIOUHTL KaK He3aBHCHMbIE HHAEKChl HHEKCh
OTKPBLITHIX KaHAaJI0B.

MoxHO 10KasaTh, YTO HCHOJb30BaHHe (QYyHAAMEHTaAbHbIX CBOIHCTE
S-MaTpHllkl — YHHTAPHOCTH H TEOpPeMbl B3aHMHOCTH s S-MATpPHILB,
3ajanHoil B BiJie KBaApaTHOl Tabanlp! 13 N KOMMNJIEKCHBIX 3/1eMeHTOR,—
COKpalllaeT YHCJAO HEe3aBHCHUMEIX JeHCTBHTENBHBIX mnapamerpoB ¢ 2N?
no 1/2N(N + 1).

INapamerpuzamnu S-MaTpHIL PasIHYHBIX TIPOLLECCOB B3aHMOJEICTBHSA
HYKJIOHOB, ME30HOB M siiep H (popMynHpOBKe MOJHBIX HaGOPOB MHHIU-
MAaJIBHOI'O YIIC/& OMNBITOB IMOCBALLEHO GoJIbLLIOe YHCJIO paGm‘. 3HaT-IIIT(3.J‘Ib~
Hble yeuuiiist GbITH MPEANPHHATLL 11 SKCIIEPHMEHTATOPAMU IS OMpejese-
HUsl BBOAHMBIX apaMerpoB. K coxanenmnio, 4acro TaKie HCCJelOBaHHsI
MPOBOMASATCS «BIIPOK» HA cayuwall, ec/i MOABHTCA HACTOALLAS AUHAMIYe-
cKasi TeopHs I ee Hajo OyJer npoBepATh IKCIepuMeHTaabHO. Ho mo-
CKOJIbKY TEOPHH HET, TO HesiCHBI H ee 3anpockl. B cBA3H ¢ 3THM NOCTaHOB-
Ka ONLITOB 00 H3MEpPEeHHH NapaMeTpoB S-MaTPHIbl HOCHT PaCiIbIBYATLLI
M HeueTKill XapakTep: H3MepATh KaK MOXKHO OGoJblie napameTpoB
C BO3MOKHO 0oJibleil TOUHOCThI0. MOXKeT oKazaThes, 4To GOJBLIIHHCTBO
3THX JOPOTOCTOSULHX, TPOMO3JKHX 3KCIEPHMEHTOB OKaXKyTCSl HEHYIK-
HBIMH 151 [IDOBEPKH TEOpHH.

3naunTenbHO Gosiee LIMPOKOE IpUMeHeHHe KHHeMaTHKa 4acTHIL, 0G-
JajlaionixX CIIHHOM, MOJAYYUJIa B CBSI3H C ONpeleeHHeM KBAaHTOBBIX YH-
CEJl BHOBb OTKPBITBIX YaCTHI H PE30HAHCOB, HCC/leJoBaHHeM Bo30yKAeH-
HBIX COCTOSIHHI aTOMHBIX SIIED, B CBA3U ¢ 0OHAPY:KeHHEM HecoXpaHeHHst
YeTHOCTH. Jta 06/1aCTb MPUMEHEHHs] KHHeMaTHYeCKHX COOTHOLIeHHIT Jana
LeNblH psAj pe3y/bTaToB, OKa3aBIUMX CYIIECTBEHHOE BJAHfAHHE Ha pas-
Bute ¢usnku. Kak Oyjer mokasaHo HHXKe, YIJIOBOE pacrpejeseHue
MPOAYKTOB pacnaja HecTaOHJ/IbHOIH YACTHIbI MO3BOJSIET HAUTH €€ mpo-
CTpaHCTBEHHbIE KBaHTOBbIE yHcaa. Hanuune min oTcyTCTBHE Onpe/eseH-
HOTO THMA KOppeasiiuil miockocreil o6pasoBaHHA M pacnajga YacTui
MOXKET CJIYIKHTh IPOBEPKOH coxpaHeHusi yeTHocTH. lIpumenenue 3a-
KOHOB COXpAHeHHd BHYTPEHHHX KBAHTOBBIX UHCEJ — H30TONHYECKOrO
CMHHA, CTPAHHOCTH M APYTHX HHTErpajioB JBHMKEHHsd, CBASAHHBIX C CY-
ECTBOBAHHEM YHHTADHLIX CUMMETPHIl, MO3BOJISET pacKacCH(HIHPO-
BaTh 9JIeMCHTAPHbIE YACTHILL 10 MYJbLTHIIETAM.

CBsI3b HEKOTOPBLIX 3aKOHOB COXPaHEHHs ¢ HAG/II0faeMbIMi Ha OMbITe
SIBJIEHHSIMH JIOBOJIBHO OUeBHJHA (HAnmpuMmep, COXpaHeHHe 3apsja H aHa-
JIOTHYHBIX €My BeJIHYHH), B HEKOTOPBIX Clydasx Aas OOHApyIKeHHS
Takoil cBsiau TpeGyercss HEKOTOpoe pacCyKAeHHe, B  IPYrux
HeOOXOAHMbBL JIOBOJIBHO TPOMO3JIKHe pacyeThl C IPHBJIEYEHHEM CIie-
LHaNbHBIX QYHKIHMH npeoGpa3oBaHus, 00CYKAEHHIO KOTOPLIX MOCBALILe-
Hol §§ 41—44 nacrosuueil riaBebl.
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§ 41. KOO®PHUHEHTH BEKTOPHOIO CJO)XEHHSA

M3 npusegeHHbIX npumepoB BHAHO, YTO MPH CTOJNKHOBEHHH YacTHIL,
o6a1alaloHX CIHHOM, TaK JKe KaK H IIpH CTOJKHOBEHHH OeCCIIHHOBBIX
YACTHIL, MOXKHO C/eJ1aTh HEKOTOPKHIE 3aK/IIOUeHHS O CTPYKType S-MaTpH-
Lbl, HCXO[s1 H3 caMblX OOUHX CBOICTB MpOCTpPaHCTBa — BPEMEHH H 3a-
KOHOB KBaHTOBOIl MeXaHHKH.

Ter[epb NPEACTOHT BBIACHUTL OTPaHHUYCHHA, KOTOPLIC HaK/AaAblBalOT
3TH CBOICTBA MATPHILI paccesnis Ha HaO/0aemMbie BeJIHUHHBI — ceye-
Hus. s 3Toro Heo6XoAHMO ymeTb NEPEBOAUTH S-matpuny, 3ajlaHiyio
B OJIHOM TpEJACTaBJIEHHI, B ApYri€ NpPeJACTaBleHHs, B YaCTHOCTH B TO,
KOTOPOE COOTBETCTBYET KOHKPETHOMY OMBITY.

B cayuae paccesinns GecCrniHOBbIX YacTHIL IOCTATOYHO OblJIO OAHOH
dyHKiK npeobpasosanus (B¢ | [nt) — waposoii pynkunu. Kak BujiHo 13
NpPHBEICHHBIX Bbillle NPIMEPOB, HeOOXONNMb! GYHKIMH NpeodpasoBaHHs,
KOTOpbIE OCYLIECTBJSIOT nepexof OT MPEICTaBJIeHHs MTOJHOr0 MOMEHTA,
B KOTOPOM S-MaTpiiia 1meer Haudosiee npocToid BHA, K NPeACTAB/ICHUIO
COCTABJAOILNX MOMEHTOB (CrinHOB YacTHL, opOHTAJBHBIX MOMEHTOB).
Or 3T0r0 NpejicTaB/IeHHs yKe MOXKHO MEPEHTH K NPEACTaB/IeHHIO YTJIOB
M, BOCIOJIL3OBABIUHCH COmIMH (POPMyJaamu Jisi cedennil (em. § 37),
NOJIYYHTD YIJIOBbie pacnpefesenns H Apyrue XxapakTepHCTHKH.

[Tycte usBecTHB! cob6erBennble ¢yuxkuumn ¥y, uw ¥;,,. oneparo-
POB MOMEHTOB j; W j, U TpefyeTcs HalHTH COGCTBEHHble (QYHKIHH
¥,y omepatopa MOMeHTa, KOTopblil AB/IsSeTCA MX CyMMOil. DYHKIHIO
W, OUEBHAHO MOKHO MpeJCTaBHTb B BH/E PA3J/IOMKEHHS MO MOJHOH
cucteMe (yHKiuil, coctaBiennsx H3 mnpoussemenuit Wi om, 1 Wim,:

IPJ;\I: 2 C}Fl‘?.fhfzme T[rflml ‘lr.l'.'.'m:' (4]"1)

myms

an JM =

Ecan 6ot W/ 5 Gbli10 13BecTHO, TO Cjim,j,m, HETPYAHO GbIIO Obl HAHTH,

BOCIIOJIb30BABILINCH OPTOTOHANBHOCTBIO (YHKUHI. B NMpHHATEX HaMH
oGosnauenusix Jupaka pasencrso (41.1) MOXHO 3amucaTh TaK:

(41 %, | 1 Jo IM) =
— E (f;f:'iljz"ngjf] _fEJM)(xl|tilm1)(x2|:';2‘m-z)-

my .

Vi3 3Toil 3amicH BHAHO, UTO (j1/7j2Ms | j1j2d M) ABNSIOTCA KaK pa3 TeMH
QYHKIIAMI 1peo6pa3oBaHiisi, KOWOPbie Mbl HILEM; OHH OCYLIECTBJIAIOT
nepexofl OT NMpEICTaBJeHHs caaralolliX MOMEHTOB B MNpeicTaBieHHe
cymmapHoro momenTa. CBoeoGpasii€ 3THX (QyHKIUHII 3aK/104aercs B TOM,
YTO ¥ HHUX KaK HHJEKC COCTOfHIIA, TaK H HHAEKC NMpPeAcTaBleHHs — Au-
CKPETHLIC BeJIHYIHBI, H[')IIHIIE\]&I-O]_IU.He KOHEYHOe YHCJA0 3HauyeHHII. HO'
3TOMY KOS(MHIHEHTEI (j;/m]otmy | j1jied M) npejcTaBnAIOT COOOI 3J1€MEHTHI
KOHeYHBIX Marpui. Hecmorpst Ha MPOCTOi (H3HUECKHIT CMBIC 3THX KO-
3(QMUIHEHTOB, MOMY4YeHHe HX B sBHOM BHJE CBA3aHO C HOBOJIBHO Tpo-
MO3JAKHMH pacyeTami. Briepsblie o0Illee BhIpaXKeHHe STHX KodphHLUeHTOB
nano Burnepom [12]. IIast BhiBojial BurHep Hcnosb3oBan H3sIHBIA Ma-
TemaTHyecknii annapar teopun rpynn. Ilosamee Paka [13] mokasan,
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4TO KOSMOHIHEHTH MOXKHO BbiBeCTH ajreSpanueckn Ges IpIIMEHeHH
MeTOooB Teopun rpynmn. Kosdduunents: C7 j2m, HMEIOT 04eHb GOJIbIIoe
H BCe BO3pacTarollee 3HaYCHHE B Pa3iHYHBIX NPHAOKEHHSX KBAHTOBOI
MEXaHHKH. LISt HUX CyIeCTBYIOT pasHoOGpasHBle HA3BAHHS I 0GO3HA-
ueHns. HauGonee ynorpentenbHoe HasBaume: Koapduunenter Kied-
wa — I'opaana (Mo HMeHN aBTOPOB BaKHOIl TeOPEMbI B TEOPHH HempH-
BONHMBIX MpEACTaBJIeHHIH rPynnol Bpauienuil). HasbiBaoT nx Taxike
Koapdurnentamit Birnepa, Kosdduimenramn BEKTOPHOTO CJIOKEHHST
(vector addition coeffitients). Mpr OyZlem MPHAEPKHBATLCS T0CHEAHEro
Has3BaHHsA. Y KaxeM YroTpedaseMbe B JiiTepary pe o6osHauentisi Koshbu-
IHEHTOB BEKTOPHOIO CJIOMKEHIIS:

Ul !.?21 .{2 mz ’ JM); (fl f.‘z J""11 mz I j]_ J"g JM), c}:n;:, Ja m:;
C:::, m,; C.{!‘ﬁhhmc; (—— 1)_J+M V2J+1 Sh my fo g — M-

HaunGosee ynorpeGuresnusr mepssie TpH. Mbl OyjaeM moJsib3 0BaThes
MepBBIM.

Hurarenio, HHTepeCylOlIeMYyCs BBIBOAAMH OGMLIX BbIpaXKeHUH Jjis
(ismajams | JM), cienyeT o3HakOMHTBCS © COOTBETCTBYIOLULHMH pPasjieaMu
Kuur [12, 2], rne manaraetcs Teopmsi HEmpHBOAHMBIX TnpejcTaBaeHn
PYNnbl Bpamenui. [Jist y3Ko MpakTHYECKHX 1esell (pacyeToB YIOBbIX
pacnpefesnienHii, HCC/eN0BaHHs CBONICTB MAaTPHIBl paccesHisi, npodiem
KOPPEJIALHHI YaCTHL, M ABJIEHHH MONSAPH3ANKH YACTHL B sAEPHBIX peaK-
WHAX 1 Jp.) JOCTaTOYHO MOHHMATH (DHBHUECKHIl CMBICA KO3(MHIHEHTOB
(jmajarny | JM) Kax dynKumit nipeoSpasosanus Iupaka, 3HaTh ux obuiye
CBOHCTBA Il YMEThb NOJNB30OBATLCSI TAGIMIAMH STHX Ko3(puuneHToB,
[Tepeiinem x nanoxenmo stux Bonpocos.

Qopmyasl npsimoro (JM | jymyjam,) oGpatHoro npeo6pasoBa HHH
(ivmjamsy | JM), Kak yixe ormeuanock, CBSI3aHbl IIPOCTEIM COOTHOLICHH eM

(JM| jymy jymy)* = (jym, Jymy | IM).

O6biuno Henob3yemoe B JIHTEPAType NMpeACTaBJIeHHe TAKOBO, YTO KO3(h-
uunentot (JM | jymyjom,) neficTBHTENBHEL. DTO 03Hayaer, 4To Ko3a(-
(uLHEHTE! TPSIMOTO H 06PAaTHOTO npeoGpasoBanuii npocro pasHel. Oue-
BHIHO, 4TO (DH3HYECKHE De3YJILTATHI He JOJIKHEI 3aBHCETH OT nopsijiKa,
B KOTODOM Mbl CKJIaibIBalH MOMEHTHl j; H ja, T. €. KO3(hHIHEHTb
(IM | jymyjams) 1 (JM | jamajymy) oTmugaloTes: ToABKO (ha30BBIM MHOKH-
TEJIeM, TaK Kak KoaduunenTsl npeoGpasoBanusi, HIH, 4TO TO JKe camoe,
BOJIHOBbI® (DYHKIHH, OMHCHIBAIOLIHE OHHO H TO Ke usnueckoe cocro A-
HHE, MOTYT pas/iH4aThCA JHLIb (PA30BBIMH MHOMKHTENSMH.
Moxno nokasats, uto

(M| jymy jomy) = (— V) fetia=d (M| j, my jy my). (41.2)

B KBanTOBOII MexaHuKe I0KassIBaeTCs, UTO MPH CA0KEHHH MOMEHTO B
KBAaHTOBbIE 4HC/aa J 1 M MOryT npUHHMATh 3HAYeHHS

J=Ili1__j9‘! Ijl_j2+]||"'!j]_+j2;]
: - 41.3
M = my + m, J ( )

V3 moc/ieiHero paBeHcTBa CJelyer, 4To M0 OJHOMY H3 HHIEKCOB 1y, My
cymma B Boipaxenun (41.1) socur dopmanbHblil Xapakrep, Tak Kak
NpH 3aJAHHLIX /72y H /77; KBaHTOBOE 4iCa0 M yiKe ONpEele]eHo paBeH-
ctBom (41.3).

Ws sanucu (jyM — msyjymy| JM) BuAHO, uTo KoddbduIiHeHTs! BEKTOD-
HOTO CJIOKEHHA MOXKHO NPEACTaBHTb B BHJE MATPHILLI, CTPOKH KOTODOIi
HyMepYyIoTCs YucyioM J, a CTOIBUBEl — YHCAOM M. UHCA0 CTPOK paBHO
2j + 1, rae j — HauMeHbllee U3 3HAUEHHMIl j; H jy. JIerKo BHAETH, UTO
YHCJIO CTOJIOLOB PABHO TOMY JKe Heay. Takum o6pasoM, uucno Koadibu-
IIHEHTOB BEKTOPHOTO cjoxenusi pasHo (2f + 1)°. B npunoxennn V
NpHUBOAATCS TaOMHUBL K03(HIHEHTOB BEKTOPHOTO cioxenns. Onepa-
TOPBI ]‘, f, H j; CBsI3aHbl COOTHOIIEH HEM j = j; <+ jo, HO 3TO COOTHOILIe-
HHE MOMKHO 3aMHCATH H TaK:

j\l :i‘—je; ja=

»

[ S
Loty

1

T. €. JI000H U3 BEKTOPOB, BXOAAUX B TPOHKY J, J1, J2 (TPOHKH CKAaABI-
BAaeMbIX BEKTOPOB YaCTO HAa3blBaioT Tpuajamu — triads), moxuo npes-
CTaBHTb KaK Pe3yJbTHPYIOUIHE BEKTOP. JTHM COOTHOLIEHHAM COOTBETCT-
BYIOT TaKkue cBoictsa KO3(QQHIHEHTOB BEKTOPHOIO CJIOKEHHS:

M . — ph—m ;
{V;—i—Jl— (M| fymyfyms) = ﬂ’rf_jj‘ (Fymy | IMfy — my) =
i 1
i1 fa—inta
D BT P o T — o, T (41.4)

V2 +1
Ilonesnbi TakzKe COOTHOLIEHHS
(iymy famy | IM) = (— 1)ivtle=J (j, —my j,— my | ] — M) =
= (— Ditie=I (jymy jymy | IM) = (j,— my j, — my | ] — M), (41.5)
KpoMe mepeunc/eHHbIX CBONCTB, KO3()DDHIMEHTH BEKTOPHOTO CJ0Ke-

HUS, KaK JioOble Jpyrue (yHKUHH npeobpasopaHus, 00/1aJaioT CBOIi-
CTBaMH OPTOTOHAJBHOCTH H HOPMHPOBKH:

2 ("M |y my Jy my) (Jy my Jo g | IM) = 8504 8 me a1
e i ) ) (41.6)
2 (f'l ) .li? ﬁlg]Jﬂ"I) (JM l Jimy fe IH?) = 6;,-;1:;:] 6:!1:; ny
JM 2

H, corJacHo CBDﬁCTBy CUMMETPHH,

g T )
S, (M| fymy jama) (M| fuma f3mi) = 308
m, M 2

INpuBenem, Hakonen, nonyuensoe Burmepom [15] sBHOe BbIpazKeHue
KOSqJ(l]HI.lHeHTOB BEKTOPHOI'0 CJIOMEHHA MJ15 INPOH3BOJLHLIX [; H fa:

(IM | fymyfymy) =

(41.7)

faig mgmy "

223



_ 1/ UFtn—m@—n+ D) 1+ Jo — DI+ M —MERT 1) ¢
(/A Jut 2+ D — ma)! (jy+ my)! (jo — mo)! (o + mg)!

(=Dt rdme gy gy my— k) (iy — ity - k)
A ; (—htp—==) (M=) (kFj; - ja— )] " (41.8)

§ 42. HEKOTOPBIE MPHMEPHI

B kauectse npumepa npumenenns TaGaui 1 CBONCTB KO3(hHILHEeHTOB
BEKTODHOTO CJ/IOXKeHHsl PAaCCMOTPHM INpOCTeHiunil, HO BamHbl cayyail
paccesiHis YaCTHIL CO CITHHOM 1/2 Ha YacTHLAX CO CIHHOM, PAaBHBIM HYJIIO.
Coraacno o6mumM cBojicTBaM S-MaTpHIEI (33.1) u (34.1) B paccmaTpu-
BAEMOM C/lyyde OHa HUMeeT BHJ

2ia

J
e 18,0y mmd 8 (E'—E). (42.1)

s Toro 4To6bl MOXKHO GBLIO BOCTONb30OBATHCS dopmynoii (37.8) u
NONYYHTH CEYEHHE, HEOOXOJIHMO NIEPEBECTH S-MATPHILY H3 NPeICTABACHHS
JMIE B npencrasnenue umiE. CootsercTByrom1as GyHKIHS Npeobpaso-
Bauua (JMsl|Imsp) ects He uTo mHOe, KakK KoMHIHEHT BEKTQPHOTO:

CJIOEHHA BEKTOPOB CNHHA S H OpGHTANBHOTO MOMeHTa | B mosHslil MoO-
ment J. CoBepiias npeoGpasoBanue Hajl BbIparKeHHeM (42.1), noayyaem
5 2] : E—
Jﬂp e 6J‘J aM'M Gf'gﬁ(E —-EJ (.;'r M iSj.L},r-I’H) =
2i7

J
=e" 8y 6(E"—E) (M |splm). (42.2)

Ecau ne 6ygem npeoGpasoBbIBaTL K APYTHM MEepPeMeHHbIM KOHEYHOe
COCTOsIHME, a mnojicTaBuM (42.2) B Beipaxenne (37.8), T0 mnoayynm
CEJEHHE CTOJNKHOBEHNS YaCTHL C ONpeAeJeHHBIM OPGHT albHBIM MOMEH-
TOM, NOJHbIM MOMEHTOM H €ro NnpoeKuHell B KOHEUHOM COCTOSHHH H C
OnpelesieH Ol IipoeKillieli CHHA B HaYaJabHOM COCTOSIHHH. ST0 CeueHpe
3aMmuuercs

md 12
Uﬁ_’[ = a2 (2/'+1) [ 1 — e [(JM |su, 1'0) | 2. (42.3)

IIpocyymipyen 910 Beipaerue no I/ M u YCPEIHIIM [10 HAYaJALHLIM [0J1 -
1 "
PH3ALHAM 4acTHIL; OCJ/ieIHee 03HAYAET ONepaiLHio + 2 B cuaty cBofictsa
|18

(41.7) xoadunuentos BEKTOPHOTO C/JOXKEHHS B peay/bTaTe MOJYYHM

o = Xar’ 4sin® 67 @ + 1) 5.
i
[losmoe ceuenne Gyner mmers Bup
1 1
< s ottt | g gdd=5] ,
0= 20"’ = 4:ru.22 (4 1)sin?6, 2 4 lsin*§, QJ. (42.4)
J {
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pana (MOMUKUTENbHBIH, OTPHIATEbHBIH, HelTpadbHbI) Ha yKJOHE
T O

Ecan ¢asa we saBucHT 0T crnuHa 6, =206, 2, To Bbpaxeuue

(42.4) nmepexomuT B MOJIHOE CeYeHHe paccesHHs GecCHHHOBBIX YACTHIL.

Honycrum, yto dasa cocrosuns J = 3/2, [ = 1 NPOXOLHUT uepes
/2, HHAaYe TOBOPS, 3TO COCTOSIHHE PE3OHHPYET NpH Tex IHEPTifX,
MIPH KOTOPLIX paccMaTpHBaeM CTOJKHOBEHHE. BbuiOpaHHble KBAHTOBbIE
HHC/IA COOTBETCTBYIOT PE30HAHCHOMY, WJIH, KAK €ro HHaye Has3biBaloT,
H300apHOMY COCTOSIHIIIO B3aiMOACHCTBHS TT-ME30HOB C HYKJOHAMII.
B sTom ciyyae mapunanbHOE cedeHHe JOCTHIAeT CBOEro MaKCHMalbHOTO
3HaueHHsl (TeOMETPHYECKOro npefena) Smx2.

Ecau xoTum HaiiTH yraoBbie pacnpesenenns, To Hano DYHKLHIO KO-
HEYHOTO COCTOSIHHSI MEePEBECTH B MpeACTaBieHHe yraoB. Jas 3Toro
HEOOXOAHMO MnepeiiTH K MPeACTaBJaeHHIo [msy B JIEBO yacTi MaTpIuUbl
paccesanus, npumeHHB QyHKUWIIO npeoGpasosanns (Imsp|JM), ac no-
Moutbio pyHKunu (0@ |/m) naiitn S-matpuuy B npeicrasiaeHHH 0.

31eck Mbl He GyjieM MpPOAEIbIBATL COOTBETCTBYIOMNX BbIKAATOK, TAK
KaK HHXKe noay4um obuiie GpopMysIsl A5 YIJIOBLIX pacrnpeieneruii npi
SIIPHBIX peakuiax. Ecuan nuTepecoBaThest mpiMeHeHeM mosyueHHbIX
COOTHOIUEHHH K PACCEAHMIO 7T-ME30HOB TO B YHCJIO MEPEMeHHBIX HAZO
BKJIIOUHTh H30TOMHYeCKHH cniH. Ho, KaK H3BeCTHO, 3aKOHBI CJOMKEHIIS
H30TOMHYECKHX CITHHOB MOJHOCTBIO COBMAJAIOT C 3aKOHAMH CJOMKEHHs
OGBIYHBIX MOMEHTOB, H OGOGIIEHHE H3JA0KEHHOH TeopHi Ha paccesiiie
4acTHL, 06/1afAlOIHX H3OTONHYECKIIM CIIHHOM, He MpEACTaBasIeT Tpya.

Bocrionieayemcs Teu, 4T0 H30TONHYECKHIT CHHH — HHTErpasi ABIKe-
HHUSL H, CJENOBATeNbHO, S-MaTpHILA HMMEEeT BHJ

S7T 8708104 8pgom O707 51,,; Taa (E'—E),

sfece T n T3 — COOTBETCTBEHHO NOJHBII H3OTONHYECCKHI CHIIH Cll-
CTeMbl M ero nmpoekuus. TpeSoBaHHe YHHTaPHOCTH Jaer

s J T
T 24
S{T =e™"t |

Ilpu { = 0 BosmoxHO TONLKO 3HAYeHNHE J = 1/2, nipit [ == 0 BO3MOKHLI
ABa sHavenusi: J = [ 4 1/2. Msoronnueckuii Ciiun /151 CHCTEMBI ME30H —
HYKJIOH MOXKeT NMpPHHHMATh 3Hauenus 3/2 n 1/2. Orcioga sicHo, 4TG s-
paccesHue Me30HOB BCeX TPEX 3HAKOB KaK HAa HETpOHE, Tak I Ha npo-
TOHE OIHCHIBAETCA Beero ABYMs (azami: 8y° /¢ n 8¢/* /2. Paccesie
B cocTosinusAX ¢ [ == 0 onucwiBaercs ueTnipoma dasamu:

6;’-1-1;2 3,!2, 5§+|/2 ;;2’ 6;!"'”2 3/2, ﬁg—lgz 12

Bce npeoGpasosanus, Koropoie Oblii NpojeaaHsl Bblle, OCTAIOTCA

B cujie. HeoGxofumo ewe npogenars JAONMOMHHTeNbHbIE MpeoGpasoBa-
HHsl S-MaTPHUb B NPeACTABIEHHE, COOTBETCTBYIOUIEE ONMBITY. A HMEHHO,
Ha OmbITe 3a/laeTcsi, YTO PacCeHBAETCs Me3OH OnpejlesleHHOro 3Haka 3a-
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psiaa (MOMOKNTeAbHBI, OTpULATENbHBI, HEATPaNbHbIl) Ha HYKI0HE
B ONpeaeieHHOM COCTOSIHHH II0 H30TOMHYECKOMY CHHHY (I—Ia NIPOTOHE,
HeliTpOHE), T. €. B ONbITE HMEEM COCTOSIHHE, /ie 3ajlaHbl H30TOMIYIeCKIe
CHHB 00enx yacTu £ = 1 n t = 1/2 u ux npoekunu f; = 41 10,
T3=--1/2, a cpoiicTBa S-MaTpuLLl H3BECTHLI B IPEACTaB/IEGHHI, TIE
3ajaH CyMMAapHbIl H30TONHUECKIIT CIHH 1 ero npoexiis. PyHKuuaMI
npecOpasoBaHus (TTSI tt:}%"c:;) , ABasioTcA Te Ke KoI(HIueHThsl
BeKTOpHOro cioxennsi, néo T = t - ¥, a 3aKoubl C0KeHHA H3OTOMIT"
YeCKHX CIIHHOB B TOUHOCTI COBIAJAIOT ¢ 3AKOHAMI CI0MKeHHS OCBIYHBIX
CITHHOB.

st mpottecca paccestunst h-Me30HOB Ha MPOTOHAX koathPHLHEHT

(TT;.[ 11 %%), corsacHo Tabauue B mpioKenin V, paseH

3
"2_ ’

[I npu T =T3=

l, 0 mpu Bcex octanbibeix T u Ty.

Orcioia BUAHO, UTO PACCMOTPeHHSbI npuMep (e3 yyera H30TOMHYECKOTO
CIIIIHA) TIOJHOCTBI0 OTHOCHTCS K 3TOMY CJydalo. AMIJIITYAA paccesHus
npouecca T~ - p = W - p BbLIpasuTCs TAKAM 00pasoM yepes ami-
. JINTYJBI paccesiHisl B COCTOSTHUAX H3oTOnMHYecKoro cniHa T=3/2 u 1/2:

e 2 2
T'TT3 T

(n—pa' |R|a=pa)= 3 (1— ! LL'T’T;) X

(o

1 13
R|a) 877 6?_?;?3(\??31 =153,

3jiech @ 11 ¢ 03HAYAIOT BCE OCTAJbHbIC [IePeMEHHbIE, KpOMe MepeMeHHbIX
nzoronudeckoro cnuna. Ilonbayscs Tadmnueil Ko3phHIHEHTOB BEKTOP-
HOTO CJIOYKeHHs, HalifeMm

o).

B KxadectBe ynpasKHeHHs MpeijaraeM YHTATe/II0 BHIPA3HTL NOJHBIE
ceyeHns M YIJIOBble pacrpejesieHns peakiui

p+a-
n -4 n°

gepes CI.)&BbI paccesnus., ﬂﬂﬂ MOJIHBIX CEUeHHH HMeeM BbIDAXKEHHA .

RZ

(n—pa’|R]n—pa)=%(a’l R% a) —{—é(a’

e

ag (ﬂ_ e JT,“) =
226

I N . 2 C o M2 2 L an 5
= f; ;_t:.ﬁ{(l—f— I)[sm2 5%: 4-25sin2 6,4+ —-Fsm‘*(b!.‘i_ ——-6”)} +

o

e [sinz 8%/2 - 2sin?8}/2 — = sin? (62— 572 JJI

20

= (g; W {1+ 1) sin2 (8% — 8,%) + {sin2 (8772 —6!/2)).
=0

31ech BepXHHE BHauKH Y (.1)&3 03HAYaIOT H30TOIHYECKHH CIIHH, a
6;-’,— H 6:~ 03Ha"awT q‘)aSbI, OTHOCSIIIHECHA K JaHHOMY [ © MoMeHTaM

coorBeTcTBeHHO [+ 1/2 u [ —1/2. Popmyasl ajs yrioBbIX pacrpe-
JIe/IeHAH  MOJyYaloTesl  CJAMIIKOM TPOMO3JKHMH, UTOOBl 3jeCh HX
NPUBOUTE.

§ 43. CYMMbl NMPOHM3BEOEHHWH KO39¢®PHUHEHTOB
BEKTOPHOI'O CJIOEHHS

B Teopuu CIeKTPOB CJIOKHBIX aTOMOB, TEOPIH YIVIOBLIX KOPPEsILIi
yacTHl, MPH pacrnaje M TeOPHH YIVIOBBIX pacrpejieseniii BO3HHKAIOT
rPOMO3JIKHE CYMMBI TPOH3BeJEHHH HECKOIBLKHX KOI(D]HI[HEHTOB BEKTOp-
HOTO CJIOKEHHSA. ITH CYyMMBI MOXKHO CHJILHO YIIPOCTHTD 1 BEIPA3HTE Uepes
Tabynupyembie KoapoduuuenTsl. TexHuka ynpoulenus 6bl1a  paspaGora-
Ha B pabortax [13, 14]. HuKe H3/10KeHBI OCHOBHEIE TIOHATHS N MpaBHJIA
TEXHHKH.

OCHOBHBIM 9J1EMEHTOM 3TOi TEXHHKH ABJSIOTCS 3j-CHMBOJbLI, HHOTAA
OHH Ha3bIBAIOTCS CHMMETPHYHBIMH Koa(irentamn Brirnepa 1 cas3aHml
C BBECHHLIMH BbILIE YHHTAPHBIMH KO3(h(dHIIHeHTaMII BEKTOPHOTO CJI0MKe-
HHSL CJeAyIomHM 0GpasoMm:

A

C )-(—l)a-“rf-(——l)“‘- =0

—“!

CaoiictBa cuvmerpun (41.4) u (41.5) Tenepb 3anuuyTcs:

(wp )= ye) =ome(arg) -

= (a8 B © ). (43.2)

a cBoiicTBa oproronaJsbHocTH (41.6):

b
(acbP | cy) =V 2 + 1 (z B
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?_ﬂj (2c + 1)—1)F—ore—¢ (z g ;) (_i _fg _c?) -

= Occr ("—1)':'_T 6.”-;
5 1_15—1abc>(a b c‘)=
cZ-r( o =4 (a[ﬂv —6" —p'—%
= (—1)7=% 8 (— 1) =7 835-.

(43.3)

B paccmarpuBaeMoll TeXHMKE CYMMbI IPOH3BeleHNH Ko3((dHIHEHTOB
BEKTOPHOTO CJIOKEHH 3alHCHIBAIOTCS Yyepes 3j-CHMBOJbI H H300paKalor-
ca rpaduuecki. Kaxpomy 3j-cHMBOJY comocTapJsieTcst yses ¢ Tpems

JHUHHAMH:
(a 5 c) a c b Fe
S (+) uny 1) 43.4
o g (43.4)
b a

Hanpapnenne crpeniku or yana (K yany) o3HauaeT moJoxKHTeNbHblIT 3HAK
(oTpHLATeNLHBII 8HAK) MArHUTHOTO KBAHTOBOTO uYucaa. B cKobKax
YKasaH 3HaK yaja, MJIC 03HayaeT TakKoe pacrnoJioxKeHHe BeKTOpPoB abe,
4TO HX NOPSAOK COOTBETCTBYET O6XOAY V3Ja MPOTHB 4acoBOll CTPENKII,
a MHHYC — 00XOMy MO 4acoBOI CTpesiKe.

Cootnomenns (43.2) B rpadnueckoii sanuci NMeOT BH:

a A b /6’ a & a e |
T4) =(~;,/]a¢0+[,’ % :(_”{?mﬂ‘ y: (HFJQ‘.:E}-J‘; = (435)
b a b

¥

b
Kospdnunenss _BEKTOPHOTO CJIOMEHHs BOZHHKAIOT B 3ajlaye CJIOMKEeHHS
JBYX MOMEHTOB j; Il jo. Ecain K pesynbTHpyIoueMy MOMEHTY J 12 Tpedyer-
¢st NPHOABHTH ELie OJHH MOMEHT ]:3, TO MOKHO €Il pa3 BOCMOJAb30BATLCS
3akoHoMm (41.1). Ilpun aTom Bo3HHKaeT BbipaweHHe, B KOTOPOE BXOAHT

NpoH3BEAeHe IBYX KOBC])EI}HI.LI-IEHTOB BEKTOPHOTO CJAOMKEHHA, MPOCYMMH-
pOBaHnOE 10 MarHlTHOMY KBaHTOBOMY 4YliCjay pe3yJbTHPYIOIEro MOo-

MeHTa Jyu:

WM = X (J10 mis g | IM) X (jy 1y fy e | T2 ) iipa Wi ¥ripse

iy g the
CyMMPipOBaHHIO N0 MATHHTHOMY KB&HTOBOM}! qpesay moB paceMarpH-
BaeMoH Fpa(l)ﬂ‘-IECKOH METOOAHKE COIOCTABJSIETCSI COelHHeHHe JHHHH
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¢ ofnHaxkoBeIM j¥. Ilpoussejenue mroGoro umcna Koyh@UUIEHTOB BeK-
TOPHOTO CJOKEHHHA MOXKHO I-I306p&3PlTb yadaMi H COCIHHSIOWLHMH HX
JIHHHSAMI CyMMHpoBaHusg. B KauecTBe nosicHfIoLlero IpHMmepa pac-
CMOTpPIHM Ba)KHblH UaCTHHIH caydaii:

1

Er_”c—‘;-@ﬁ-mf—g/&' cf L,.r’cmf)(d ce\ _
yop ey 9)lo pglloye) =7

Kax BuiHO 13 mocaeJHero Boipaxenus, rpaguk gaet KoMnakTHoe orHea-
HHE JOBOJIBbHO TPOMOBJAKOrO BLIPAMKEHHA; JHHHH fcd 00pasyioT 3aMK-
HyToifi KouTyp. O amHHAX abe GyAem TOBOPHTb KaK O CBOOOAHBIX
KoHuax. I'pagpl MOryT ObITh 3aMKHYTHIMH, KOTA 110 BCEM MarHHTHLIM
KBaHTOBBIM YHCJIAM MPOBEAECHO CYMMHDOBAaHIIe, H HE3AMKHY ThiMI{, KOIJa
HMeIOTCsl CBOOOJHbIE KOHLBI. 3aMmKHYThll rpad nsoGpazkaer Kodppu-
HHeHT, He B3aBHCSMULI OT MAHHTHBIX KBaHTOBBIX u4HCeJa. TexHHKa
YIpOWeHHs CyMM KOI(DDHILHEHTORB BEKTOPHOTO CJIOXKEHHS HMEeT CBOeH
Ue/IbI0 BBIAENNTD 3aBHCHMOCTb OT MarHUTHLIX KBAHTOBBIX YIICe] B BHAE
MPOCTEHIIero MHOXKHTEN, & OCTAAbHYIO YaCTh CYMMbI BbIPasHTb Yepes
KO3(ULIEHTHI, H300paKaeMble MPOCTEHIINMH 3aAMKHYTHIMH T'padami.
B uacthocTH, Bblpaxkenue (43.6) MOKHO 3amucartb B BHJE pOoH3Be/e-
HUS 3j-CHMBOJIA HA BEJHYHHY, He 3aBHCAILYIO OT MAarHHTHBIX KBaHTO-
BbIX yucen. Takum o6pasoM, B paccMaTpHBaeMOM YNpOLieHHH GonbLioe
3HAYEHIIE HMEIOT CKaJ/lsipbl — BEJIHYHHbI, HE3aBHCAIIHE OT MarHHTHBIX
KBAHTOBBLIX UHCEJ H KOTOPHIE H306PAKAIOTCA 3aMKHYTHIMH rpadamir.

PacemoTpum mpoctefiniie ckansipel. Eciu B Kakjio# csepTke -
IyPHPYIOT 1Ba CHMMETPHYHBIX 3j-CHMBOJIA, TO HEOOXOJAHMO paccmaTpH-
BaTh TOIBKO CYMMbI TIPOH3BE/IeHH ] UeTHOro nca 3j-cumMBoioB. CeepTia
IBYX 3j-CHMBOJIOB B CHJY OPTOFOHAJbHOCTH JAaer TPHBHAILHBI
pesyJibTaT.

[TosToMy HauMeHbILee YHC/I0 COMHOMKHTeJNEH, MPHBOAALLEe K Mpoc-
TefieMy cKajsipy, PaBHO yeTbipeM. JTOT CKajsip ONpelensercs cie-

JyIolmHM 05Gpason:
) a b e) ‘a ¢ f)
S, —af— 3o —4d —ite —e - f—z
2 (—1y (—amﬂ —e (a —v @)~

BCe m {

D S

* TIp CyMMHPOBaHHH N0 MarHHTHOMY KBAHTOBOMY YHCHY 00s3aTeqbHO 1041

¥eH] NPUCYTCTBOBATh MHOMKHTENb (—1)f™™ u 3HaKH Y MATHATHBIX KBAHTOBBIX
UHCEN «CBEPTHIBAGMBIX» KOS((HIHEHTOB BEKTOPHOTO CJIOMEHHS AOIKHEL GBITH

anTHBOnO-ﬂOJﬁHHMH:
bH f—r1m {0 T
m (—1}! (m.. J( _ m..)'
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Ero rpajunyeckoe 13o6pakeHiie Jerko noJayunTh, HCMOAbL3Y i NPHBEIEH-
Hble BLILIE npam:.ﬂa:

{+) a f—]

o

Ce ‘(_”a*bfcra’

~) P — (+)

Beanuunn (43.7) siBasiores QyHKILHAME 6-iepeMeHHBIX H HOCAT Ha3Ba-
Hie koapduunentos Paka nain 6j-cumBonos. OHH  0603HAvaOTCs TaK:

W (abed; ef). (43.8)

Kos(p¢uinentamn Paka HaseiBaloT 00Jie€ CHMMETPHYHEIC BEJHUHHL
[0 _(_1y-e—b—c—a W (abed; ef) 43.9

ld et (525

Hexoas ns onpepenenus (43.7) M CBOHCTB CHMMETPHH 3j-CHMBOJIOB,
HETPY/IHO 10Ka3aThb, 4To 6j-cuMBoa (43.9) He MeHseTca npiH J1000kH nepe-
CTAaHOBKE €rO CTOJIGLOB, MPUYEM B KaXK/JOM H3 CTOJIOLOB MOXKHO mnepe-
CTaBHTDL BEPXHILH 1 HIDKHII apryMeHTbl.

Kosqpduuuentnl W (abed; ef) nopo6Ho KOIppHIIMEHT aM BEKTOPHOIO
CJIOKEHHS C TOUHOCTBIO 10 MHOMKHTEJISI MOXKHO ONPeleSiuTh KakK (PyHK-
1M npeoOpasoBanus, INOSBOJSIONINE NEPEXOJUTh OT OAHOrO Mpen-
CTaBJleHlsi K APYroMy. PaccMoTpuM clOKeHHe TPeX MOMEeHTOB ins

jo» i3 B peayabTHpylomuil MoMenT J. Dta npoueiaypa He sABJSETCS
onHO03HauloH. BosMmoxkHbl, HanplMep, Taxkue JBa crnocoba: 1) cHa-

yaJa CKJajblBaeM j, H j, B CyMMapHblii MOMeHT J,,, a saTeM cKJa-
nbiBaeM Jy, M j3 B pesyJbTHpylomuil MoMent J; 2) cuayana ckJafbl-
BAEM j, C jg B CyMMapHblii MOMEHT Jo, a saTeM ckJajibiBaeM Jogh j;

B pesyJbTHpyOWHH MOMeHT J. 2TH cnocobbl COOTBETCTBVIOT pas-
JIMUHBIM La0opaM JMHAMHYECKMX MepEMeHHBIX, KOTOPLIMH 3ajlaeTcs
COCTOAHHE CHCTEMBI

| JMT oy = | iyt | Fa ma) | fa mg) {Jy iy Jo M| 1o 11130) X

X (1o Mys Jamg | JMD (43.10a)
| JM I ag) = N[ iy Y| Joma) [[3 Mg) {fo Mo J3 Mg | Jag 11223) X
X (Jy 1y Jog Mgy | JM ). (43.106)

Ilepexoy; or ojHOro cnocofa 3agaHusi K APYTOMY OCYILECTBJSAETCH
¢ nomompio ynkuuu npeoGpaszoBanust (JJys|JJe3), KOTOpasi Jerko
Hnaxojautcs w3 Beipawkenuit (43.10a) u (43.106) mo oOwiuM mpaBHiIaM:
(oI Jos) = 2 (u M —mjamg | J1a M —m 4 ms) X
ming
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% (fo Mg fam—my| Jogmd (jy M —md o5 m| JM) <
X (S g M —m -y jgm—my | JM).

Bripaxast KO3((pUIHENTb BEKTOPHOTO CJOMKEHUA uepes 3j-cuMBOJIBL 1
cpaBHUBas ¢ cooTHouienueM (43.7), HETPYAHO NOTYYHTH

(U1 | JTas) =V @12+ 1) (25 + 1) X W (Jy Ja Jf5; J12Ja3). (43.11)

®ynxuyn npeodpasopanisi (JJ iz |JSeg) AOSKHDI VJIOBJIETBOPATD YC-
JIOBHIO YHHTAPHOCTH, @ C yyeToM Bblpaxennii (43.9) 1 (43.11) s1o osna-
uaer, 4To

N (9f - 1) ()" (Ii J2 1] [In ]2 ] 1:6_,_”

- - f —|— 1 . . . ' " . . PR S

—;'(‘r' ( Nhode 1]V b )
PaccMoTpuM TpH CrnocoGa CJOXEHHs TPeX MOMEHTOB C NpPOMEXKY
TOYHBIMH cyMMaMit Jqs Jg3 J3;. Toraa, corsiaciio CBOHCTBY (yHKUMH
npeodpasoBanusi,

Z<J12|_J23> (Jos| I3 = (12| J31)- (43.12)

[TogcrasuB B 3To Bhipamenue (43.11), nocne mpocroro nepeodo-
3HaueHHA Haljpem:

[fgmﬁ\_mm} (i 35

Ui ds i I\ da Js is .}.(43.13)

E (_l)f+h+h(2f +1) B l Ja 15 Js

i
AHaJlorHYHBIM 056pa30M MOXKHO BBeCTH CKansipbl 5oiee BLICOKOTO NopsiA-
ka. CpepTka IuecTH 3j-CHMBOJOB HasbiBaercss X-KosdduitneHToM i

9j-cHMBOJIOM, TaK Kak OHa sBAAETCs] QyHKIUiC)l AEBATH MEePEMEHHbIX H
o0003Hauaercs

abe

def .

ghi
I'paduyeckn ona usodpaxkaerca Tak:

(43.14)

U
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Ty BEJIHYNHY MOXKHO NpPEACTABHTEL B BIiJie CYMMbI [IPOH3BEAEHHIl Tpex
6/-ClIMBOJTOB:

abe
_ N s e adg|(beh)fcfi
el =21y (2’+1){fsz}fdff]{fab}' (#3.18)

9j-cumBoi o6/1aiaeT BLICOKOH CHMMETpHEli: TPAHCIO3HLHSI CTPOK If CTO/16-
1I0B He MeHsieT 9j-CHMBOJIA; NepecTaHoBKa JI00bIX ABYX CTPOK HJIH JABYX
CTO/IOLOB yMHOKaeT 9j-cumBoa Ha (—1)=/ (2] — menoe 4ncio).

Ia1s1 HEKOTOPBLIX 33aay HEOGXOANMBI CKaJsphl ellie Gosee BLICOKOro
nopsiaxa. Yncso napamMerpoB B HHX, 04€BHAHO, KpaTHO Tpen. Mx ectect-
BEHHO HasBaTh 31nj-cuMBosamu. ITlpu paGote co cKasisipamil BLICOKOTO 110-
pAJKA 113/103KeHHbIH Bhlllie rpaduyeckiii meros JIeBHCOHa 0KasbiBaeTcs
oco0enHo yAo0HbIM. C MOMOIIBIO 3TOMO METoAa CKaJjsipbl BHICOKOTO IO-
psiika HETPYAHO CBOAMTb K CyMMaM CKaJisipoB HH3IUEro nopsijaka (raas-
HBIM 00pasoM 6-CHMBOJIOB), AJ1s1 KOTOPBIX IIMEIOTCS OOLINPHBIE TaG/NILb.
Ipexjie yem 13/103KHTH NPABHIA STOTO NPOLECCa, BBEJEM elle OJHO NOo-
HATIie — 0000uienHble Kosduunentsr Burnepa. OGo0uieHHBM Ko3ddi-
nuenToM Burrepa maseiBaercs npocrefimias KoMOHHAUHS 3j-CHMBOJIOB,
cojleprKalias 3ajlaHHyio I10CJAe0BATeNLHOCTh MATHHUTHBIX KBAHTOBBLIX
uicen. 'paduueckn oGodiennsie Koadduuuentsl Burnepa nsoépaxaior-
CA MHOIOYTOJLHIKAMI BIA:

|}

J",-»-J'n)
VGI-HQHJ m,...mn

Croco6 cBa3n aprymeHTos (f;, ..., jn) XapakTepusyercs: cooGparkeHHsAMH
yaoocrea. Kak BHAHO 13 onpefiesieHHs] 000OMWEHHBIX KO3(hHIeHToB
Buruepa, onn otiyiel oT HyJs, ecan Xm; = 0, a j; o6pasyior Muoro-
YTONBHHK C NePHMETPOM, PaBHLIM LIEJA0MY YHCJHY.

CgoficTBa 3THX KOIDHIHEHTOB HEMOCPE/ICTBEHHO CIEAYIOT H3 CBONICTB
3j-CHIMBOJIOB:

Va con Ay g ( fl " jn) F— (—])ll“{- +fn Val 0,1_3( 11 }?1 Jv

1 " y
11y ... MM, \—my ... —m,

N -~y fy—m (-jl ]n)
rnl.-.“m (=1 = (=1 ! Vﬂl wofa—g My wen My, i
. . n—3 o a'
T ) fuap
XV V. . =|| ——; 43.17
ap 4 -“n~3(——ml . —m, D[ V2a;+1 ( )
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Y @a+1) .. 20—3 +1) %

Ay wre Oy 3

5 ; 3 3
J1 eee | i - In -
x Vﬂ] e lly 3 ! ¢ Va_l vee Ay —3 ’ ol
my ... N, —my o — 1y
n

= 1 (=1yi™s .. (43.18)

i— M omg

Kak yxe otMeuanoch Bbille, Jio0asi cymMMa Npon3BefeHHi 3j-CHMBOJOB
MOKEeT ObLITh MpeJcTaBjieHa B BHje He3aMKHYToro rpada

» H J'

r j;”"/ﬂ _ P — 1
m, ... m ¢ )

7 7 . ‘/ﬂ

WAl 3aMKHYTOro rpada
' l

Onepaiin ynpouen st c/10¥KHBIX rpadioB OCHOBAHbI HA I€PEYHCAEHHbIX
cBoiCTBax 0000IEeHHbIX KoadduuneHToB Biiruepa.

HMcnonssys cooTHoutenne oproronanpHocTi (43.18), He3aMKHYyTbie
rpagnl Jerko CBOAHM K 3aMKHYThIM:

p(f i) o S (e 1) @ams 1) X

my ...m, g o8 B

. o [
XT () oo @33 fy oo ) Va _3( ) ) (43.19)

Mmy ... my,

rie
e (e
D@y s Gumsi fy oo ) = B (1Yo (=)™ T (70 )
w Val nu_s( kg v ln ) =
Fily v L

3aMKHYThle rpadsl. Ha ocHoBe Tex e CBOHCTB 3aMKHYTble rpadbl
«paspesaem» Ha Gojee MpoCTble:
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1
M) = |5 [T % i

Jp

r Ulfn}"__ s (Qai )...(2{?,1_3 -+ l)rl (a;...an—3; f; f.n)

a; Ap—3

I T, L S ()

Onepauuio «paspesanusi» rpados, O4eBHHO, MOXKHO MPIMEHSITL MHOTO-
KpaTHO, 1MoKa He Gy/leT JAOCTHTHYTO MaKCHMAJbHOE ympouleHHe. YTpo-
lieHHe rpadoB npocTo CBOANT ofnH GyHKIHA npeodpasopanns [lnpaxa
K JPYTHM, TaGyJ/IpOBaHHBIM.

ITpu ynpomennu cienyer uMerb B BuAy CJeLylouLlie oueBHAHbIC, HO
CyLIeCTBEHHbEe JJis1 ompejeneHns ¢GasoBoro MHOXKHTeNs TpaBH/a:

. i . (2) J . 1
(7) 2 ! [t ot "
e @
' oo /s

3. Ecau B He3aMKHYTOM rpace

F ( jl b l'l-n.)
My e M,

yacTh MAarHHTHBIX KBAaHTOBBIX YHCe] HMeeT OTpHIATeNLHbII 3HAK, TO
cyMMy B cooTHoweHnu (43.19) caeayer yMHOXHTD HA (=DM (=1,
TA€ jj...jz — KBAHTOBbIE YHC/A MOJIHBIX MOMEHTOB, COOTBETCTBYIOILHE
5THM MarHHTHBbIM KBaHTOBbIM uiicsiam. [lpuBesem anas cnpaBok Tao-
auny HanGosee yacTo BCTpeUAIOLIIXCS YhpolleHuil rpados:

A. HesaMmkHyTble rpadbl

A e
a7 [ = 400y 22 [ 1 ]
: 2f+1
% Js
_ J./z J .
(ZJ-: - Vz;_ {}) ’ mfr 1, '
7 J; % J
@ r —"-jz = r " P 3
Jy J3 J"z
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=i VAN L,

@\ r j‘;’ =Z(a+)- | r [ ha a
-/ 7 3

I {+}

7

— — J.

2
@ rb——j,  1)%* %:-
22

————n-‘/r-

]

B. 3amkuyTble rpadel
=F. . sz J31+ j j
20
Vzj+1)2),+1)
—)
P ’ Jf
i & Ty

4
(7) ¥ J: - ; /;
4 —
i
JrZ M -1
W6 [T %|=2ta) | 5 /‘Z
- ) H
%

[Tpocrefimue npumepst:
1) cymma npoussefieHnii Tpex 3j-ciHMBoJIOB [cM. cootHoweHe (43.6)]

JIerKo CBOJAHTCH K NMPOH3BEACHHIO Gj CHMBOJIA Ha 3} CHMBOJI, H noJiydaem

nosesHyo GQopMyay:
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“(—I)e—w-m—m—;(“ ¢ f) dob f )( d ¢ e)=
- ' @‘—Y(P(ﬁﬁ—q? —87ve

_abe_gc_!_d_!__abe. ,
_(ass)‘ v ”{dcf}’ e

2) cymMma npousBeJeHHil YeThipex 3j-CIMBO/IOB

ﬁé‘.—:— ?)5-/5.5"}’»{{—.5‘\-8-&(;/2 Q{; ;j)(; g;) ;,: ir ; B

4 FR f\\l/g ‘
+) mﬁf S t-)
c = saen-ft et . o -

(+) ) g |

i)

8 L= z/}\;(

) f+) f

£ 2a+ - 1/** T Syl A g
a
CONA
- (-J 7

:Z(ng;rf](_uarfrf‘-zf /fe 5}/650’/{_”6'9{ 'jg?a\/klg )
o L&) ikia g K ofl-zaa

£

Jlnsi siepHbIX peakuHil HHOTJA OKa3blBaeTcs yAOOHBIM BBECTH IOMHMO
6j-cMBOSIOB KO3pDULHEHTH Z U Z,.
Koadduuuenr Z onpefensercs cieayiomueii hopmyoii:
Z (abed; ef) = if—ate[(2a + 1) (20 4- 1) (2¢ + 1) (2d 4 1)]"/2 x
X W (abed; ef) (a0c0 | fO). (43.21)

Cyutectsyer npoctas gopmysa s Bbiancaenns Kospduuuenra (a0c0|f0),
KoTtopas jaercsi B npusoxenun V. Takim o0pasom, BblUHC/IeHHE KO-
duigienTa Z CBOAHTCH K BBIYHC/CHHIO COOTBETCTBYIOIULErO eMy Kodddu-
wienta W. Koapopuuuent (aOcO|f0) pasen Hymo, Korga a + ¢ —+ f
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PaBHO HEYETHOMY HHCY. HOSTOM}’ LA Z 1MeeM JonoJIHHTe/IbHOE COOT-
HOLUeHIe:

7 =10, ecau a ¢ - f HeuerHo.
YacTHble cayyau:
Z (abed; 0 f) = 8,4 8ea(—1)2F if—0+¢[(2a + 1) (2¢ 4 1)]"72(a0¢ 0| f 0);

(43.22)
Z (abed; e 0) = 8¢ 8pa (—1)P—¢ (20 + 1)1/2. (43.23)

37eck Mbl BOCHO/Ib30BAMHCH (POPMYJIOH 1 KO3 puuuenta
(@0b60[00) =084 (—1)*(2a-4 1)~ (43.24)

Kak 6yner nokasano B §§ 44 n 47, Gonee uenecoofpasHo onpeiensrtb
Koa(pdimuentsl Z Ge3 muoxknreas (f—*+¢, Ho tak kak Bo BCex paHHIX
pabotax # Tadnnuax Kosdiiientos Z npiuato onpenenenne (43.21),
MEL HE COWIM LenecooSpasHbiM I3MeHnTs ero. Kosppuuuenr Z,
onpeiesnsem Tak:

Z. (abed; ef) = [(2a + 1) (20+1) (2¢+-1) (2d+-1)1'/2 W (abcd; ef) X
x(a@—lel |f0). (43.25)
dopMyaa 3HAUUTENBHO ympouaercs AJs caydas e=0:
Zy(abed; 0 fy = (—1)p+e=F[(2a 4 1) (2¢ + 1)]'/2 X
X (@—1el | 0)8ap bca. (43.26)

Onpenenente Z, HECKONbKO OTJIHYAETCS OT ONpe/esieHiist Kodppuitier-
TOB, MPHMEHSBLIUXCS B AHAJTOTHUHBIX CAy4asiX APYCHMH aBTOPaMH.

§ 44. YTJIOBBIE PACNPEAEJNEHHA B SIIEPHBIX PEAKUHAX
(CAYYAH, KOTOA YACTHLBI UMEIOT MACCY MOKOA,
OTJIHYHYKO OT HYJA)

V3noxeHHBlil Bbillle MaTeMaTIuecKiil anmnapar no3BojsieT noiyydiThb
obluee BhpaxeHie JnbhepeninasbHoro ceuennst MpoH3BONbHOI peak-
LMK THOA *

I +11—=1+2. (44.1)

Cor/iacHO CKa3aHHOMY BbILE, B 3TOM BbipameHIi Oy YT IBHO Bbie/eHbl
CBOIICTBA CeyeHHs, CBA3AHHEIE C OOLLNMI 3aKOHAMH (3aKOHBI COXpaHe-
Hist, OOlIHe 3aKOHbl KBaHTOBOIl MeXaHHKH), H CBOHCTBA, CBS3aHHbIE CO
crenudnKoii peakunn (3TH CBOICTBA OMHCLIBAIOTCS NMapameTpaMi Tima
(has paccesHHS).

B § 42 6bui paccMoTpeHsl npocreiiuie npumepst. Teneps nmepefifem
K obuwemy cayuaio. M3 Bbipawenust (34.2) caeayer, yro S-marphua

* Cm. paGoret [19, 22, 27].
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B TNpPEACTaBJIeHHIl IHTErpaloB JABHXKEHIsl (B CICTeMEe IeHTpa HHep-
LLHH) TIMEET CJIedy ol BH:

(s'l'a’ | SY | sla) 8,y Sem 6 (E" —E), (44.2)
rie ¢ U o' — KBAHTOBblE ¥HCJa, XapaKTepl3ylollile NPHPOLYy H BHYT-

PEHHIOK CTPYKTYPY COOTBETCTBEHHO CTaJKIBAIOULIXCS 1T pasjeTaiounx-
Cs yacTHIL. Hanpumep, €CJH NPHMEHITD TEopIo K CTOJIKHOBEHHIO aTOMOB
BOJOPOAA, TO B COOTHOUIeHHe (44.2) Bowuil Obl KBAHTOBblE yuC]a, Xa-
paKTEepH3YIOLLIe COCTOSIHUS 3JIEKTPOHA B 3TIX aToMax. B nanbueiiiem
KOHKDeTH3HPYeM He KBAHTOBbE YHCAA ¢ It ¢, & TOJBKO T MepeMeHHble
S-MaTpuLbl, O NIOBEJleHHH KOTOPhIX MOMKHO Jle/1aTh ONpeesIeHHbIE CyXK/e-
Hus. B o Takike BKJIOYEHbl KBAHTOBLIE YHC/IA CIIHHOB YACTHL, HO HE HX
npoekunit. B coorHourennn (44.2) BeAMUNHLl S H §' — NOJIHbIE CTHHBI
KaHaJ/oB, BEKTOpHas cyMma CT[I'IE’!OB COOT%@TCTB&HHO CTaJIKIIBAIOLLIIXCHA
s = j1 -~ ju u pasneraiomuxcs 8’ = j; + j» wactu; [- 1 [’-opGurainn-
Hble MOMEHTH! (B CHCTeMEe IEeHTpa HHEepILLHH) CTaJKHBAIOLHXCS H pasfe-
TAMOILHXCA YACTHIL.

Hawa ueas — nodyuuTs auddepennnalbioe CeYeHHe peaxilH i
(44.1). CBsisb S-MaTpHIbI C ceyeHHeM jaercs obuwiel GopMy.ioit (37.8).
Juddepenuuansnoe ceuenne do/dQ nosyvyurcs B TOM CJyyae, €C/H
B UHCJIO NepeMeHHbIX, 0003HaUeHHbIX uepes fo, OyayT BKJIOYEHBI YIJIbl
paccesnust 0 u ¢. [IpeoGpasyem Beipawenue (44.2) K 3THM nepemeH-
upiM. JlJig 3TOro cHayaja coBepluM npeoOpa3soBaHHe K MepeMeHHkIM

s'l'm. m’ (m— KBaUTOBOE YMCJIO MPOEKLHH S'; m' — npoekuui 1').
DyHKIUAMH TAKOr0 peodpasoBanis Oy YT, OUEBHIAHO, KOS(PUUHEHTHI
BekTopHOrO caoxkenust (/' M'|s’m,I'm’). 3atem nepeiigeM K nepeme-
HeM O u @ npu momomn ¢yHKkumi npeoGpasosanus (0¢|l'm’) =
=Ym (0, ¢).

B KauecTBe nepeMeHHblX HAYaJbHOrO COCTOfAHHUS, COrVIACHO BbIpa-
xenuio (37.8), neo6xomumo B3ATh [mp p . Jas storo mpeoGpasyem
cootHotenne (44.2) npu nomowwu (JM |smglm), a 3areM — mpH 1o-
MO (sm|j; 1, Jy ). B peayaebrare moayuuM, 4to B opmyiy
(37.8) Bmecto |[(fo|S—1T|af; wy i @y [0)] HEOOXOAHMO MOACTABHTH
BblpaKeHue

Y ime (0, @) (s'ms 'm| JM) (s'l'a | RV | sla) X

JMETmsm
X(IM | smg L O) (smg| i iy than)- (44.3)

3ajaua B CYLIHOCTH YI¥Ke pellleHa, HeoGXOAIMO JHllb NpeobpasoBaTh
1l YIIPOCTHTH OKOHYATEJIbHBIH pe3y/ibTaT. Bo-nepsbix, GopmyJia OTHOCHT-
csl K MPAKTHYECKH Ma/o OCYILECTBHMOMY CJYyualo, Korjla najaouiie ya-
CTHLLK U YACTHIIbI MUILEHI HMEIOT CTPOTO OMPEIeJeHHYIO OpHEHTAIHIo
CIIHHOB B NPOCTPAHCTBE; B KOHEUHOM COCTOsIHIIN OblJIH TaKKe 3apHKCH-

.

pOBaHBI OMpee/icHHbIe 3HauyeHus Beauuns s u ms. HanGonmee uyacto
BCTpeyaloTesl 3a/1aui, B KOTOPBIX NMajalomLie YaCTHIbI H YaCTHIbI MHILIEHH
He TOJsPH30BaHbl, NPHUEM MOJAPH3alHeil YACTHLL B KOHEUHOM COCTOsi-
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HHI He HHTepecyloTcsi. Takum oGpasom, HeoGXOAHMO MTOCJIE TTOACTAHOBKH
suipaxenuss (44.3) B dopanyay (37.8) ycpenHuTb M0 HAYANBHBIM H
[POCYMMHPOBATh 10 KOHEUHBIM COCTOSIHHAM CIHHOB yacTnil. Menosbays
OpPTOrOHANBLHOCTL KOI(DMULUHEHTOB (S | filtr jripir), Haiijgem

do,.,

A2 N, .
= - AI Lol J #
dQ (9;14—1)(2“1_{_1)Z(JISGIRt]llsa) X

x(las'a’ | RY:|lysa) K (J, 11 Ly; Jalzly; s's; 0). (44.4)

CymMupoBanue Bepercs mo J, !lii da lzlé ss’.

B Bennunny K Mbl BbIAGNHIH COMHOMXHTENH, XapaKTepH3ylouinecs
TOILKO KIHEeMaTHKOI cTosikHoBeHNHs. Crewidnkoil cTonKHOBeHUS (MpH-
poioil KaHaloB) ONpeiessloTcss MaTPHUHble 3JeMeHTHl onepartopa K.

Beripaxkenue

| 1

K (Jy L L Jals by 8's; 0) = (20, + 1)2 2L+ 1)2 X
X X (L0 smy| Jy My) (10 sm| Sy My) (L my s'me] Ty My) X

Hll le rus e

X(la mas mg|Jy Ma)Y1,m, (8, ) Y1, m, (0, ¢)

MOYKHO TMOJIBEPTHYTh CYILECTBEHHOMY JlaJbHEHIIeMY YIIpOIIeHIiio, cBels
ero K KoMmOuHauusim Kospouuuentos Z u noanHomos Jlemangpa. He-
nonb3ys opmyay

1
* | 2 oL 5

LM

X(L 01,0 1,0) (LM |l — my lymy) (—1)™ Y (0, @), (44.5)

nosyuyaem K B BHAE CyMMbl NpOH3BeAeHHH KO3((HIHEHTOB BEKTOPHOIO
CJAOKEHHA. IDTH CyMMbl MOXHO YNPOCTHTH, IPHMEHSISI H3M0KEeHHbIIl
B § 43 meroa. OKoHyaTe/bHbIil Pe3ysabTaT Nocje NPoCThiX npeodpasosa-
HUI1 3anuiercs Tak:

da iz

a9~ (2, F 1) (2, + 1) Lgo B Py (cos0), (44.6)

rae Pr(cos0) — monunomsl Jlexkaujapa, a
—1 §'—s ] ’
Bu= XS 2 Jy 1 dai sL) Z (17 Jy 05 Jo; SL) %

sclite=t+h—taRe [(1] 5o’ |[RY: | 1 s0)" (Is s o | RV | Lysa)]} . (44.7)
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Cymmuposanne nzet no J,J ol l,l",l'ss s’ Herpyano Bugers, 4to Buipa-
iKeHile (44.7) yloBJ€TBOpPsieT TeopemMe B3aHMHOCTIIY.

CymmupoBatiie no BceM KBaHTOBLIM 4Hc/iaM (OpMasibHO pacmpocTpa-
HsieTcsd HeorpaHnyeHHo oT 0 1o oo. Oanako HeorpaHUYeHHOIl BJseTCA
TOIbKO CYyMMA ITO OAHOMY 113 unces (Hanpumep, no J,). OcranbHble orpa-
HIUEHB! TIpaBuiaMi orbopa ans Kosdduunentos W, yepes KoTopbie
BbIpaKaloTcs Ifoacp@nunen‘rbr Z. OT™eTHM, 4TO Bee uieHbl B cyMume (44.7),
OUCBIJIHO, JefiCTBUTEbHbI.

Il npaKkTHYecKnX BbluHCAeHNIT Go/ee YAOGHO Caedylollee BbipaKe-
Hie ansa Bp:

20 S5 J4-5"

A Lath N S %
B=ELTY Dz sLyx
. ss* J=0 I=|J—s| I'=|J—5'|

XZ(U'JU'T, s'L)|(I's’a’ | RY | Isa) |2 4
fiti: J"[‘i‘f“ 20 S8 S8

b o iy i :
li=de) '=|Ij=In| Jets’ ; o f=ia,—s) [y =|d,—s"|

) Jots Jats?

X pY > , 2 Z(lyJyly dy sL)

Jo=Jdy4-1 la=|Js—s| log=|J;—5"|

Z(l; Jy 1z Jy; S'L)Re[...] 4

gyt
o4 2 Z(J b dyysLYZ (U d s Jy s L)X
=|J;—5"|

Tyks
xRel[Jy=J,] + E Z(l Jy 1 Jy sL)x

lo=1)-1

xZ(l Iy la Jy; S L) Re[Iy=J;, ls= 1]}

B kBagpaTHble CKOOKH CJelyer NMOACTABHTL BbIpaxeHHe, 3aK/I04eHHoe
B QrirypHble CKOOKI B cooTHOIIeH!H (44.7). B 9TOM BbipaskeHnin Kasxaniii
YIeH BCTpeyaercst TOJbKO OAMH pas. Hapsiny c orpanmnueniem npeiena
OTAEJbHBIX CYMMIPOBaHUII UHC/IO Y/IEHOB B BbipaxeHui (44.7) ymenblia-
10T TaKKe Caejyiomue yeaosns: (i + lo — L) u (ly 4 l3 — L) — ger-
ubie yneaa; (4, + [1) u ([, -+ l5) — yeTHble (HEYETHBIE) UNCAE, €CaN Ka-
Halbl & 1 o' HMEIOT OANHAKOBBIE (MPOTHBOMOMONKHLIE) yeTHOCTI, Yer-

* dopwm yaa (44.'7} OTJIHYAETCS OT ananaornunoit opmyast paGotst [19] daso-

L=l h—1

BBIM MHOMKHTENEM i . Paszaunune ceasano c rem, wrto S-martpnua pa

Gotsl [19] me ynoBneTBopsieT TpeGoBaHN0 HHBAPHAHTHOCTH MO OTHOWEHHIO K O0-
paumenuio spemenn (ca. § 35 u paGory [21]).
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HOCTL KaHaJja onpeleaercs Kak [MpOH3BEAEHHE BHYTPEHHHX yeTHocTeil
CTaJKHBAIOLUIXCs (/1K passeraiomiuxcs) yactiu. Kpome Toro, cymiect-
BYIOT OrPaHHYeHHs] HA BeJIHYHHY L, H3BECTHbIE MOJ HA3BaHIEM TeopeM
O CJIOXKHOCTIH yrJi0Boro pacnpefenenns [28], koropsbie sierko noay4urs
13 CBOIICTB KoaduunentoB Paka (cm. § 43): L 2/axe, 2 /maxc [ maxe,
B npaBbix wacrsx 3THX HepaBeHCTB, KOTOPLIE JOJIXKHLI BBIMOJHSTHCS
OHOBPEMEHHO, CTOST HAaHGOMbUIHE 3HAYEHHST MOMEHTOB, Y4YaCTBYIOLLIHX
B nporecce.

OG6bIuHO MPHXOAHTCS MPHMEeHATh dopmyay (44.6) nan Korja BXoasT
TOJIBKO MAaJble 3HAYEHHsA OpﬁI[TaJ'lebIX MOMEHTOB, HJIH KOTJa peakund
HIET uepe3 onpejesieHHOe COCTOSHHE MO MOJHOMY MOMEHTY, WM Koria
MaJibl criiHbl crasikiBatomixes yacrui: 0, 1/2 nubo 1. B atux cayyasx
NpHBENEHHbIE (OPMYJIbI OYeHb CHJBHO Yyrpoulaiores. OrpaHnyeHHoe
YHCN0 Kol HeHTOB Z, BXOAALUNX B MOJydYeHHbIE TAKHM 00pasoM Bbl-
pamenusi, Gepercss H3 TaGaHLl, NPHBEJEHHLIX B MPHIOKEeHHH V.

Onno n3 BaxHeinx mnpuveHeHuit dopmyaet (44.6) saxmnouyaercs
B nporejleHnn o0o0uenHoro (asoBoro aHajusa 3KCnepUMeHTalbHbIX
JAHHbIX. IToT aHadH3 3aKJiouaeTcs B CJegyoUeM. SKCHEPIIMGHTa.}IbI-[O
H3MEpEeHHOe VIJIOBOe pacilpejesienie pasjiaraercs Mo  MoJiiTHoMaM
Jlexannpa. M3 cpaBHeHus pesysbTaTa 3TOrO pasioXeHus ¢ hopmynoil
(44.6) onpegensiores MaTpuuHsie djaementhl S-marpuusl (I's'a’| S| lsa),
T. €. HAXOAATCS Te apaMeTpbl B Y IJIOBOM PaClpe/lesieHIH, KOTOpbie onpe-
JIJISIIOTCST He KHHEeMATHKOIl, a creunduuecKiumMi oco0eHHOCTAMH Mpo-
ecea.

B ofuiem ciygyae Takoit aHanu3 HeolHo3HaueH. Kak Oblo MoKasaHo
Bhilie, BetnunHbl (I's’a’ | S| lsa) — matpuubl, cofiepxaiine Gosblioe
YHCaA0 JeiiCTBHTENLHBIX MapaMerpoB, a HecsejoBaHe YIJIOBLIX pac npe-
JleJIeHHIl aeT 41ca0 YpaBHEHHIl, 3HaYHTe/IbHO MEHbLLEE YHCIa HeH3BeCT-
HbIX NapaMETPOB. ,[[J[EI MMOJHOI'O onpeiesenns napamMeTrpoB HEOGXO,ILI-!MI:;I
HCCJICOBAaHHS CTOJKHOBEHHIT MO/ PH30BAHHBIX YACTHIL, AAIOULHE J0M0J1-
HHTEJIbHEIE YDABHCHUA A1 HAXOAIACHHA napamMmerpos.

Jlaxke B ciydae ynpyroro paccesiHist 4acTHI co criHoM 1/2 na ua-
CTHILAX CO CIHHOM, pPaBHBIM HYJIO, aHANM3 YIJIOBBbIX pACHpeleseHH il He
JaeT mosHoH HHpOpPMAILIH O napamerpax S-MaTpuubl — (asax. B 3Tom
cayyae, Kak Obwio nokasano B § 40, S-maTpuua umeer BHI

2i o]
e ‘ 65'; 65'5, (448)

npuyem [ = J 4 1/2, orkypa cieiyer, 4rto NMpH 3aJaHHbIX Jq, Jo H
L B xoa(pouuentsl Bz 6yAyT BXOAHTb KOIPOUIHEHTE! Z YEThIPeX THIIOB:

1 1 1
Z(J1—§J1Ja”“_2"’r2; 31‘):2“;
1 1 1
Z(J1+ 5 hidle —5 e ?L)=Z”;
1 1 1
Z(h*fﬂjz + 5/ ?L):Z”;
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Z(J’l—l—%-fld'-z —i——;;-fz:%l‘):zzz'

CorsiacHo § 43, Zyy 1 Zy» OTIIMUHBL OT HYJIs, KOTAd Jy + Jo — L ueTHo,
a Zys Ut Zy OTINYHBI OT Hyas, Korja Ji + Js — L neuerno. Orciofa
caenyer, uTo B GOpMyJy AJIs yIJAOBbIX pacrpejeseniii BOHAYT TONBKO
KOMOHHAWNH Z11Z11, ZooZos, ZinZoz W ZyzZy. Ho 3TH K03(DhHLLHEHTHI
06/1a/lal0T JIBYMSI CBOIHCTBAMH CHMMETPHH: Zj; = Zog M Zyo = —Zn.

M3 sTHX pesysbTaTOB HETPYAHO YCMOTpeTh, UTO BEeJHYHHA B He
MEHSIETCS, ecJll [POH3BeCTH 3ameny 8 ° T—+6J /) nasscex J ofmo-

J - o L

2 2

BpemenHo. Mnaue roBopsi, onpeaenenne KoQdHIUIeHToB B u3 ananusa
SKCMEPHMEHTAIbHBIX JaHHBIX HE JaeT OAHO3HAYHOro ONmpeAe/IeH s BeTH-
ypH (a3, ra HeolHO3HAYHOCTb [32] cyllecTBeHHA A aHaln3a JAHHBIX
MO PACCEsIHIIO T-ME30HOB HA HYKJIOHAX.

C nomoutbio Bepaxcennii (44.6) u (44.8) serko mokasarb, YTO TpH
paccesiHiil  Me3OH — HYKJOH CYLIECTBYeT TakiKe HEOAHOSHAUHOCTL
¢dhazoBoro amaiansa, CBsi3aHHas C BHIGOPOM 3HAKOB (a3, — naMeHeHHe
Beex 3HaxnB a3 He MeHsier BeanuuH Koddduunentos Br. ITH HEOMHO-
3HAUHOCTH MOzin) YCTPaHHTL aHAJIH30M ONBITOB MO H3MEPEHHIO NoJs-
PH3ALHH HYKJIOLOB MOC/AE PAccesiHHsl ME30HOB, a TAKKe N0 aHalHsy
HHTEP(CPEHILIH KYJIOHOBCKOTO 1 EPHOTO paccesHHuil.

TpefcTasnsieM YHTATeNIO B KayecTBe YNPAKHEHHS MONYHHTD H3 06-
mieit gopyyast (44.6) auddepennnaabHpIe CCUCHIST paccesHus Lt Gec-
CIIIHOBBIX HACTHIL 1l CEYeHHs PACCEsHHSI YacTHL CO cruHom 1/2 Ha ya-
ctimax co cnuHom O 1 BHIPAsHTb 3TH CeyeHHs uepes (asbl paccesHmus
JJIS. HU3LIMX 3HaueHHil opOHTanbHOTO MOMEHTA [ = 0,1. Tlocaenuuit
pesyJbTaT BaxKeH is (JasoBOro aHa/li3a pacceaisl 7-Me3OHOB Ha Hy-
knoHnax. IlpeanonaraeM TaKxke AOKasaTb, YTO YIVIOBOE Pacnpec/eHne
yacTHI Chepudeckn CHMMETPHUHO, €CJIl peakins HACT TOAbKO HEpes
cocTostHIE TI0JHOro MonmenTa 0 mmu 1/2.

Fnasa 8

MOJIIPU3ALLUS YACTULL B SAEPHBIX PEAKLHIX

§ 45. OBIIASI ®OPMVYJIA

B cBA3H C PasBHTHEM 3KCTEPHMEHTAIHON TEXHUKII BCE GoJiblee 3Ha-
yeHHe NPHOGPETAIOT OMbITHI C TMOJSPH30BAHHBIMI YaCTHLAMIL. ITo cytn
jesia, B 3THX OMBITAX H3MEPSIeTCsl 3aBHCHMOCTb MAaTpPHIbI PAacCesHHA OT
nepeMeHHbIX, XapaKTepH3YIOULIX HOBble CTENEeHH cBoGoabl. OnbiThl MO
M3MEepEeHHIO TOJBKO YTJIOBbIX pacrpejesieriil AaioT JHIUb yCPEAHEHHbIC
110 STHM NEpeMeHHbIM AaHHble. Psil 3aKOHOMEPHOCTeH BOSHHKHOBEHHS
NoASPH3AIHH 1 0COGEHHOCTel peaKuuil ¢ no/iApH30BaHHBIMH YaCTHILAMH
MOJKHO MOJYUITH HCXOAS TOABKO 13 OOGUIMX CBOHCTB S-MaTpHLb, pac-
CMOTpeHHBIX B nepBoii riase. [losTomy obeyxaemble HIHE 3aKOHOMED-
HOCTH COBEpLIEHHO OCUlHe, He 3aBHCALLHE OT MpPHPOLbI y4acTBYIOLMIHX

242

B peakKI yacTul i neraneil ux szanmogeiicteuii. Cunauana paccMOTpHM
S4KOHOMEDHOCTII BOSHHKHOBEHHS MOJISAPH30BAHHBIX YaCTHL MPH CTOJK-
:213?1-1;11-[ ITyuKa Henosspu30BaHHLIX MajaloINX YACTHI, C HEMOAAPH30-
e HHBIMH dacTuuamit muuenn. OBuguii cyyait peakunii ¢ noaspusopan-
CEE;I;eHBCTllgghgll 1 é{fppenﬁum[ IPH KpaTHLIX mpoieccax GyayT pac-
HBl B —54 mocjie TOro, Kaxk BB/
SRR , JIeM HEKOTOpble HOBbLIE MOo-
[Tonsipuzannei
MO  ONpEJe/ICHHIO HA3bIBAETCHA CPEJH
onepaTtopa CrHHa e RS

(¥,jv) =j. (45.1)
3T0, OYEBIJHO, BEKTOpHAS BeJIYNHA.

Pacemorpum nonsipusanmio wacrtiu, BO3HHKAIOIINX B pesyJbTaTe
nporecca CTosKHoBeH st [ls onpeiesieHHoCTH peyb GYAeT HATH O oS-
pI-IBaLU-I]/II‘}-_IEICTI»IL{, 0GO3HAYCHHBIX HHJCKCOM . Ilpu aToM B KauecTse Be-
né;qémbl ll Hajlo BBfITb BOJTHOBYIO (Y HKILHIO 0GPA30BaHHbLIX B Pe3yabTaTe
PeakmuI yacTii. Jta BOJHOBAst (YHKLUS, COTIACHO § 37, umeer npuA

Wi=V 2 XV AR @) (fol R |y fup L0). (45.2)

Ecni B 3T0 BbipaX<€HHe BMECTO MAaTPHYHOTO 5J€MEHTA R MOJCTABHTH
dbopmyay (44.3), To noayuuTCs BONHOBAsS DYHKIHS C HHACKCAMIT npej-
craBiiennist (HAEKCAaMIH, Ha KOTOpble AeilCTBYIOT oneparoper) &, ¢, s'm.
Orciofa BHJHO, 4TO AJisl BbIYHCTEHHST nosipusaunyn (45.1) Héoﬁj‘(oﬂﬁi\;

AIBHBII BIJ Oomepartopa j; B MPeICTABACHHH S Mg

(s1 ms, | §y |50 me). (45.3)
Boluncane matpuuy (45.3)’,'21 sateM o0pasoBas npoussefienne (45.1),
T. €. NPOCYMMHPOBAB 110 SiSafs, Mg, H MPOHHTEIPHPOBAB 110 yma.x.{
NONYYHM CpeJlHee 3HaueHHe BeKTopa Modsipusauiu (mpuyem Hal‘-i,aeHHas;
BeJIHYHHA OyJeT HMEeTh CMBIC] MONEPEYHOTo CeyeHnsi). TO TaK HA3 bi-
Baemasl moJHas nodspusauusa. Ecan ke B mpoussenenun (45.1) me
NPOBOANTE HHTEDPHPOBAHUA MO yruiaM 0, ¢, To MOJVUNTCS TAK HA3bLIB a-
emas nubdepeHIHaTbHAs 0JAAPH3AILHS, TIPECTABITIONAs HANGOM bIIHIT
nurepec. Ona nmeer eMbic/ JuddepeHInaaLHOrO CeUeH NS, 4 HMEHHO, OHA
ABJISETCH CPEJHIM 3HaYeHHEM omepaTopa CrHHa qacmu', nonana}o’umx
B €/IHHHILY BDEMEHH B TeJICCHBIIl yrou d€2, ec/in MOTOK Najaiounx YacTHilL
ennHuuHbll. s Anddepernanbroll monApusaun GyAeM HCIoXb30-
Bath oGosHauenue dP/dQ.
YacTto BBOISIT MOHATIIE OTHOCHTELHON noJApH3aLnu;
dp
f_ L a0
b do
dQ
rue dm’d%z — auddepeHnnaNbHOE CedeHie.
[lepeitnem K Borancaennio Matpuusl (45.3). B kuure [2] (em. § 27
kuurd [2]) npusesens obiie BoIpakKeHns A0s MaTpHIL onepa'ropm‘s npoe-
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eKILHil MOMEHTA KOJHYECTBA ABHMKeHUs . DTH BbIPAXKEHIIsI NOJYYeHbl TOIb-
KO M3 OJHUX YCJOBHH KOMMYTalHH H MO3TOMY NpPHMEHHMbI TaKiKe H

K onepaTopy CIHHA:
(ol +il0) = VT+R T—p+ D8
(0l fi—ify W) =Vi—w (+p+1D8—1,
(n ‘ 5 IP‘!) = ndy.

CorocTasasisi 9TH BbIpaKeHHs C TabJuLed Ko3QdHIHEHTOB BEKTOPHOTO
CAOMeHNs Ast j = 1, MOXKHO YCMOTPeTh CJeRyIOULyI0 OOBEAHHSIONLY IO

Hx obuyio dopmysy *
WA\ wW=VTFDiGw | vip), v=0,+1,  (45.4)

rue

2 2 - 1 » .
ID:le) Iil::Fﬁ(jx:tliy)'

[TepeBesieM 3Ty MaTpUIly B HyKHOE TpeJCTaBJeHHE:

(st me,| 2] 85 me) = 2 (st me, | jy i fapa) X
By By

x mel + 1) (i HI | 1vi, 1) (71 4y 7o Hz]szm;,)-
Ynpouiasi 3T0 BblpayKeHHe MPH MOMOILIH METOLHKH § 43, naiipem:

g ;
VG F D[ @51 41 @5+ D@+ D]F (=)= x

% (51— M, S ms, | 1 —v) W (jy 51y 823 2 1). (45.5)

. %
VmuoxuM (45.5) cnpasa Ha Wy, a cniepa—ua Wi u npocymMMmupyeMm
Mo sy me, s, mes,. Kpome Toro, Tak ak uactuust [ u [l me moaspu-
30BaHbl, YCPEJHHM IO CMHHAM Haya/bHOrO COCTOSHHA

MRS = (2i 1)/ 18178
dap, =(_2)?1TUWVII (i +1) 5 E (2L 41)(204-1)]2 X
 [(1'st o | RY: | 1sa)]” [(1z sa0" | RV | Ly s0)] %

X Z (L, 0 smg|Jymy) (I3 0 smg| Jomg) X

.

mg Mg, Mg,

% (11 my st ma, | Jyms) (Lz my sy mg,| J5 me) %

* [Jonyuennas ¢opmyna (45.4) — vacTHbl cayuail TeopeMmbl Burnepa —
AkkepTa (cM. § 49).
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XYy my Yiyimg (—=1) 71007 [(25; 4 1) (252 4 1)] 12 x

X (Si == .'.?1;: Sé m;:l Jir—s ’V) W (!‘1 3; .r'.l S.:!; Ja S) dQ. (45.6)

C}"MMIJI MO MAarHHTHbLIM KBAHTOBLIM YHC/JAaM MOXHO YIPOCTHTDB dHaJ0rHny-
HO TOMY, KaK 3T0 ObIIO CAeJNAaHO AJIs YIVIOBBIX pacmpeienenii. Jderannu
STHX HECKOJbKO TI'DOMO3AKHX, HO MPOCTHIX BBIYHCJEHHIT cojepiKarcs
B paGote [29], koTopas cyuiecTBEHHO HCNOAB30BaHA B STOM maparpade.
Oxonuarenbhas Qopmyna iist LHKJIHYECKHX MPOEKILHiT BeKTopa mods-
pH3anHn uMeeT BHI

dP,
== D AL(LO1v[Ly)Y 1, (8, @).

Croxknoe BbipaykeHue agsi A, He 3aBHCHT OT V.
M3 Tabaui Kos(duIHEHTOB BEKTOPHOIO CJOKEHHS CJeNyeT, YTo

dP. _ dP, _ .
a0 =4 =0
apP, dP—! dP 1 1
a9 :( do _El)ﬁm'_g'(yL—-l‘f‘YLl) a5
~ —isin @PL (cos 0); (45.7)
dpy i (ap, | d4P_ i
E=ﬁ(7§§' +d_‘_il)m_?(YLl—YL—l)m
~ icos gP (cos 0),

rae PL — HOPMIpOBaHHbIe npucoennnentsie pyukunn Jlexaunnpa. Ha-
MOMHHM, 4TO OCb z BbiGpaHa B0Jb HarpaBieHHs JABHKEeHHs CTa/lKHBato-
wxes vacri. ITonoxkeHnune oceit x 1 y noka He cBsi3aHO ¢ (hH3HYECKI BbI-
JeNIeHHbIM HanpasienneM. BeiGepeM Tenepb oCb X TakK, 4ToObl OHA Obljia
pacroyioXKeHa B MJIOCKOCTH peakilny (3To, OueBUAHO, 03HaYaeT, YTo YToi
paccesnus ¢ = 0). B aroii cucreme xoopaunat dP,/dQ = dP./dQ = 0,
OTKY/a CjieflyeT o4yeHb ofllee yTBepiKAeHHe, UTO BeKTOp MoJspi3auuu
YacTiIl BCerja HanpaejeH NepreHAHKYJAsSpPHO MJIOCKOCTH peakuiil. J10
SICHO 1 13 TIPOCTBIX NeOMETPHYECKHX COOGPaXKeHNil: BEKTOP MONAPI3aLHH
AIBJIICTCA, OYEBHHO, NMCEBJOBEKTOPOM, a €NIIHCTBEHHHIl NCEBIOBEKTOP,
KOTOPbLIil MOXKeT ObITb 06pa3oBaH 13 eIIIHHGHBIX BEKTOPOB My I Myr —
3TO BEKTOpHOE Npou3BefeHue [n.n,-], oTkyaa sicHo, 4TO BEKTOp MOMSPH-
3aliK JosxeH ObITb HampasjieH BAOJL 3Toro Bekropa. OGo3HauIIM TOT
eJIHHHYHBIH BeKTOp 4yepe3d k = [n.n. ], Torga obwee BeipakeHHe AN
BeKTopa AupdepeHnanbHoil MoaspHsanuy MOXKHO 3amicaTb B Buje®

* Ora Qopmyna orauuaercs oT dopmyas (3.2) paborsl [29] mMamo cymtect-
BEHHBIM MHOXHTeJNeM, Pasniune o6yCJ0BJIEHO HEYAAUHON HOPMHPOBKOI TeH30p-
HBIX MOMEHTOB, HCMoOJb30BaHHON B paGore [29] (cm. [25]). Kpome Toro, umeercs

la— b+t — 1y
pasanyne B (a30BOM MHOXKHTENE i , AaHaJOTHYHOE OTMEYEHHOMY
BHILLE.
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.l.
dP,,. ¥ BT seul i
TdaT T ; 4 (2ip -+ 1) iy + 1) - ZReli (5,0 |Rv,.l”15°"')l X

=il L

X [(Lysqe | RYz| Ly sa)l}-(— 1) (—1i)
X Z (I dylod g, SLYW (j1S11,85 T,1) 127, + 1) (21 + 1) (2s) + 1) X

Jg—iy—s+Jatsatla

1
X (24, + 1) (21, + 1) (2s,+1)12 (1,01,0] LO) x
XX (Julysy; Jolys5: LL1) - Pf (cos ). (45.8)

CymmupoBanue uaer no J J,m m,l 1,1 1;ss,, s u L. Bee Bennuunsl,
BXOAsiHEe B BekTOp Aucpepenuuanproit noaspusaumun dP,.,/dRQ,
IeliCTBHTEebHBI.

§ 46. OCHOBHbIE 3AKOHOMEPHOCTH BO3HWUKHOBEHHSA
MOJIAPU30OBAHHBIX YACTHLL B SJAEPHBIX PEAKLUHAX

Oﬁcyﬂ,}{l\«l OCHOBHBIE 3aKOHOMEPHOCTH BO3HHKHOBEHHA MOJAPH30BaH-
HBIX YaCTHIL:

l) Kak OblJIO TMOKAas3aHo, BEKTOp MNoJsApH3allHH BCerja HanpasJ/eH
NeprneHaHKyJAsIpHO TIJIOCKOCTH peakInH;

2) moJsipu3alsi €cTh CyLIECTBEHHO HHTep(epeHIHOHHOe SIBJIEHHE;
3TO BHJHO H3 BbIpaMKEHHs, CTOAULEro B (PUIYPHBIX CKOGKax (opMyJibl

(45.8). Omuo umeer Bug X Reliff,], rae f; — aMIIUTY /bl IEPEXOJOB B OT-
1

JelibHble KaHadbl; uieHbl ¢ [ = [’ o6pamiaiores B HyJb. Takum o6pasom,
ecan creunpHKa peakliH TakKoBa, YTO OTJHYEH OT HyJs TOJbLKO OAHH
MaTpUYHbBIH 3J1eMeHT S-MaTpHIbl, TO MOAAPU3alHsA J0/1XKHA ObiTh paBHA
Hy/0. PsjJl 3aKOHOMEPHOCTEil HeNOCPEACTBEHHO BbITEKA€T H3 CBOICTB
kosdguuuentor Paka n ko3hduiieHToB BEKTOPHOTO CJIOXKEHUS;

3) ecan B peakuun 3pQGeKTHBHO yyacTByeT S-BoJHA (B HAyajbHOM
1 KOHEYHOM COCTOSHHAX), TO NOJAPH3ALHs OTCYTCTBYET,

4) ecoiu peakuus HIET yepe3 YpOBEHb COCTABHOrO flpa ONpeJesieH-
Hoil yeTHoetH M J = 1/2 (wau J = 0, a uerHocTh Ji06as), TO MONAPH-
3arus TakK:Ke OTCYTCTBYET,

5) eciu B KOHeYHOM COCTOSSHMH CYMMAapHEI CIIHH OKa3biBaeTcsl pas-
HbIM HYJIIO, TO NOJAPH3ALHA PaBHA HYJIIO;

6) B cayuae OTCYTCTBHSA CHHH-OPOHTAJbHOH CBsI3H TNOJsPHU3ALUA
paBHa HYJIO;

7) ecan crneuupuka B3aUMOJEHCTBHSI TaKOBa, YTO 3HayeHHs OpPGH-
TaJIbHOI'0 MOMEHTa HayaJbHOI'O M KOHEYHOrO COCTOSIHHH HJIH TOJIHOTO
MOMeHTa J, NPHHHMAIOHX y4acTHe B PeaKilii, OrPaHHY€eHbl, TO MOXKHO

yKasaTb BepXHIOIO rpaHuuy ams L:
L2, 20, 20,
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Benuunga L poskHa OblTh YETHOII, ec/IH HHTepdepHpYyIolLie COCTOSHHA
06,1a/1a10T OHHAKOBOI YETHOCTbIO. AHH30TPOMIIS Y IJIOBOIO pacrnpejese-
HHSl PeaKiuH, OYEBHAHO, HCK/IO4aeT MPHMEHEHHE NMPABHJ TPeTLero
gerBepTOro. HecHMMETpHst YIVIOBOTO pacmpejelieHus oTHocHTenbHo 907
03HAYAET, YTO €CTh HHTephepeHI HOHHbIE IPPEKTE, a CJaEeN0BATENBHO,
BO3MOYKHO BO3HHKHOBEHHE MOJIspH3alnH;

8) MOKHO CHeslaTh HEKOTOpHIE MpeicKasaHud 00 YIJIOBOM pacrpe.
nenenun nosnsipusanun. Jas 6 =0 u 180° PL paBHBI HYJIIO U MOJspH3a-
1us oTcyTerByer. Eciin B peakiHy y4acTBYIOT OPOHTAIbHbIE COCTOSHHUS
ge ppime [ = 1, TO 3aBHCHMOCTb MOJISIPH3AIlH OYyJET ONpeAeJsiThCst
PYyHKILUAMH Pi (cos B) u P3 (cos0), T. e. cefyer oXuaaTh, 4To oHa Gy-
JIeT MakcuMaabHa A yraos 0 B o6nactax 45 u 135°,

Ilonyuennas dopmysa Ajdsi MOJSPH3AaUHH OYeHb rpomosika. Of-
HAKO 3TOT HEJOCTATOK CBA3aH C ee upesBbluaiiHoil oluwHocTbi0. Ecin
B peaklHH YYacTBYIOT YacTHIbl C HU3KHMH CIHHAMH H CYULeCTBEHHO
TOIBKO HEGOMBILOE YHCI0 3HAYCH I OpOHTANBLHOIO MOMEHTA, TO hopmyJty
MOYKHO GBICTPO YIPOCTHTE H B KaXKAOM KOHKPETHOM CJ/1y4ae MPH MOMOILH
TaGAMI TpeACTaBuTh KodpHIHEHTs B BHJE YHCAOBbIX MHOXKHTEJEH.
OcoGeHHO MPOCTO HCMOJAbB30BATH NOMYUeHHbIE Bbllle GOPMYJIbl AUt Y IJ10-
BBIX pacrpe/esiesiil i mo/sipu3alnii, ecau NPUMEHSTh YHC/I0BbIe Ta0JIH-
116l THNA IPUBEJCHHbIX B puiioxKeHun V s Kosdpouuuentos W, Z u X.

IlpuBeieM B KauecTse NpHMepa HCmonMb3oBanus (opmyast (31.8)
ananus peakunn Li®(na)H?. Mnrepnperamus [31] narHbIX MO 3TOM peak-
IMH 110Ka3biBaeT, 4To B obaactu suepruu 270 K3 yrioBoe pacnpejese-
HHE ¥ SHepreTHUecKyIo 3aBHCHMOCTb ISl Hee MOXKHO OOBSICHHTH, eCiH
TIPHHATD, YTO OTJIHYHbI OT HYJISI CJICAYIONLHE SJIeMEHTbI S-MaTPHILLI (1eBast
4acTh PABEHCTBA B HAIINX 0GO3HAYEHHsX H MPaBasg — B 0003HAYCHHSIX
pa6otsl [31])

IR AL I O NP2
(14150 = - (1415

Ha ocHOBaHHHM 3THX JaHHLIX H C(POPMYJ/IHPOBAHHBIX Bbille OOLUX 3a-
KOHOMEpHOCTEH MOXKHO Cje/laTh HeKOTOpPble TPEeJCKasaHus o Mossipuaa-
LMK fjlep TPHTHS, BO3HHKAIOU(HX B pesysbprate peakuuu. [lockoabky
COCTOSIHMSI C PA3HMYHBIMHM CIHHMHAMH HAyajibHLIX COCTOSHHH HE HHTEp-
depupyior [em. hopmyay (45.8)], To noasipusauus MOXKeT GbITh 08y C/IOB-
JieHa TobKO HHTephepeniell cocTosHmil T 11 b n cymma 1o L B popmy.Jie
(45.8) ns1s1 3TOrO CaTyuasi CBOAMTCS K ofHoMy yjeny ¢ L = 1. Mcnoapsys
cBoiicrBa KoadpuiienTos W u X u TaGaHLbl, HETPYIAHO HAHTH, 4TO

0%) —a, (0%]8}&!0%):&

yf1 111, _1l.w_{130l. 1\
lV(EEQ.Q,Ol) -5 W [\1202,21)_1/,6_,
xz(ill;ioi;m): s

2 92 92 2 V 216

a ¢dopmysa (45.8) paer
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% = kX2(864) 2[i (tb* — v*b)[P! (cosB) =
= k2 v 26_4 | t#b |sinnP} (cos 0).

YraioBoe pacrnpejeneHie He JaeT BO3MOMKHOCTH ONMpEAENHTEH BeJHUHHY
(aspl 1], OT KOTOPOIi CYILECTBEHHO 3aBHCHT BeJIHYHHA noaspusauuu. Of-
HAKO Ha OCHOBE JIaHHBIX IO YIVIOBOMY pacnpefe/eHHIO JIeTKO OLeHHTh
HauGosblliee 3HayeHHEe MOASPH3ALHH, KOTOPOE MOXKHO OXKHAATh s
3TOH peaxuHu.

M3 paccmoTpeHHOTO npHMepa BHAHO, 4TO chopMynHpoBaHHbIe o6IHe
3aKOHOMEPHOCTH MO3BOJAIOT cenaTh JO0BOJLHO onpeieneHHble CYyKTeHH
o0 }"I'J]OBOl‘:I 3aBHCHMOCTH NOJAPH3ALIHE H ee BeJHYIIHE, T. €. MO3BOJAI0T
BbIOpaTh HanboJee GNArONPHATHBIE YCJIOBHA AT H3MEPEHHs O ApH3a-
uuu. Mamepenne nosnsipHsauuu AaeT BO3MOXKHOCTH MOJYYHTb CBEACHHUS
0 (pasax MaTpPHYHBIX 3JeMeHTOB S-MaTpHuibl. Bosee noapoGHO nosisipusa-
LHOHHbIe siBNeHus1 obcyxaatores B §§ 51—54, rae paccmorpensl Takxke
JApyrie mnapameTpH3auHH S-MaTpHUbI, JOMyCKalOmlie CYLIecTBeHHOe
yHnpoleHne ocHOBHbIX dopmy.t.

Fnasa 9

PEAKILHU C YYACTHEM ®OTOHOB

§ 47. OBLUIHE ®OPMYJIBI

H3noxeHHbll BbIlle MaTeMaTHYECKHIT annapaT MOXHO O00GLUIHTL H Ha
ciyyai, KOorjaa B peaklHi y4acTBYIOT poToHbl. 15 TOro 4ToGhl NOHATS,
KakHe 0COOeHHOCTH BO3HHKAIOT B 3TOM Cjly4yae, HeOOXOAUMO PACCMOTPETH
KBaHTOBYIO MeXaHHKY (orToHa. OpHako 3To yBeno Ghl HAC HECKONBKO
B CTOPOHY, TaK KaK [Jis HALIHX y3KO MPAKTHYECKHX LieJel HYIKHO JHlIb
HECKOJILKO Pe3yJsiLbTaToB 3TOl Teopuu. UuTaTel1o, XKenamliemy H3y4HTh
Bonpoc Gosiee riyGoKo, clelyeT O3HAKOMHTBCsI, HArpuMep, C MepBoil
raaBoil moHorpadun [20], rne KBaHTOBasi Mexanuka (OTOHA H3JIOKEHA
JAOCTYIHO AJiA WHPOKOro Kpyra (H3HKOB.

Mbl Henosnb3yeM B fanbHEHILEM CJIeyIOlUHe PesyJbTaThl KBAHTOBOI
MeXaHHKH ¢oToHa:

1) doron, Kak nobas Apyrast yacTHILA, HMEET BOJHOBYIO QY HKIHIO f.
Ona oyeHb npocTO CBSI3aHA ¢ BEKTOP-TIOTEHILHANOM H SBJSETCS BEKTOP-
Ho¥t BesnynHofi. Ilocieanee o3navaer, yTo ciiuH GOTOHA PaBeH eLHHHILE.
Bennunna f; sBasiercs coGerBeHHOl (GyHKIHEH ONepaTopa NPOEKIHH
cniHa (oToHa ¢ coGcTBeHHbIM 3HaueHHeM [ = 0; KoMmGHHAUHH —

1 1
yalle 4-ify) u ﬁ(fx — ify) — coGeTBerHble (PYHKIHH OomepaTopa npoeK-

LIHH cnuHA (POTOHA ¢ COOCTBEHHLIMH 3HAUEHHAMU COOTBETCTBEHHO -1
H—I1;
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2) BoaHoBas yHKUNA (QOTOHA YJIOBJAETBOPAET YC/OBHIO IoNepey-
nocri: (n, £(n)) —0, rae n — eAUHIYHbIH BEKTOpP B HANpAaBAEHHH pac-
npocrpaHetiis (oToHa.

M3 sToro noc/eanero pesyanTata i BbITEKalOT 0COOGHHOCTH OOLILIX
(opmyJI, ONICLIBAIOULIX peakU il ¢ (PoToOHAMH.

Hawa 3ajiaua coctonT B TOM, UTOOLL MPHAATL YCAOBHIO TOMEPEUHOCTII
BIIjl, YTOGHI OHO MO3BOJ IO HAM MPOCTHIM BHAOH3MEHeHHeM o6uLix dop-
MVJI, CIpaBelJIBLIX /st YACTHIL C Maccoii MoKosi, OTJIHYHOH OT Hy/f,
NoJy4yaTh aHagoriyHbie GopMysbl s (POTOHOB.

JTnst yacTHIb cO CTHOM 1 BOJIHOBAST (PYHKIUIS ¢ OMpejesieHHbIM Opoi-
TANLHBLIM MOMEHTOM [, €ro mpoeKiHeH m 11 mpoekieil criHHa (U iMeeT

B

Oqu” | Lmp) =Y, (0, ¢) 64, (47.1)

rie 0 u ¢ — YIabt, onpefg/isalonlle Hanpaperne HMNYJabCca 4acCTIHIBL.
Bonanosas CI)YHKU.IIFI YacTHLEl B TOM Ke npefcTaBJCeHITH, HO TaKiKe
C onpeiesieHHbIM MOJHBIM MOMEHTOM ¢ H €r0 MPOEKIHeH /1My HaXOMITCs
1i3 ¢ynkuwitl (47.1) no npaBuiaM BEKTOPHOTO CJIOMKEHIIsT MOMEHTOB

(Ogu” [lgm,) = 5, (Oqp” | Imp) (Im1p | gmy). (47.2)
s
[pu 3apanubix @ i1 Mg HMEIOTCS TPH JIHHEHHO He2aBliCHMble qumfuun
¢l = gul= g+!. CoGcrBenHoil PyHKIIIEH MONHOTO MOMEHTa B g 00-
weM cayuae gpiagercs Jiofas JnHeliHas KoMmMOHMHALLUA 3THX Tpex
(y HKILH H.

B cayuyae cotoHa (B oTiiH4lie OT OObIYHOIl YacTHLbl CO CHiHOM 1)
pojiHoBas (YHKILIS elle J0JKHA YIOBIETBOPATHCA YCJIOBIIO Monepey-
nocti. [ToToMy Aas nosayueHHs BOMHOBOM GyHKILHH (POTOHA, OIICDIBAIO-
uefl cocTosiHiie ¢ OnpefiesIeHHbIM MOJHBIM MOMEHTOM H €ro Ipoekiiieii,
Ha/l0 OCTPONTD JiHeilHble KoMOnHaun dynkuui (47.2), yaosaersopsa-
[olILe 3TOMY JOMOJAHHTeNbHOMY Yycaosuio. Orcroga chaefyer, yro AJs
(oroHa GyAVT He TPIl PAa3THUHBIX COCTOAHHS C 3aJlAHHBIMII KBAHTOBBIMII
yricnaMmu g o Hig, a4 TOJAbKO JABa.

Ecan HaiizeM Taxne KoMmOumHauun

; C"(p) (Oqp” | Lgm,) = (Ogp” | pgm,)

!

(HHIEKC p MOMKET TpIHIMATh JBa 3HaueHus), To Koadduuuent C'(p)
MOYKHO paccMaTpuBaTh Kak mpeoGpasosanue (/|p), mnpespauiaiouiee
(GopMyJibl, crpaBeiiiBbie A5 OObIYHBIX YaCTHIL, B (OPMYJIbl, CipaBei-
ansbie aa g goTona. Takim odpasom, 3ajaua cBejleHa K oTbIcKanHio (/| ).

Haitgem C' (p) = (/| p) U3 CHEAYIOWHX YCJOBHIA:

1) gyskuun (Ogp’|pgm,) ROMKHBI YIOBJIETBOPSATH YCJOBHIO MO-
nepeunocTH. ChopMyJ HIpyeM 3TO YCJIOBHE B TOM [PEJCTaBJECHHH,
KOTOPBIM MBI T0J/Ib3yeMesl.

(n, f(n)) = cos 0f, (n) + cos ¢sin6f, (n) 4- sin ¢ sin Bf, (n) =
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= cos Of, (n) + % (fx -+ if,) sin Be' % (fx—if,) sin fel® —

= l/ %(Ylﬂfﬂ_‘"ynfl—l“yl_lf_d :O’

rae f, — coOcTBeHHble (YHKIHH Onepatopa MpoeKiliH ClHHA B COOCT-
BeHHOM npejicTaBieniy. Takum o6pasoM, YCJIOBHE MOMEPeYHOCTH MOXK-
HO 3anucath B BHJE

21,0 (09) (On’ | pgm,) = 0; (47.3)
i

2) dyuxunn (Opp’ | pgmg) ROMKHBL GbITH COGCTBEHHBIMIT (Y HKILHSMHU
onepaTtopa YeTHOCTH;

3) dynxkunn (O’ | pgrmg) ROMKHBL GBITH OPTOTOHANBHBIMIL H HOp-
MHPOBAaHHBIMH.

3ametum, uto (B¢u’|pgm,), cornacHo nepeulcieHHEIM HX CBOICT-
BaM, ONHKCHIBAIOT 3/€KTPOMArHHTHYIO BOJIHY C ONpEIeJeHHBIM MOJHBIM
MOMEHTOM H YeTHOCTb0. Takne cOCTOSHHMSI B KJacCHuecKoll Teopmi
3JIEKTPOMATHHTHOTO O/ HAa3BIBAIOTCS MYJIBLTHIIONSMIL.

@yukuwim  (Opp’ | lgmg) — coGerennbie  (yHKUHN onepatopa uer-
HOCTII:

P (Ogp’ [ 1gmy) = (— 1) (Oqu’| igm,). (47.4)

Muoxnrens (—1)! nonyuaercs B pesysbrate npeoSpasopannsa 0 — 1 —
—0,9— ¢+ n op6uransHoil uyacTH ¢yHKUHH, (—I1) — 3a cuer
CIIHHOBOH uacT BOJHOBOI ¢ynkuuu. Tax kak [ = g 4 1, g, 10 co-
CTOSIHHE | = g NMPHHAJJEKHT OJHON YeTHoCTH, a [ = g 4+ | — ;pyroii.
Cor/tacHO BTOPOMY YCJOBHIO, B OTHLICKHBAEMYIO KOMGHHALHIO MOMKET
BXOANTb MK ToibKo (Ogu’|ggmg), unu tomexo (Bpu’|g 4 lgmy).
Ortciona HafzeMm OIHY H3 HCKOMbBIX KOMOHHALLHIT

(Opu’ | ggm,) = (Bgp” | Ogmy,). (47.5)

Caenysi 0603HauyeHNsM, NPHHATBIM B JHTEPAaType, Mbl MOJOMKIVIMH
B IOCJIEJHEM BblpaMKeHHIl HHIEKC p paBHbIM HYJ10. Taklle cocTOsiHIS
Ha3bIBAIOTCS  COCTOSIHMAIMH ~MArHHTHOTO TiNa; HX YeTHOCTb paB-
Ha (—I)¢+1. B yacrtHocTH, npH ¢ = 1 roBOPAT O MATHHTHOM JHMIOMb-
HOM COCTOSIHHH, TPH g == 2 — MarHHTHOM KBaJApYNOJHOM COCTOSTHHH
T I

®yukuus (47.5), cornacHo ee onpeneneHuio (47.2), ynosiaersopser
TpeTbeMy ycsoBHIO. HeTpyaHo nmpoBepHTb, YTO OHA TaKXKe yIOBJAETBO-
pSeT U IepBOMY YCJIOBHIO.

gyhl' (e! ':P)Eygm (8: (P) 611’11,(gm1“‘gnzg) =

= ? ygmg-lkyl:x (gm, — plp| gmy).
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SaMeHsis NpoM3Beje HHE IIAPOBbIX (YHKIUT Npi nomomu ¢op-
Myasl (44.5), HaxopuM

i - | am(2L 1)

I+1 L 1
N 2 N [w:l?“og 0| L0) x
p L={—1 M=—L
X(LM | 1pgmy—p) (Ipgm, — p | gm,) Y a.
HBa nocaeannx kospduinenTa BEKTOPHOTO CJAOKEHHS MPH CYMMIIPOBA-
HHH 1O W AafyT npoussefienne Opglpum,, n Tak Kak Kosbduuuent
(10g0| g0) paBeH Hy J10, TO MepBoe yc/oBHe Gy/AeT BHIIOIHEHO.
Haiinem BTOpy1o dyHKIHIO, o6rajaioulyio yeTHocTbio (—1)& (B JsiH-
Teparype NPHHATO 3THM COCTOSIHHSM, HOCAIHM Ha3BaHle COCTOSHHIl
3JIEKTPHYECKOTO THINA, MPHIHCHIBATL HHAEKC p = 1):

Op’ | 1gm,) = C*~' (1) (Ogn’ | g — 1gm,) +
+CEFL(1) (Bgn’ | g + 1gmy).

Hcnonbsys ycnosne nonepeynoctd (47.3) W npojenbiBast aHaJoruy-
Hble BBIKJAJKH, HAXOIHM

e~ y= 1/ &1 cet 1,
ce (1) |/g 1)

a 13 yCJ/IOBHS HOPMHPOBKH TOJIY4ae€M OKOHYATeJLHO BhIpayKeHie s
BOJIHOBOH (DYHKIMH COCTOSIHHII 3/J€KTpHYECKOro THMA

(Ogp” | 1gm,) = ]/2—&;% (Opu’| g — 1gm,) +

L &+l (Opp’ | g + 1gm,).

20+ 1

Koapdunuentsl C‘r(p) MOKHO 3anucatb B 06LIeM BIe:
Cp)y=(p)=—V2(e—11[10)8(p)(—17,  (47.6)
rje cuMBoJ O ([, p) UMEeT CJEAYIOUIMI CMBICJ:

| l npu l=g

& (L, p)- nas p =20,
(.p) [Onpn I==g 4 (47.7)
8(L,p) = 0 nmpu [ =g aas p = 1.
1 npu ls=g

ITpeoGpasoBanue (47.6) umeeT Goabllioe 3HAYeHHe, TaK KaK C €ro
NOMOILBIO 0606IIeHHe 0YeHb MHOTHX Pe3y/bTaToB, CHpPAaBEAJIHBLIX s
peakuuH ¢ yacTHUAMH Ha peaklull ¢ ydyacTHeM (DOTOHOB, HOCHT MOYTH
TpHBHANBHBIH Xapakrtep. Ilpn nowmoutn npeoGpasoeanns (47.6) ocy-
LiecTBAAETCS NpeofpasoBaHie OT NMepeMeHHoll [ K nepemeHHOl, Xapak-
TepH3YIOlleil THI 3JeKTPOMArHHTHONO H3JIyyeHHs (3JeKTpHYecKoe,
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MAarHHTHOE), TpHYeM (I 3TO HeoGXOAKMMO MOAYEPKHYThb) COCTOsIHIA (o-
TOHA 3aJal0TCs MOJHBIM MOMEHTOM (OpGHTANbHBIT MOMEHT ILIIOC CHHH),
TOrjla KaK COCTOSIHHSI CTaJKHBAIOLLIXCA HJIH PasjJeTalouinxcs 4acTHiy
3alaBaJHCh CYMMApPHBIM CIHHOM. DTO O3HAYAET, UTO JIsl MOJYYeHHs
dopMyJ1, KOTOpbE CrIpaBeiiBLL AN peakiil ¢ yyactinem (GOTOHOB, 3
COOTBETCTBYIOMIHX (POPMYJI LIS PeaKiluil C 4acTHLAMH HEOOXOAIMO elle
Jesath npeoGpasoBaniie, MeHsIOLlee [MOPAJIOK CJOMEHHS MOMEeHTOB:

'.\ I: ~ s ) A. :\ i A - A
(Gi+jn=s) i +(Gy+1=g=Jurn
Ho, coraacno pesyabratam § 43, stum npeoGpasoBaHiieM fBJseTCH

V(2 +1)@2s +~ )W (1], | gs)=(s| &)

3jech MBI IOMOKIAN ji = 1, T. e. paccmaTpiBaercs cayudaii, Korja go-
ToHOM fABJsercst yacrina .

Cchopmy.nnipyen Ternepb OKOHYaTeNbHbII peUenT s nepexoia ot
thopmy.l AJisi peaKilliil ¢ YacTHILaMIl, 3aMHCAHHbIMII B NIEPEMEHHbIX CITHHA
KaHania s, K (hOpMyJaM, OMHCHIBAIOULIM peakilii ¢ (OoTOHaMIL. [puuem
cocTosiHuSI JOTOHOB 3aJAI0TCST B Blifie MYJbTHIOJEH SMEKTPHYECKIX i

MATHITHBIX:
1) waj amnauTynoil mporecca Hajo npojenarb npeobpasoBanie

(I's'a’ | R | 1sa) > X (I's'a’ | Ry | pge) - (pg | sl);
&p

(sl|gp) = (s| QU p) =—V2(—= 1’V @2g + D) @s+D W (1J],1; gs)x
x (g —111[10)8 (L, p),

cMblcsl ofosHavenuil vKasaH BBbILIE;

2) mpH CyMMIPOBHIi 110 HAYaJIbHLIM COCTOSHHSM, KOTAQ YCPEeLHs-
JOTCSI CeueHst, HeOOXOAHMO yUYecTb, 4TO (OTOH C JaHHbIM g HMEeT He
TPH COCTOSIHIS, @ TONLKO JBa. Takum 06pasoM moJyuaeMm H3 hopmy.Jibl
(44.6) oGuyie hopMyJIbl AJis YIVIOBLIX pACnpefeneHtil B A/IePHbIX peak-
wisix ¢ yuacriem oronos [26]*.

a) (oropeaxun (majgaer (OTOH, BbIIETAET yacTia)

do _ B ey
dQ 2(2j;+ 1) med 4

s Re{(l;s'e’ | RL: | pugia)*(Iss'a’ | R | o)} (— 1P (127175

# Z (U lad s, $'L) Zy(€10,82d 5 inL) + PL(cos9). (47.8)

3nech cymma Gepetcs 1m0 J;J,g,80Pol1 s’ 1 L;

* Hawn (GopMyasl oTAKyaoTes oT Gopumya paGoTsl [26] dazoBbim MHOKHTE-
Jen, BHIGPAHHEIM H3 YCJOBHs HHBAPHAHTHOCTH S-MATPHIE! MO OTHOLEHHIO K 00-

pawennio spemenn (cy. § 35).
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6) ucrnyckaHue (hOTOHOB (Majaer uvacTiiia, Bblaeraer oroi)

ds _ S N (=D
dQ (2] 4 1) (2l - 1) - 4 B
X Re{(p;gia’ | RY: | ysa)* (pogye’ | RY 2| L)} X

py+ps H ; 2 P ()
X(‘_' 1) I _Z‘f (QIJI-gQJQ; J’gL)("") b X
X Z (I;J,l5J5; sL) Py (cos 0). (47.9)
3nech cymma Geperca no J,J,g,8.p1Pslalss 1 L;
B) paccesinie (hOTOHOB
EG_ B A2 v (__ I)fr‘*f“
dQ 22+ 1) = 4

Re{(pig 2’ |R]}| prg#)* %

pytpgtr ey
Z

P2g:) (— 1)
X Z; (11824 55 IoL) PL(cos 0)}. (47.10)

X (py82" | R (@ d @y iul)x

3nece cymma Geperca no J,J,8,8,8,8,P,PeP Py 1 L.

Herpyano mosyunth H BbIpaXKeHHe MAJs MOJAPH3ALMI  YACTHL,
Bo3HHKaoWuX npu dotopeakuusix. [Ipeobpasosaiite dopmyst (45.8)
paet

dp _ B RhGiED) @a DI
dQ 4 2©2j; 4 1)

=l P
Y Re{i-(lisia’ | R} | p1gy0)* X

Ja—ly—ly I g s atla—1

X (las20” | Ry; | page)} (— 1)
X Z, (81 18ud 5 TuL) (— )PP W (j s1f sy FaDI@T, + 1) (2L + 1) %
x(2s] 4+ 1)(2J, + 1) (21} 4 1) (255 + 1)1 (110150 | LO) x
X X (Jyl1s1; Jalasa; LL1) Pr (cos6). (47.11)

CymmupoBanie Her no Jy, Js, g1, o, P1s Pas L1, ls, s1, sz n L. CBofictBa
phipaxennii (47.8), (47.9), (47.10) u (47.11) ananornyHbl 0GCYKAEHHBIM
Bhllle CBOICTBAM COOTBETCTBYIOLULHX BbIpayKeHUl AJS CTOJKHOBEHHH
yactHil. B yacTHocTH, B CyMMax OTJHYHBLI OT HYJS JHUIb YJEHbl, AJs
KOTOPBIX Py -- py -+ gy + g2 — L — ueTHoe uicJo.
[pusenentbie GOPMYJIbl OUEHb CJIOXKHbBI, YTO SIBJISIETCS CJIEACTBHEM
X OOLIHOCTH M BhIGOpa mpeicTaBieHus R-matpuusl. B eaydyasnx, Korja
cnuHbl yactul /, 2 n 11 meHbllle elHHHLBI, a TaKKe B caydyasx, Koria
GbusnKe 3ajJauH COOTBETCTBYET MpejcTaBleHlle CcrupajabHocTeil, Gosee
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1enecoo6pasHo i KIIHEMATHYECKHX DacueToB [0/1b30BATHCH Pe3yJib-
ratamin § 51—54. B atux maparpadax pasoGpanbl TakKe HanGogee
YacTO BCTpeYaloullecss Caydyan sillepHbIX peakiHii.

§ 48. CBSI3b MPOLLECCOB ®OTOPO)XIEHHSA, PACCEAHHUA n-ME30OHOB
H KOMIITOH-2¢®EKTA HA HYKJIOHE

B § 40 kpatko obcyxjanach napameTpHsauns S-MaTpHIbl, NpH-
yeM OblI0 YKa3aHo, 4TO MPHBEAEHHBlE TaM PacCyXKJEHHsI HOCST OYeHb
obwmit xapakrep. OHH, B 4aCTHOCTH, NPUMEHNMBI H /ISl peaku i, B KO-
TOPBIX MPOHCXOAHT H3MEHEHHE MPHPOJALl YaCTHIL.

B stom naparpacde nposefieM napamerpusanuo S-MaTPHILI, OMHChI-
Barolleil (hyHAaMeHTalbHbIe NPOIECCh T-ME30HHOH (QH3HKH, H YCTaHOBHM
CBSI3b MEXJY STHMII NMpPOLeCCaMH, HCXOAS TONBKO H3 OOIIHX CBOHCTB
S-MaTplibl, MPHBEJEHHBIX B TII. 6.

PaceMoTpHM COBOKYIHOCTH peaxiimii:

Yy + N —9" + N’ — KoMnToH-3(ppeKT HAa HYKJIOHE;
Y+ N —>n 4+ N — doropoxaeHne Me30HOB;

-+ N— 9y -+ N — pannauuoHHbIil 3aXBaT;

T+ N —a’ -+ N’ — paccesinne Me30OHOB.

3xeck cumponpt N, N’ 03Ha4aloT HyKJIOHBI (3TO MOTYT GbiTh MPOTOHHI 1
HeHTPOHEI), 1t 1 7" — Me30HB! (MONMOKHTENbHEIE, OTPHIATEJNbHbIE, HEHT-
paibHbie), y — (oTonbl. Bee HauasmbHbIe H KOHEYHbIE COCTOSIHUSA Oy /eM
paccMaTpHBaTh KaK pasJH4YHbIE COCTOSIHHSI OJHOH KBaHTOBOMEXAaHH-
yecKoil CHCTeMBI.

Ecau orpannuntscs sneprueit poronos Hmxke 300 Mag, To nepexofist
Mexay coctostuuami (yN), (y'N’), (Nx), (N'n’) npakTuyecku ncuepmel-
BAlOT BO3MOMKHbIE NPOLECCHI. YYeT OCTAaNBHLIX KaHA/O0B ¢Jado MOBAHSEeT
Ha ofcyxaaemble HiKe pesy/brathl. Oco6ofl OroBOpKH TpedyeT KaHad
¢ ofpasoBaHueM 3JeKTPOHHBIX nap. MaTpuuHbli s/1eMeHT S-MaTpHUEL,
ONMNCHIBAIOLMI MEepexo] B 3TOT KaHaJs, OTHIOAb HE Maj, uTo, COIIACHO
§ 38, npuBoauT K AH(PAKIHOHHOMY PACCEsHIIIO Y-KBAHTOB HA HYKJOHAX.
Onnako MOXKHO MOKas3aThb, YTO €C/IH He pacCMaTPHBATH OOJACTH YIJIOB
paccesnnst (JOTOHOB Ha HYKJIOHAX, MEHBUIIX NMPHMEPHO ~ mec?/E;,
TO 3THM 3(PdEKTOM MOXKHO TpeHeGpeub.

3anuiem S-MaTpPHIY NEPEYHCeHHbIX TPOLECCOB:

(k'e’ | S| ket) 8148 pr08y7 40 TaTy

rae J — MOJHbIA MOMEHT cHCTeMbl; M — ero MpoeKuus; 1 — YeTHOCTb
coctosiunsl; T5 — MPOEKIHSi MOJHOTO H30TOMHYECKOTO CNHHA CHCTEMBI;
k — Bce ocTalbHble KBAHTOBbIE YHC/IA, XaPAKTEPH3YIOUHE KAHAT O
NPHHIMAET JBA 3HaueHus, oTseyaiomue (YN) u (N).

B ciryuae, korja o coorercTByer Kanany (), HHIEKC & YUnTHIBaeT
cJIefyiollie KBaHTOBLIe uncsa: opGHTAbHBI MOMEHT [ M H30TOMHYECK il
cnuH cucrembl. Ilpu 3anannoi werHocts 1 u Momente JI onmpeseneHo
OIHO3HAYHO, TaK Kak [ = J +4- 1/2 u 1 = (—1)!+1. Haoronuyeckuii e
CIIHH CHCTEMbl MOXKET MPHHHMATHL JIBa 3HaueHHs 7' = 1/2 u T = 3/2.
B caiyuae, korna a coorserctByer KaHany (yN), CONTacHO pesysbraTam
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npebiaylero naparpada, HHeKc k yunThiBaeT KBaHTOBbIE Yiicaa g u p,
apaKkTepH3YIOlLHe MyIbTHIONbHOCTD oToHa. M Tak xak 1 = (—1)&+p+1
11 B TO XKe Bpemsa [ = J -+ 1/2, To npu 3afaHHBIX J U 7 BO3MOMKHLI TOJILKO
ABa cocTosiHis oroHa.
Takum obpasom, (k'e’|S'"| ka) npencraasier coGoil yeTsipexpsi-
HYI0 KBajipaTHYIO MaTplily. 3amuiieMm ee B BHJe S,,, Iie HHAEKCHI [L II
v npoﬁeraro‘r YeTelpe 3HAYCHHA, COOTBETCTBYIOUIIIE CJAEAYIOUlIM COCTOsS-

HIIsIM:
W uan v = 1 — HYKJIOH - GOTOH B COCTOSIHHI MATHHTHOTO THNA

¢ g = [ (4eTHOCTB COCTOSIHIA 3a[laeM KBAaHTOBBIM YHCJIOM [ OpOHTAIBHOTO
MOMEHTa CHCTEMBI ME30H — HYKJIOH);

b HAH Vv = 2 — HYKJOH - QOTOH B COCTOSHHH 3JEKTPHYECKOTO
Tina ¢ g = [ + 1(p = 1);

(L HWAH v = 3 — HYKJIOH - ME30H B COCTOSAHHH C H30TOMHYECKHM
CITHHOM, paBHbiM 1/2;

W HIH v = 4 — HYKJIOH - ME30H B COCTOSIHIII C H30TOMHYECKIM
criitHoM 3/2.

Bes panbuefiiiero nenosnb3oBaHus CBOHCTB S-MaTPHLBl NPH 3aJaH-
HBIX TIOJJHOM MOMEHTE H YeTHOCTH HMeeM 32 AelCTBHTe/bHLIX MapaMeTpa,
yepes KOTOpble Bblpaxkaercst S-MaTpHIA.

Hcnonb3yem yHHTApHOCTb H CHMMETPHIO S-MaTpHIbL

D85S0 = 8uri S = S (48.1)

CummeTpHs ceflyer H3 cBoiicTBa 0GpaTHMOCTH BO BpeMeHH H TOro 06CTos -
TeJILCTBA, YTO CPeiH KBAHTOBBIX YHCEJ 2 U ¢ HeT TAKHX, KOTOPhLIe MEHSIH
Obl 3HaKk npu samene /{ — — /. IlpegcraBuB S,, B BHJE rp,.,ei?!“ H Mof-
CTaBHB 3TO BblpameHue B cooTHouwleHus (48.1), Haiifiem cucremy Tpamc-
LLeHJEHTHBIX YPaBHEHHH, CBASBLIBAIOLIMX BBEJEHHLIE MapaMerpsl ry, U
@y, DTy CHCTEMY MOMKHO PELIHTb METOIOM IMOCJIef0BaTe/bHbIX NPHOIH-
JKeHMI, HCTMoMb3ys NpocTelilliee npeAnooXkeHue, (pakTHUECKH SBJIsIIO-
Leecs CJeACTBIEM OMNbITd, YTO MATPHUHLIE 3JIEMEHTHl OTHOCATCA APYT
K Apyry Kak '
(Siu—1~S813~S85—1):(Sis~S1a~Sps ~S.a~S34):

e? | 2
(S ~Sw =5V &1, (48.2)

— MOCTOsIHHAST TOHKOI ¢TPYKTYphl. CooTHoueHne (48.2),

e |

rape Fe 137
O4YEBMJHO, Hapyluaercsi cosceM BOAM3H nopora (OTOPOKAEHHS. D1y
MaJiyio o0JacTh 3/lech paccMarpuBars He OyaeM. Hinke nopora oryinuss
OT HYJsl TONBKO 3IeMEHTH Si1, Siz, Sa1 M Spa, I paccMoTpenue napa-
MeTpH3allun He oTiHyaercs oT nposefeHHoro B § 40. ITosromy uccaeny-
em 06sacTb SHePrui Boille Mopora GoTopokK/eHH s f-Me30HOB. B nepsom
npubmikenuu no V e¥flic coxpaHum B KaxjaoMm u3 ypasHeHuil (48.1)
TOJIbKO 4YJ/IeHbl OJHOro Hopsjika 1o 3romy napamerpy. Ilpum p u p’,
paBHBIX TpeM W yYeThlpeM, Haiaem

S33Ss3 =1 1 SiSy =1,
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OTKyda
333 - e"”h, 814 = 821‘“. (48(5]

BBe,T.LeHHbIe 3jlecb ,IleﬁC'I'B]ITEJIbeIe napamerpbl y; H Y, ABIAAIOTCA He JyeM
HHBIM, KaK (azamMy paccesiHis fi-ME30HOB Ha HYKJIOHAX B COCTOSIHIISIX
C onpejieNeHHbIM H H30TONMHYECKHM CIHHOM, MOJIHBIM MOMEHTOM M 4YeT-
HOCTbIO.

Kor/a ot 13 HHAEKCOB [L HJIH W' paBeH TpeM HJIH YeThipeM, a Apy roii
paBeH eMHHIle WJIH JABYM, Haigem

Sm -+ STSSM =0; S+ STJS.Q = 0; 1

" . | (48.4)
Sy + 823853 = 0; S-z.] + 8218, = 0. ]
Wz dopmya (48.3) u (48.4) monyuaem
Sy ==1r;38™"; Sy =T1rye™

rjae ru,— AEHCTBHUTE/IbHbIE [apaMeTphI.

CooTHowienus (48.5) BbipamaloT BaKHYI0 CBA3bL NpoleccoB (oro-
POXKIEHHs1 M paccesiHHsi 7i-Me30HOB. OHH CHIBLHO YNPOWLAIOT aHaNN3
3KCnepiMenToB no (oTopoXKAeHHI0 Me30HOB. Hamnpimep, HCronbays
dopmyJibl npefbAynlero naparpada, MOXKHO CAenarb HEKOTOpble 3a-
KJalo4eHHs 00 HHTep(epeHLHOHHbIX YJIeHaX, 3Hasl 3HepreTHUecKYio sa-
BHCHMOCTb (pa3 paccesiHusi Me3oHoB. M, HaoGopor, naydas ¢oropoxie-
HHE MC30HOB, MOXKHO IIPOBEPHTL MPABUJIBHOCTH Pe3yabTaToB (asoBoro
aHanH3a paccesiHHf.

Korga uHfieKchl (U W' paBHBI €JHHHIE IJIH JABYM, TO ypaBHEHHS
(48.1) B mepBoM mpHOMIRKEHHH 3aMHLUIYTCS CJEYIOLUiHM 00pPa3oM:

Sti—1 4-813—1 =—8758551 — 81480
Ste + S12 = — S1s8s2 — S1iSu; \ (48.6)
S35 —1 4S9y —1 = — 823833 — 5483 ’

BeegeMm amnautyay paccesuus: iR,, = S,, — 0,y H HCHOJb3YEM
cootHowenns (48.5); torpa cootnowenus (48.6) MoxKHO KpaTKo 3a-
MHCaTh:

1
ImRnb = TZ_ (rﬂ:;r:ib + r.r.-al-"‘-iﬂ), (48?)

rje a 1 b npoGeraioT 3HaueHHs 1 n 2, T. €. MHHMAsl YaCTh AMIJIUTY/bI
KOMNTOH-3(pdeKTa BbipaxKaeTcsi 4epe3 MOAY I aMILIHTY I QOTOPOIKAEH HSl
TI-MEe30HOB.

CooruolueHiie (48.7) cyuwecTBeHHO oOjeryaer aHajis OINBITOB IO
paccesHno GOTOHOB Ha HyKaoHax. Mcmonbsysa obuine cBoiictBa Kosg-
¢duiientor W, Z U BEKTOPHOTO C/IOXKE€HMUsI, HETPYIAHO IMOKasarb, 4TO
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3aMeHa HHAEKCOB / 7 2 noji 3HaKoM cyMMmsl B opmyate (47.10) e menser
BeJs1 HUHHBL do/dS Orcmna BbITEKAET BO3MOXKHOCTD MI0CTABHTb CHMBOM Re
Hepel mpon3BeacHHeM (p1g1¢’ |Rm|p1g1u) (,02220- | R7: | pagae). Ecam
Teneps 3anucarb R, B Bu,ue R,], = IR[LI,, rae R, 1 Rﬂ. — JefICTBHTEI b-
Hble BeJIHYHHBI, TO do/dQ paaoﬁbe"rcsz Ha JIBa cJaraeMblX; B OJJHO BOHIAYT
TONBLKO 3JIEMEHThI Rpf.,, a B Jpyroe — TOJBKO R,[L',,. CoruiacHo BbIpae-
Huio (48.7), 3To 03HauaeT, 4TO MEPBOS CJaraeMoe Bbipa)kaeTcsl TOJbKO
yepes mapameTpbl, IMOJJIeKalllle OnpeieJeHiio B 3KCNepHMeHTax [0
KOMNTOH-3(ppeKTy, a BTOpOe — TOJNbKO yepes MOAYJIH aMminTya goro-
poxjleHust Me3oHoB. M3 3rToro pesyabrata MOMKHO MOAYYHTL HECKO/Nb-
KO KOHKpETHBIX CJIeACTBHIl OTHOCHTeNBHO CBOMHCTB JubdepeHiHab-

HOTO CeyeHHsi KOMNTOH-3(dheKra Ge3 HCIoNb30BaHIs JeTalbHOH TeopHH
SIBJIEH .

Fnaesa 10

PEAKUHH C YYACTHEM NOJISIPU30BAHHBIX
H OPUEHTHPOBAHHbBIX HACTHLL

§ 49. NPEOBPA30OBAHHS KOHEYHBIX BPALLEHHH

Korja Mbl BblLIe FOBODIVII O MPOEKILHSX CITHHA [; W OPOHTANbHOTO
MOMEHTa /1, TO MOApa3yMeBaji MpoeKUHH HA 3aJlaHHOe HampapJjeHue,
BLIOPAHHOE B KayecTBe OCH z, MpIYEM HA OCb Z MPOEKTHPOBAJH BCE
yyacTByolLile B 3ajaye MomeHThl. OJHaKo 3To onucaHie He Bcerjia
okasbiBaeTcsi Haubosee yaoGHbIM. Ilpu H3yueHull noasipH3aLHOHHBIX
sIBJIEHHIT, KOrJla paccMaTpHBailoTCs JiBa, a HHOrJAA H TPH MocJeloBa-
TEJbHLIX CTOJKHOBEHMS, WJIH TPH H3y4yeHuH obpasoBaHusa 1I KacKala
pacnajioB HecTaGHJIbHBIX YaCTHL, OKa3bIBaeTcsl HeOOXOAHMbIM MPOeKTH-
pOBaTb MOMEHTBI OJIHOI M TOIl K€ 3ajlayil Ha pasHbIC HaMpaBJIeHils, nepe-
XOMHTH OT MPOEKLHil Ha OAHY M3 oceil K MPOEKIHAM Ha ApyrHe OcCIl.
B 9T0i1 CBA3I CYyLIECTBEHHO PACCMOTPETH MPeodpasoBaHiis, KOTOPbIM
MoJiBEpPraloTcs COOCTBEHHbIE BOJIHOBbIE (DYHKILITH MOMEHTA MPI [IOBOPOTAX
clCTeMbl KOOPAHHAT. ITII npeoOpasoBaHiid HMET GoJblIoe 3HAYeHHe
B KBAHTOBOMEXAHHYECKOH TeOpIHIl MOMEHTa KOJHYeCTBa [BHIKEeHIIs.

[Tycts umeercss BosHoBast pyHkunst W;,(0, ¢), sasncauias or Koop-
aunar O drkcipoBaHHOIl TOUKH MPOCTPAHCTBA Q. OueBHaHO, 4TO Ml
TIOBODOTEI‘{ cuerems! ocefl KOOPAMHAT BOKPYT e HAaYaja H3MEH:AI0TCs 0,
() M TIPOCKWIIA MOMEHTA /11, HO j He meHsiercst. Tlostomy oOuiHit BiLj
npeoGpa3oBaHiisi MOROPOTA 3aMHIICTCS:

Wi (0¢") = 2, 0, ) Diw (@), (49.1)

rae W, (0'¢") — dyHKuHA KoopAHHAT TOl 7Ke TouKH Q B CHCTEME KOOop-
JHHAT, MOJYYeHHOH 13 HCXOMHOH MOBOPOTOM BOKPYT Hauaxa KOOPAHHAT,

D mim'(®) — MaTpHuHble 3/eMEHTHI HCKOMOrO YHHTapHOro npeodpasosa-
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HHUS IOBOPOTA; Yepes @ 0003HAYeHA COBOKYMHOCTL YIVIOB MOBOPOTA, OT
3Ha4YeHHs] KOTOPLIX, OYEBMJHO, JO/KHO 3aBHCETb MpeobpasoBaHHe.

Onepa'rop NPOEKLIMII MOMEHTa KOJilYecTBa [ABIKEHIS Ha oOCh
B chepHYECKHX KOOPAHHATAX HMEeT BHJ

i I 0
JZ Ty
i do
OTKyJ@ $ICHO, 4YTO C NOMOULBI0 9TOr0 ONEepaTopa MOXKHO OMNpPeIeaHTh
omneparop NoBopoTa Ha GECKOHEYHO Maiblil yroa 8¢ BoKpyT oci 2:

1 —idql,. (49.2)
B HekoTopmiX Kypcax KBAHTOBOH MEXaHHKH OMepaTop GeCKOHEYHO
MaJioro nosopota (49.2) Gepercst 3a OCHOBY /151 ONpe/e/IeHHs oneparopa
MOMEHTa KoJsin4ecTBa [ABinKeHHs. MHrepecyloumlyio Hac omepariio Ko-
HEYHBIX BpALIEHHIl MOKHO BBECTH KaK IOC/EI0BATEbLHOCTL GECKOHEUHO
Masbix MoBopoToB. [Ipu sToM HeTpyAHO nokasaTh, YTO OnepaTop KoHey-
HOrO TnpeoGpasoBaHus MoBopota D(¢) BOKPYT 3ajaHHOIT OCH HA yTou
HMeeT BHJL

A o E‘
D(p)=e"""%, (49.3)
e 1, — onepaTop MPOEKUHH MOMCHTa Ha BHIGPAHHYIO OCh. OTpHua-
TeJIbHBIH 3HAK B SKCIIOHEHTe Oﬁyc.ﬂDB.ﬂCH TeM 0OCTOATEN LCTBOM, 4YTO D
ﬂpeILCTaBJ'[HeT BpalleHne ClHCTeMbl KOOP,U.I{HEIT

Bonnogas QJYHKH,HH COCTOAAHHSA C ONpeNeJIeHHbIM 3HAYEHIEM TMpOoeK-
IIHH MOMEHTAa Ha BbIﬁpaHHy}O OCh HMEEeT, KaK H3BeCTHO, BIIL

imz

1
Von
Ilpumensas x stoit dynkuun oneparop (49.3), Haxoamnm
1 im (c—a)
(2m) s

Otciofa BHAHO, YTO BLIGpaHHBIH 3HAK COOTBETCTBYET TAKOMY IOBOPOTY
CHCTeMbl KOOPJAHHAT BOKPYT OCH 2, KOTOPbIil COOTBETCTBYET BpalleHHI0
NpaBOro BHHTA MPH €ro MOCTYNaTeJbHOM JBIKEHHII B HaNpaBieHH
ocH 2:

z(Z)

Onepatop (49.3) npeacrapiasier coGoil yacTHbII cayyail onepaTtopos mo-
BOpOTa BOKDYT OAHOI M3 ocell.

Kak nsBectHO, /1060 MOBOPOT CHCTEMBI KOOPAMHAT OTHOCHTEIBLHO
ee Hauasna, MoXeT ObITh 3aJlaH C IOMOILBIO Tpex yrioB Jiiiepa, KoTopele
OTpPeNesioTes cJeayIomnuM o6pasom:

1) yron moBopora «(0 < o < 2m) BOKpyr oci z. Bpameﬁne Ha
3TOT YroJ MepeBOJAMT HCXOAHYIO cucteMy S B cucremy S';

2) yroa nosopora B(0 < B < m) Bokpyr ocu y ciictemst S'. Bpaute-
HHE Ha 3TOT YTOJI NePeBO/IHT CHCTEMY 13 MoNoXKeH st S’ B nosoxkenue S”;

3) yron nosopota y (0-<y < 2m) BoKpyT ocu z ciictemsl S”. Bpaute-
HHE Ha ITOT YroJ 3aBepluaer npeoOpasoBaHne HCXOLHON cHETeMbl K I10-
BepHyTOH. [TosTomy B KauecTBe aprymeHToB Gy HKILHIT D}y, BbIOHpAIOTCS
afy. Hawe onpefiesienne 3iiiepoBbIX YIVIOB OTJAHYAETCS OT ONpesese-
Hus Burxepa [12], Ho cooTsercTByer HauGosee yacTo ynotTpebasemMoMy.
Taxkum obpasom, oflree BbipaxkKeHHe OMepaTopa KOHEYHLIX MOBOPOTOB
Yyepes orneparopsl MOMEHTa HMeeT BHJ

b (asv) — E—-i-ﬁz« e—i{l?y: e—ifx}z‘
rae j.», jy-, i, onpenenensl B cucremax S"S’S.

HMcnoss3yst 3aKOHBI yHHTapHBIX I1peodpasoBaHHil  ONepaTopos,
HMeeM:

il W | ].-Bf.’\ i o~
—13 ]y —igjy =— Tl
e Y =e e ‘e

—if g —ifjyr —itlyr iBfy
e ‘=e e Fe 7V,
OTKYZa TOJyyaem:
b —iBfys —irfyr —iaf,
(apy) =e e e
AmnanornyHo, mepexofisi K 3aJaHHIO OMNePATOPOB MPOEKUHil MOMeHTa
B ICXONHOH cHcTeMe KOOpP/JHHAT, HaXO[HM:

D(apy) = e Mz Py, (49.4)

Marpuiia onepatopa moBOpPOTa HAaXOZUTCS MO OOUIHM IpaBHJAM:

Dhm (apy) = (jm ‘ 'ﬂz g ‘ jm’).

YuuTeiBasi, uTO

A

(im| e

' —imy
m > = 8mm- e ’

HMeeM

D{mn’ = e—imu d.ﬁrm'e_im'-“ (495)
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rje MaTpHuHble 3JIEMEHTHI
dﬂ'xm' = <fn3 l e-'i.-'”:,r"\, [ j”z’> (496)

nojaexar aanbHeiiieMy Bbiuucaeniio. [dast j = 1/2 eipaxenne (49.6)
HETPYAHO BBIYHCAHTD, HCNOMB3Ys cBoiictBa marpuu Ilaynn j, = 1/20y.
— i3t
Ipeicrasasia € **/*Y B BHje CTENEHHOTO PAfa M YUHTHIBas, 4To (0y)*
paBHO eMHHIE MPI YeTHOM £ H 0, NpH HEYETHOM k, HaxomIM
—ipY/:0 Z 7
e ¥ = cos /2 — ig, sin /2, (49.7)

oTkyja matpnua (49.6) misi npeoGpasoBaHiisi MOBOPOTA CIHHOPA I1MeeT
BH]:

™ m’ ! .__l- e _1_
m ] 2 )
1
~ cos -g— sin —2— (49.8)
1 ‘ B3 3
-+ o | — sin Y cos rY

CoGerBeHtibie (YHKUHH JJist JIIOGOr0 j HETPYAHO MOJAYYHTHL B BHJE
NPOH3BEJEeHHsI CIOHHOPOB C MOMOULLI0 3dKOHOB CJOXKEHHA MOMEHTOB.
Hcnonb3ys 3akoH mnpeoGpasoBanns (49.8), MOXKHO NOJAY4HTH obllee
BblpaykeHne 1js matpuibl (49.6):

d:{im’ =N \1 = l)x

- (j—m — ) (4 m—) (2 m" —m') ]

e P\ 2itm—m'—2 . By 2atmt—m
¥ (cos E) (—sm-;) ; (49.9)

OpHako AJs NpaKTHYECKIX pacyeToB 00Jee MOJIe3Hbl peKyppeHTHLIe
topmyJasl, Belpaxkalomue Hisine d-QyHKini yepes Beicline. PekyppeHt-
Hble COOTHOILEHNS 11 TaGanubl A5 Hanbosee 4acTo BCTPeYAIOLIHXCS
d-dyHKLMIE MpHBEACHb! B OPHIOKeHHH V.

OyHKIHH @)y, 06MaJAT CAenylOMUME  cBoiicTBaMi. M3 yHuTap-

HOCTH OlepaTopa noBOpOTa H BELIeCTBEHHOCTI d,fm,;' BLITEKAEeT cCJe-
Aviolulas CBssh MaTpHIL NpAMOro H oﬁpamoro MOBOPOTOB:

di{;ilﬂ' {_ ﬁ) =t dfﬂ‘m (ﬁ) (49[0)
Ws siBOro Buaa dhy.. dynkumit (49.9) nmeeMm

d:;“”' (:I'E) — (_ I)HW 6#”.—*“'; dfi!m' (_ ﬂ‘) — (— I)f“mém,—m’- (4911)
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Matpiua nopopora, siB/SIOMAACS PE3YIbTATOM BbIMOJHEHHSA ABYX MO-
CJle[lOBaTeJ bHBIX MTOBOPOTOB @y 1l ®p (B YKa3aHHOM MOPsAKE) HMeeT Bi/l

D{nm" (('3) =

Tl

; Df;m:’ (mz) Dﬂx’m" (®y). (49.12)

HUcnomb3yss 310 cBoiictBo 1 (opmyast (49.11), werpyaHo noay-
UHTh :

dﬂ':m' (ﬁ -l .’L) o (_ I}Ii-ll-mdf._;mn' (ﬁ)! ] (49 13)
Al (8 —PB) = (— )" dhye . |

Kpone Toro,
i . Y B Ui 1 , z
dmm' (ﬁ} = ( l"' ’dTm,—m (ﬁ)r 1 . {4()14)
o (B) = (— 1" ™" dhyen ). |
Ha ocHoBe npiBeIeHHBIX COUTHOLUEHIT HETPYAHC HAHTH
D;’:‘T'f” (__ Y, — B! - Ot'.} = ‘D’{i“' (og, ﬁ! 'P} = (_ 1)”‘_”"91‘;”!._;”,(3, IE', 1’);

D{rwa' (@ﬁ‘f) = {— l)fDﬂl—:::' (05 s T | ﬁ» 'Y)

Hcnonsayst kKoa(dHiLieHThl BEKTOPHOTO CAOKEH A Kak QyHKILIH npe-
o6pasoBaniist OT NPEACTABJEHUA Pe3yJibTipyiouiero Momenta /M K npez-
CTaBJICHHIO CaratouliiX MOMEHTOB j; 1T ju, HaXOAHM

D . (w) D . (w) = E (fymyjymg | JM ) Ditu- (@) X

“in 17y Mgy
JMM’

S (IM' | Jmgfgmy) (49.15)
1 uepes 3j-CHMBOJIBL *
D (@Dl @)= N (@] +1) ( f'v"w’) Diii (m}( {lfé“’,).
o <8 JMAM mymyM m m,M

(49.16)

D -pyHKUIHH OPTOTOHAJBHLI H_ HOPMiIPOBAHbLl CJIEYIOIHM yCJIO-
BHEM:

9 2% ©
5 | | [ Dhtiu; @) DI - () sin pdpdudy =
b0 0 272

1
= ‘Sm in a

5, il g s——
T as .
i N 4 H'II!HQ 12 2].1 Il 1

(49.17)

M3 coornomenuii (49.16) 1 (49.17) naxonnm

2x 2= =
1 r DI—
8=2 58 é iy m

(@By) D), - @BV D, - (aPy) sin pdfdody =

H.iiml?
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_ Iiis]s )( fljelj.'! ) (49.18)
mymymg ) \ mymams
D-(pyHKUHN TECHO CBSI3aHbI C IIAPOBBIMH (DYHKIHAMH:
Dilo (980) = (57) Y 1 0, ). (49.19)

[Ipn paGore ¢ D-pyHKunsAMH CJeAyerT coOMIOAaTh OCTOPOMKHOCTh
¢ hasoBbiM MHOKHTeseM. Kak HeTpyaHO BifeTh M3 OOLIEro BblparKkeHHs
aast D-pynxumii (49.5) n (49.9), moBopot Ha yros 2mn He SBJIAETCS TOXK-
JECTBEHHBIM Ipeo0OpasoBaHHeM s MOJYIEJbiX SHAYEHHIl MOMEHTa.
IIpu Takom noBopoTe BosiHOBast (hyHKIUS NpHOGpeTaeT (hasoBblil MHOXKH-
teab (—1)7. Kpome toro, ¢asa sasucutT or BHIGPaHHOTO onpefeseHus
YIJ10B Diiiepa H OT TOro, NMpeodpasyeTcs ClcTeMa KOOPAHHAT HIH 0GBEKT,
3aJlaHHBIi B 9TOMl cHCTeMe KOOPAHHAT (3HaK yrsia). B nurepatype dasbi
BbIOHPAIOTCH MO-PA3HOMY, B CBSI3H C 3THM BO3MOMKHBEI OLIHOKH.

C momoutbio (49.15) MoxHO mOAYYHTH (opMyJay, KOTopas Bbipa-
JKAeT 3aBHCHMOCTb OT MAarHHUTHBIX KBAHTOBLIX YHCEJ MATPHIbI NPo-
H3BOMBHOTO omepatopa Q’*™, mpeoGpasyiomerocsi mpH MOBOPOTAX
oceif KOOPAMHAT ¢ MOMOWIBIO NpeoGpasoBanus D4ty K Takum onepato-
paM HETPYJIHO CBECTH OlepaTop, siBJASAIOULHIICA BEKTOPOM HJIH TEH30pOM
Jai6oro pawsra.

PaccMoTpuM npeoGpasoBanue MaTpuubl omepatopa Q"

(IM| QI

IpH MOBOPOTE CHCTEMBI KOOpJIHHAT:

Jamg)

N Dl (@)D"t . (@) D"

il
1
-‘HIIHI J’RQ T

é(m) (IM | th' 1 Jafmy> =

M gra

= (IM’ | Q'™

[IponnterpupoBas ofe uacTH 3TOro paBeHCTBA N0 yraaMm Oiinepa
(nmpaBast yacTh OT HHX, OUEBH/IHO, HE 3aBICHT), HaiijeM

v 1 f o3 K Adqgr : . Ay .
- o Tymifymy | JAT") (jymyfammy | "IM)(JMlQh 1‘]2”12) =

Mmyms
= (M’ | Q"™ | jyms).

DTO BbIpaKEHHE MOMKHO NepenucaTh B BHie (Teopema Burhepa —
DkKapra)

1

IM"lm 7 %
(M’ Q Jomay = (IM'|j mj,maydd | Q%[ o),  (49.20)

rae <J || Q/1 || jo> —TNpHBeeHHbII MATPHYHbII JI€MEHT, He 3aBHCSAILHI
OT KBaHTOBLIX uncen M’ my mao.
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C rmomollpio MpeoGpasoBaisi KOHEUHbIX BpalUEeHHil MOXKHO ompe-
JeNuTh OMEpaLHIO OTpa)KeHHs Y B MJIOCKOCTH peakuHuu. 3ra onepa-
LSl HIPaeT CyUIeCTBEHHYIO POJb B MOJYYEHHI HEKOTOPHIX KHHeMaTl-
YECKHX COOTHOLIEHHIA.

ITycts S-marpuna jpasi 6uxapuoil peakumu I+ 11— 7 4 2 3a-
JlaHa B MpefiCTaBJIeHHH CyMMapPHOTo CriHa KaHaaoB S u S’ i HMIYJIbCOB
HayaJbHBIX M KOHeyHmX uactiy P, P’

(S’ M'P’| S| PSM),

rae M 1 M’ — npoekuHH CyMMapHOTo CIIHHA HA HAlpaB/ieHHe HOpMaJlt
K IIJOCKOCTH peaKLLHH.

Onepaus Y MoxeT GbITb npeicTaBieda Kak IpPOH3BefeHIe Mmpo-
CTPAHCTBEHHOT'O OTPAMKEH Hs Pu [I0BOPOTA Ha YTIoJ 7 BOKPYT HOpMasH
K IJIOCKOCTII peaKiui Ra(70):

Y |PSM > = R, (w) P| PSM > =
= Ra(m) n| — PSM > =ne™"(8n) | PSM > =ne—ivM | PSM >, (49.21)

3aeck M = N1 — Npou3BeAeHHe BHYTPEHHUX YETHOCTEH yacTHi; S —
oneparop CyMMapHOTO CMHHA; N — eNHHHYHbII BEeKTOp, HanpaBlIeHHbIH
M0 HOPMalH K IJIOCKOCTH peaKuuH. 3Jlecb Mbl BOCHOJL30BAMICh TEM
06CTOATe/ILCTBOM, YTO CIHH SBJAACTCS [1CEBAOBEKTOPOM H €ro IMpOeKILii

A_wY

OCTaloTCsl HeH3MeHHBIMH TpH oTpaxenut. ITockonbKy Y, oueBujgHo, siB-
JISETCH HHTErpajoM [BHKEHHS, TO MOMKHO MPUMEHHTh COOTHOLIEHHE
(34.1), sanucas ero B BHIe

Prisy =3,
OTKyJa Ha OCHOBE Bhlpamenus (49.21) umeem
My M My My €A = 1. (49.22)

[IpaBuno orGopa (49.22) cBsisbiBaeT BHYTPEHHIE YETHOCTH YACTIILL,
VUACTBYIOIULIX B peakiHil ¢ MPOeKLHAMH MOJHOrO CNHHA HA Hanpaslie-
HHEe HOpMaJl K miockocti peakuui. C momouibio 3Toro npasiia (ero
HasbpiBaloT npasusiom O. Bopa) MoXKHO onpeaenHTs BHYTPEHHIE YETHO-
CTH YaCTHI[, €cJII H3BECTHbI NMPOEKLHH [OJHOINO CIHHA HAa HOpPMaih K
MJIOCKOCTH peaKxIiHi. ]—IOCJIE,D.HCE YCJIOBHE MOXKHO OCYIIECTBHTL B ONBITAX
C MOJISPH3OBAHHBIMU H OPHEHTHPOBAHHBIMH YACTHILAMH.

Hanpumep, nycrs criuibl yacTHil / 1 I paBHbI HYJ110, @ CIIHHBI YACTHIL
2 u 11 paBHbI Y/, mpHueM 4acTHLbI 2 MOJHOCTHIO NMOJISPH3OBAHBI B Ha-
npasjieHuu n. PaccMoTpum 3Ty peakitio B IIIOCKOCTH, MepPIeH HKYJIsp-

Hoih n (M = -+Y,). Coraacuo npasuny otGopa (49.22), B ciayuae
MYNe = NN, M"=M = ', sanpemena peakuusi ¢ NepeBOPOTOM
COMHA, a B cayusae W, = —nmun M’ = —M = —1/, sanpemena

peakuusi 6e3 rnepesopoTa CIHHA.
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§ 50. MATPHUA MJOTHOCTH

B npeapiywinx ryaBax Obil npHMEHEH H3J0XKCHHBIH Bbillle MaTeMa-
THYeCKNH annapar LJst mojydeHns (Qopmy.sa, OnHcLIBAOULIIX oflLie 3a-
KOHOMEPHOCTH BO3HIIKHOBEHIIA NOJAPH30BAHHLIX YacTil B AAEPHBLIX
peaKlHAaAX. O,H,HE:IKO, BO-TEPBLIX, MNOJMAPH3AILA HE {BJIACTCH Handoee
oflell xapaKTeplCTiIKOil CIIHHOBOrO COCTOAHNA YacTHibl. B pesynsrare
peakKnHIl MOTYT BO3HIKHYTE TaAKHE COCTOAHNIA, B KOTOPLIX Cpe/iHee 3Ha-
yeHire MPoeKwWii crnuna (moJdapiisalllis) paRHO HyJIO, a cpejlHee 3Ha-
ueHie, HalpHMep, KBajpaToB NPORKIIIH crmuua (1 APy riX TeH30PHBIX
KOMOHHALI BIAA [,jfy) OTMIUHGL OT Hyas. O5unii cayydaii CriiHOBOro
COCTOSIHHA YAaCTHIL, OTJIMHONO OT COCTOfAIs, KOIAA Bce MpoeKiuil
CIIIIHOB DPABHOBEPOATHLI, HAa3bIBAETCS COCTOSIHHMEM OPIEHTIPOBAHHBIX
nacTHl. Bo-BTopulX, MOAsPH30BAHHBIE SBJCHISA OTHIOAL HE HCUEPIIh-
~a10TCsl BO3HIIKHOBEHHEM OIMpeleseHHbIX CIIIHOBBIX COCTOAHHUIT B pe-
3Vv.1bTaTe peakuil.

Beiwre Bciofly pacemarpiBadicd JiIUb Takofl ciyuail saepHsiX peax-
1, Korja B HAYAJbHOM COCTOSIHIII BCe BEIHYIHLL MPOEKILIH CHHOB
Gblcil paBHOBeposATHBI. [Ipu 3ToM Bbimajaer WIHPOKHIl Kjacc SBJACHHIT,
Korija B Ha4albHOM COCTGAHIIN CIIHBLI YACTHI[ OPHEHTIHPOBAHLI. Bosee
TOro, 6e3 pacCMOTPEHHA ITOrO KJ1acca sABJIeHMIT 3y4YeHIIe Mo pH3alHOH-
HLIX CBOMCTB HOCHT aGCTpaKTHbIIT XxapaKkrep, 160 mospHsaiig o aHalo-
rifyHble eff BeJHYIHbI HeMOCPEeACTBEHHO Ha OMbITe He Hab/I0JaloTCs.

Heo0x0/1nMo NOAYEPKHYTD, YTO B peatbHLIX IKCHOEepIMEeHTaX H3Meps-
I0TCA TOJLKO HMIYJbChl YacTHIl H HX 3apsaabl. ITostomy cBeieHHs o
CMHHOBBLIX [EpeMeHax, OMHChIBAIOLULIX YACTHIL, MOMKHO MOJYUHTL M0
B/IAHHIO 3THX MEPeMeHHbIX Ha pacnpefeeHHs YacTHL M0 HMMYJbcaM
B peakLufx, BbI3BAaHHBLIX HHTepecyIomuMI Hac vactuuami. Ecan nayuae-
MbI€ YACTHILb!l HeCTabIIbHbL, TO TH(opMALLHIO 06 HX CMHHOBOM COCTOSIHHII
MOJKHO H3BJe4db TaKXKe H3 pacrpeje/eHus Mo HMMYJabcaM IPOAYKTOB
pacnaza. IlockoabKy pacnaj — uacTHHII cayuaii peakiii, To oda T
criocoba aHaiii3a CBOASTCA K IICC/eflOBAHII0 BTOPHYHLIX SAEPHLIX peak-
nnit. Kpome ncenegoBaHiid BTOPHYHLIYX peakL i 3afaya paccMOTpeHNs
CTONKHOBEHIHSI OPHEHTHDPOBAHHLIX 4YacTHL, NpHobGpeTaer Bce Oodbluee
3HayeHHe B CBA3I C MOJYUYEHIIEM OPHEHTHPOBAHHLIX MHULLEHeil.

I'1aBHasi 0COOEHHOCTbL PACCMOTPEHIIST OPHEHTIPOBAHHBIX YacCTHIL—
ocobeHHOCTh 3ajlanna ux cocrosnus. Ilpouece ke CTONKHOBEHHS HO-
npekHeMy omnichiBaercss S-matpiieli. 3Ty oco6eHHOCTL MpOLLe BCEro
MOHATHL PACCMATPIBAS BTOPHUHbLIE SANEPHbIE peaklHil.

IlyeTs wacTHubl 2, obpasyiomuecs B peakiiuil

14+ 11 >142, (50.1)

VYacTBYIOT BO BTOPHYHOI peakiiii:

9 o Wbl B e B (50,2)

Ec.am Gbl HayaJbHOE COCTOSIHHE OMIICHIBAIOCh OMpPe/leeHHBIMI BeH-
yitHaM# npoekuuit cnuna yacrui I i 11 Ha BuIGpanHyio ocb, TO COCTOS-
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Hue yacTHll / u 2 3ajaBajioch Gbl, CONJIACHO OMpeeNeHHI0  S-MaTplillbl,
TaK:

¥o=S¥, 1, (50.3)
a onucanue peaknun (50.2) 6b110 Gbl MOAYYEHO B BHE
¥ 5...= S¥1,0 (50.4)

Onnako oObiyHOe 3alaHKe ciHHOBOTro coctostHus yactuit I u 1T dpopmy.in-
pyeTcst TaK: BCe NMpoeKIHH cnuHoB yactuil 1 1 11 paBHoBeposaTHLl. Briue
3TO YUHTHIBAJIOCh CYyMMHPOBAHHEM BEPOATHOCTH Mepexoj0B MO BCeM M G-
€KIUSM CIIHHOB M JleJieHHeM Ha uHc0 npoekunuii. Hdas BropuuHoil peak-
LLHH 3TOT MOJAXOJ y2Ke He TOANTCH, TaK KaK 4acTiillbl, BO3HHKAIOLILIE B pe-
syabrate peakuuu (50.1), opuentHpoBanbl. Ho camoe cyuiectBeHHce
3aKJIIOUaeTcs B TOM, YTO NMOCKOABKY cocTosnne yacthu I u 11 Obino 3a-
JlaHO pacnpejieieHleM BepOsITHOCTeH, a He BOJHOBOI (yHKuIell, To
COCTOsIHHE yacTull [ u 2 ToxKe He 2ajlaeTCsl BOJHOBOIT (yHKuHell.

Pacnpenenenue BeposiTHOCTe# NPOEKILHI CNIHHA YAaCTHIL copTa 2 HMeeT
BHJ

I
CrF )@+ > |Kmyo| S| prmymy> 2, (50.5)

rAe Mm; — NMpPOEKIHA CMTHHOB YacTHL, y4YacTBYIOULHX B peakilin; « u P
0003HaYalOT BCe OCTa/bHble KBaHTOBble yncaa. OfHAKO pacnpeseneHue
BEPOSITHOCTEH ellle He MOJNHOCTEIO 23jlaeT COCTOSHHE NPCeKLnil crnuHa
NOCKO/IbKY MOMHMO Bean4uH (50.5) MOTYT ObITh OTJHYHBIMH OT HYJIf ellle
H TaKHe BeJHYHHBI:

m !NI 1

<m;mmg>=

E (my alS|B, my, my> @ +1) (2_.-“ + )<m1 my p|S* |°‘””32§ )
mym (50.6)
3jieck, Boollle roBops, ms == m,. QPopmyaa (50.5) 3agaer ToObKO
JuaroHajibHble 3j1eMenThl 3Toil matpuubl. Matpuua (50.6) nasviBaetcs
Marpuued njaoTHocTH. Martpuua NJIOTHOCTH OCYIIECTBJASiET HaiufoJee
obuiee 3aJaHiie ClIHHOBOIO COCTOSIHMS. B YacTHOCTH, MATpHLLA COCTOSAHHS
C Onpejle/leHHbIM 3HAYEHHEeM NPOeKUHH CHHHA £ (YHCTOro COCTOSIHNA)
HMeeT BHJ,
(m | g | m!> — 6mk am'ie, (507}
a Marpula MJIOTHOCTH COCTOSAHHA, B KOTOPOM BCe 3HAYEHHs MPOEKILHIl
CMHHA PaBHOBEPOSTHbI

(m|p|m’> Omm (50.8)

(21+I)

C nomompbio matpuubl (50.8) Beipakenuio (50.6) MOXKHO npuaaTh
CJeAYIOIIHI OMepaTopHbI BHA:

o =88 (50.9)
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Taxkum oOpasom, S-matpuua sIBASETCS YHHTApHLIM Npeo0pasoBaHHEM,
IIE[JEBO,ILHU_L]{M Man]-IlLy I[IJIOTHOCTH HA4YaJIbHOTO COCTOAHHHA B M&Tpl‘ll.ly
MJIOTHOCTI KOHEUHOro cocTosnus. HauanbHoe cocTosiHiie BTOPHYHOI
peaxiiii 3ajaercst MaTpHueil MIOTHOCTII KOHeYHOro COCTOSIHIS MepBHY-
HOI peaxunu. .

Matpuily nJgoTHOCTH KOHEYHOTO COCTOSIHIIS BTOPHYHON peakiny Haii-
JleM COBEpPUIEHHO aHaJOoTH4YHO:

o,=8.p-S". (50.10)
Hepequcmm OCHOBHbIE CBoOlicTBa MaTpHIbl MJIOTHOCTH, BLITEKAKOLIHE
H3 ee onpenejieHud:
1) JUaroHalbHele MATPpHYHBIE 3JEMEHTHI MaTpHIlbl NJIOTHOCTH OMpe-
ACIAIOT BEPOATHOCTH M ABJSIOTCS  [MTOJOMHTEILHBIMH  BeJHUYHHAMH
<m|p|m>0;

2) MaTpHNa MJIOTHOCTH SIBJSIETCS SPMHTOBCKOH MaTpHILeH:
{mlo|m'y =<m"|p|m)*
3) ofbiuHO A/ o BHIOHpAETCH HOPMHPOBKA
Spo=1;

4) Spo® < Spy (paBeHCTBO BBIMOJIHSETCS JIJIsl YHCTBIX COCTOSIHMIT);
5) cpenHHe 3HAYEHHs ONEPATOPOB AAOTCHA (GOPMYJIOH

Q=S5pQy,
Hanpm-lep IIOJIHpHSEl[J.[/IH

i = Spjp.

Takum o6pasom, uMes: MaTPHILY MVIOTHOCTH KOHEUHOTO COCTOSIHHSI, MOXK-
HO BBIYHC/IHTEL CpeJHHe 3HAYeHHs BCeX HHTEPeCcylOulMX Hac BeJHYHH.

Onucanue COCTOAHMIT CHCTEM € MOMOULBIO MATPHIL IVIOTHOCTH, KaK
M3BECTHO 113 KBAHTOBOH MeXaHMKH, UIHPOKO NMPHMEHSETCS B Pas/IHYHbIX
pasjenax (H3HKH, B TeX cjy4asix, KOrja CBeleHHsS O COCTOSIHHH He
ABJSIOTCS TMOJNHBIMI H 3HAYeHHS HEKOTOPLIX JHHAMHYECKHX MepeMeHHbIX
NPHXOANTCS 3aJlaBaTh pacnpejie/eHHsIMH BEpOSITHOCTH. B ciyuae siaep-
HBIX peaKiiil HeoOXOANMOCTb BBEelEHHS MATPHIlbl IJIOTHOCTH, KaK MbI
BHJIE/IH, BO3HHKAET H3-32 HEONpeJe/eHHOCTH B 3aJaHHH CITHHOBOTO CO-
CTOSIHUSl HCXOAHBIX YaCTHIL.

Hcenonbsyst  pesyasraTsl mpefsigymero mnaparpada, paccMOTpHM
npeoSpasoBaHiisl MaTPHLbI MVIOTHOCTH NP MOBOPOTAX CHCTEMbl KOOPJH-
HaT. [ljis mpocToTel onyeTiM Bee APy rie KBaHTOBbIE UHCA, 33 HCKIIoUe-
HHEM CIIHHA | 1 €ro MPOoeKIHH /1

i
."‘.!n'm (m) = Z D{n‘k (GJ) P£I D{r:f (ﬁ}) o=
R I=—]

= X (—1)""" Djs (0) DLin—s (@) oks;
ki
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3jech Hucnomb3oBana dopmyaa Die = (—)" "D, m. [pumensis pe-
AyKUHOHHYIO (opmyay (49.15), uaiijgem:

B 2f i
P{n'm (U)) = 2; E (— l}”“’(im’f—m I JMIr} A
J=0 k,I=f
X {jkj — 1| JM) Dip a(w) shr;
M=k—Il, M=k —m.

Hcnoabaysi cBoHCTBA KO3(D(PUIHEHTOB BEKTOPHOTO CJIOYKEHHS, 3TO
BbIpAXKEHHE MOXKHO Mepenucath B Buje

2j i 2
thm= 2 21 X (— Vit lj— k| — M) dhp %
J=0M'M &, I=—]

X Diar (@) X [(— 1)="¢jm'j—m| IM’3]. (50.11)

Bolpakenue, crosilee B (GUIYPHBIX CKOOKaX, MMEET CMBICJ CPEIHEro
3HayeHHs OT oneparopa, oGaajalolero MarpHie

Q"™ o = (— D)= (jm'j —m | My 2] + 1)1/2; (50.12)

noc/Ie/IHHIT MHOXKHTEIb TPeACTaBaseT co00il HOPMHPOBKY.
Otu omepatopkl 06,aJal0T CBOHCTBOM

Sp (@M Q7Y ) = 644 dm (27 + 1), (50.13)

BLITEKAIOUWMM M3 CBOHCTBA OPTOrOHAJBLHOCTH MATPHLl KO3(pHILHEHTOB
BeKTopHOro caoxenusi. CpoiictBo (50.13) mosBossieT mpeiacTaBHTh Ma-
TPHILY MJIOTHOCTH B BH/JE PasOKeHHS

2 A
=@+ Y X g QM (50.14)
J=0M J

ofpaTHoe npeoGpa3oBaHHe HMeeT BHJ
g’ M = D {Q M ohue (50.15)
T

3ananue Ko3hhHIHEHTOB pasioxeHns ¢'M, oueBHAHO, SKBHBAJIEHTHO
3aflannio MaTpuubl miaotHocTH. M3 dopmyaer (50.11) nerpyasno noay-
YHTb, YTO BeJAHYHHBI ¢YM, HX HaA3BIBAIOT CTATHCTHYECKHMH TEH30paMH,
NpH NOBOPOTAX MPeoGpasyioTCsi C MOMOMIbIO BEIpAXKEHH Dyt (),
T. €. 06safaloT GoJee MPOCTHIMH TPaHCPOPMALHOHHBIMII CBOIICTBAMI 110
CPaBHEHHIO ¢ MaTpHIleil MJIOTHOCTH.

Marpuuer onepatopa Q'™ B cuny cBoiicTB KO3(h(HIUEHTOB BEKTOP-
HOTO CJIOXKEHHs M MHouTeqass (— 1)/—™m= 4+ 1 [eldCTBHTE/JbHbLI, OHH
He SIBJISIIOTCS 3SPMHTOBBIMH, HO Y/IOBJIETBOPSIIOT CJejyIOLleMy COOT-
ILEHHIO:

QM = (— 1)M QI—M,
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Mz sToro cBoficTBa H 3PMHTOBOCTH MaTpHLBl MNJOTHOCTH HaXOJUM
qIM = (— 1M gJ—M*, (50.16)

JM 00 o o
Hs onpenenenns Q7 umeem Q°° = 7, uro, cornacro cBokcTBy (50.13),
O3Hayaer:

SpQ’™ = 8,0 6m0 (24 - 1).

Orcioga caenyer, uto Hopmupoka Sps/ = 1 cootsetctByer ¢°° = 1.

Taxum o6pasom, passomenns (50.14) u (50.15) MOXHO npeiCTaBHTH
B BHJle

b4

o = @j+1) T+

¢ M
J
2 g
J=1 M=—J

g'M = Sp [QJM'* .};1 ]

Hcnonbsys Belpakenne ausi o/ uepes ¢/M, merpymio Haiitu:

I

1 5 g
Sp (0)* = mz g g M (=1,
JM

HPH 3TOM 4YeTBepToe CBOHCTBO MAaTpHUbl NJOTHOCTH MOXKHO BbIpa-
3HTb TakK:

Sp({; )2=""J—_E—IE|QJM12{1. (50.17)
JM

Caydaii MOMHOCTBIO HEMOJISPH3OBAHHBIX YACTHIL COOTBETCTBYET gv/M—
=0 npu Bcex J > 1:

P N
“YHenonapus — m .

Hepagencteo (50.17) MoxHO 3amucaTh

z ZquM 2<2]

J=1 M

H onpejieJIiTh CTeneHb BbICTpOBHl-IOCTH CJelyIIouHM 06p330M:

1/2
|2! 3 ¥ o [21 , (50.18)

J=1 M
0<al

BEPXHHIl MpPeJie COOTBETCTBYET YHCTOMY COCTOSIHHIO, a @ = () — moJ-
HOCTBIO HerNoJIiPH30BAaHHOMY NyuKy. Ilepsie omeparopsl Q/M umeior
npocToit husnyeckuii cmpics. Menosibays BhlpaxkeHue MaTpHubl onepa-
TOPA MOMEHTA KOJIHYEeCTBA JBHIKEHHS Uepes Koscpqmuﬂemhi BeKTOPHOIO
cloxeHns (45.4), HeTpyAHO HalTH:
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Alel o 3 3 4 4y,

Ay (50.19)
2=V g |
o= (312 — 2); @ = — V2 [+ 1) L1, b))
V2 (50.20)
Gu=L2 G +ilym Q21 = — Qo1+ Qo2 = Qv
Ecau Onpeae/uTh BEKTOD NOJISIpH3AllHH paBeHCTBOM
P= ]/;% Spj o, (50.21)

TO MaTpHila JVIOTHOCTH MOXKET ObITh 3anucaHa B BHIE:

1 2 '- @ < st M
P“—‘m[[—l— V,l'—l—l j é 12 Q )Q:] (50.22)

M=—J

C moMOIIBIO 3TOTO BEIPAXKEHHS] HETPYAHO HAATH MaKCHMAJbHOe 3Ha-
yeHHe [MOJSPU3ALMM, HCMNOJAb3YS CBOHCTBO MATpPHIBI IJIOTHOCTH
Spr? < Spz u hopMyJisl

EY 4 1 : o
Spii=0; Spiify =3 (2i+ 1) (j 4 1) 8y
[lpoctoe BhluHC/IEHME AaeT

0<|P|<I.

Kak BuJHO U3 HX OmpefiesieHus, BeJIUHHLL a H P — pasHble XapakTepu-
ctiukH. Hanpnmep, BHICTPOEHHOCTh @ MOXKeT ObITb GaH3Ka K eAHHHIE,
a noaspusaius P — oueHb Majoi BeJHUHHOH.
BaKHpIM 4acTHBIM cjlyyaeM sBjasieTcs j = /5, KOrja BeIpaKeHHe

(50.22) npunnMaer mpocToil BHA:

- 115 a

p=—[I+ (Po)], (50.23)
rjle BeKTOp MOJSIPH3AIHHE PaBeH CPeJHeMy 3HAUEHHIO OreparTopa G [0
COCTOSIHHIO, onHcbiBaeMoMmy . IlpocTble 1 X0opolIo H3BeCTHbIE CBOMCTBA
MaTpHIL G MO3BOJISIOT B 3TOM YACTHOM CJy4ae M3GeXKaTh NpHMEHEHHS
HECKOJIbKO TPOMO3JAKOr0 MaTeMaTHYecKOro armapara, H3J0XKeHHOro
BbILIIE.

OnHako yxKe JAJasi ChmHHA j = | MaTpuua IVIOTHOCTH HMMeeT 3Ha4H-
TeJIbHO GoJiee CJIOXKHBIH BHJ:

[H—Vsp1+ 3 @y Q"‘“] (50.24)

M=—2
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§ 51. PEAKUHH C YYACTHEM YACTHL, CIIHHA 1/2

Kaxk Biamo us coep:kannus npelsiaymero naparpada, pacyer xapak-
TEPHCTHK PeaKUHH C OPHEHTHPOBAHHLIMH YACTHILAMH CBOAHTCS K YHII-
TapHOMY NMpeoOpasoBaHHIO MATPHLLbI IJIOTHOCTH, TPHYEM POJIb OnepaTopa
npeoGpasoBaHNst HTPAET S-MaTpuua (iiH, BepHee, R-maTpuua, cm. § 38).
OGuuuil Bii MaTpHIIbl TIJIOTHOCTH /IS 4aCTHIL CO CIIHOM Y/, jaercs top-
myxnoit (50.23). Idas Toro 4ToGel BMECTO amnnaparta C/OKEHHS MOMEHTA
KOJIHYECTBA ABHIKEHHSA MOJb30BATLCS MPOCTHIMI CBOHCTBAMH MaTpHIL
IMaynn, HeoGXommmo R-MaTpuLy TOXKe BbIDA3HTh Uepe3 MarpHUbl G;.
Janst xparkoctn 3amiCH BMECTO R-MaTpHUB YI00HO BBECTH marpuiy M,
OTJIHUAIOMYIOCH OT R OUEBHJHLIM MHOMXKHTeleM. DTa MaTpuia onpee-
JIFIETCA CJAAYIOLULHM BblpaxkeHueM i JHQPEPeHIIHaIbHOTO CeueHHs:

do = SpMoM™,

Hns Hayana paccMOTPHM TaKyio GHHAPHYIO PeaKIHio, KOrAd B Ha-
YaJbHOM I KOHEUHOM COCTOSIHHSAX OJHA M3 YacTHI[ HMeeT CIIH 1/, a
BTOpas — CIIHH, paBHBI Hya0. B atom cnyyae matpuna M mmeer Buj,

r |
(W'ps | M[uPy), (51.1)
T. €. NpeicTaBasier cooil ABYXpPsAHYIO MaTpuuy (W M W’ MpHHIMAIOT
IBa 3HaueHHs --1/,).
Tax kax /1108y10 ABYXPSAHYIO MaTPHILY MOXKHO MPEJCTABHTb B BIE

JHEHROI KomOnHaunn matpuil IMaysnun u efgunnunoit matpuust /, To
marpuuy (51.1) MoXHO 8anucaTh B OnepaToOpHOM BHJIE:

M= (oK) + L1, (51.2)

rae Bextop K i ckansp L — kommiaekcHble GyHKIHH YIa 11 SHEPTHH,
3aBHCALINE OT THMA YaCTHIL.

IMotpeGyem, uTo6el Matpuia M Gbuia HHBAPHAHTHA 10 OTHOLLUEHHIO
K OTpaxeHuIo B MJOCKOocTH peaxunn (49.2]1):
TG 1] T 6Ky 4L, (51.3)

LTRIFAS
rje n— eJHHHYHBIH BEKTOP, HAaNpaBJEHHBIH MO HOPMAJH K HJOCKO -
[p; P/
CTH peaklHd; n =m%—; M; Ny — NPOU3BE/EHHE BHYTPEHHHX UeT-
7 Pr

HOCTEH, y4acTBYIOUHX B peakiyd YacTHIl.
Hanpasum ock 2z no n u sanumem cootHouenue (51.3) B npoek-
LHSX Ha OCH:

0,0, [0,K,+6,K,+0,K,+L]o,=
=0, K.+0,K,+0,K,+ L. (51.4)

3neck Gbl0 HCnogb30BaHO paBencTso (49.7). Ms Buipamenns (51.4)
CJeNYeT, uTO BO2MOXKHBI JiBa CJjyuas:
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a) M=+ 1, npu arom K,= K =0 u obumui BHL MaTpu-
usl M sanuwercs

M= (on) K + L, (51.5a)

rge K u L —ckanasipuble KOMIJEKCHble (YHKUMH YIia paccesHus

U SHepruu;
6) n;m;=—1, npu stom K, =L =0

M = A(ok;) + B (ox), (51.56)

roe # = lif—[_[éik:(-# ; ki1 k;— elluHUUHbIE BEKTODLI B HANPABJIEHHAX
HAYAJBLHOrO H KOHEYHOro HMNyJbscoB; A H B — KoMMJeKcHble (pyHK-
IHH yrJa paccesius W SHEPTHH.

PaccmoTpiyM ABOHHOE ynpyroe paccesiHiie, B pesyJsibTaTe KOTOPOro
obHapyKiuBaercss noasipusanus. IlycTs HauadbHbll MyYyoK — HernoJs-
pH30BAHHLI, T. €. obnajaer MaTpHIel IOTHOCTH

- i =
fo="5" .
B COOTBETCTBHH C MpPEAbIAYILNM naparpagom mydoK YacTHLl, BO3HIIKAIO-
LIHX B pe3yjabTaTe MepBOro CTOJNKHOBEHHA, onpepenserca Caelyouen
Man]IlLEI‘:I MJIOTHOCTH:

?‘ = "ﬂ;fl :::0 MT = *;_] [(“1 &) Kl + LIJ [(nl &) KT o LT|;

K,=K,(0, Ey, Eo);, Ly=L,(9, E,, Ey),

rae Eo 1 E; — COOTBETCTBEHHO SHepPrus YacTHILbL! 10 H [I0CJe pAaCCesiHiA;
0,— yroa nepBoOro paccesinis; BEKTOp Ny HanpasJjieH 10 HOPMAJIT K 11J1C-
CKOCTH NEpBOil peakiHu.

[Nonsipizauust 9T0ro OJHOKPATHO PACCEAHHOTO My4YKa COIVIACHO Bbi-
paxennio (50.21) sanuuiercs:

T R .

Spo 2 ILP i +IKP

[IycTs 3TOT OAHAXKJbl PACCesHHbII _MyYOK paccenBaeTcs Ha BTO-
poii Muuend. JIBykpaTHO paccesiHublii Ty4OK OyJeT XxapakTepuso-
BaThCA MaTpHUEH MJIOTHOCTH s = My, My, Tie M = [(nw)!{z -{-L2] ,
n, HAanpaBJeHo Mo HOPMalH K MJOCKOCTH BTOPOTO paccesuus.

Huddepenuuanpnoe ceueHue BTOPOrO pacCestHis NeTPyAHO HaiTH,
UCNOJb3YS CBOHCTBA CMHHOBBIX MAaTpPHIL “:

Gy _ SO _ (Kot | LaPI(L+ P Pa(ym) (BLT)

=P, (51.6)

* Spech HMeOTCH B BuAY caeaylouine ceoiicTsa: )
5.3 i €033 3, = 3.5, = 2. -3 == TIONMHOCTRIO AHTHCHMMETPHUNLLIR
Gop =i+ Loy Spi=0 Spigo,=2i,, raee.;, P
CAHHMYHBI Teusop; Ejk-—cu,\wo.n Kpounexepa.
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3jJeck BBejeHOo obo3HaueHue

Lo K5

o S 8
[KalP+ 1L )

PQ:QRe

Kax BugHo us gopmyasi (51.7), otsngile oT HYJs M0JsAPH3ALHHT YaCTHLL,
BO3HHKAIOMMX B MEPBOH peaklHH, TIPHBOAHT K 3aBUCHMOCTH CeyeHHS
BTOPHYHOTO paccesHisi OT asHMyTajbHOIO yraa (mmnp) = cos ¢, TAe
¢ — yroJ MeXKIy MJIOCKOCTSIMH MepBHYHOTO M BTOPHYHOIO paccesiHus.

Ecutit Mbl Gy 1eM 1POBOMIITH SKCIEPHMEHT TdK, YTO MJIOCKOCTH MepBoro
I BTOPOrO paccesHHs COBMNajaioT, TO

T =K -+ | LaPI (1 £ Py Py). (51.9)

0=

3HaK «+» HAH «—» 3aBHCHT OT TOrO, NapaJJle/bHbl HIH aHTHIAPaJIeNb-
Hbl HOPMaJH N, 1l Ny, WHAYe TOBOPs, OTKJajblBaeM yroi O, BleBO HJH
BipaBo. Mamepss seBo-npaBylo acHMMETPHIO, XapaKTepHayeMmylio napa-
METPOM

dc% — do¥

— - =P P,, 51.10)
dcg'—{—dcr,_‘? bl (

LR —

MOIKHO H3MEpHTb Pj, ecjn Ham ussectHo P, (P, — nonspusauus, Ko-
TOpasi BO3HIKAET MPH CTOJKHOBEHHH CO BTOPHUHBLIM pacceuBaTesleM He-
NoJISIPH30BaHHLIX YacTi). Takum oOpasom, JJisi H3MepPEHHsT MoJsApH3a-
LU HAJO HIMETh aHa/M3aTop, Al KOTOPOTo yXKe H3Y4eHbl CIOCOGHOCTH
noJisipH30BaTh yacTullbl. MoMCHO clenaTb MepBblil H BTOPOi pacceHBa-
Tesn ONMHAKOBBLIMH H T0A0GpaTh yCJIOBHS (SHEPTHH H YIVIbl) TaK, 4TO
Py = P,, torma P; = J/ elR.

PaccMoTtpenne paccestiusi GECCIHHOBbIX YACTHIL HA MOJISIPH30BaHHbIX
yacTHIAaX co CHHOM Y/, aHa/IoTHYHO H3J0KEHHOMY BbIlE PaCcCMOTPEHHIO
Apoitnoro paccesiuus. Ilycte P = Pn, 03HayaeT MmoJiApH3aiiio MHIIeHN,
an= -[—Q'-’—}“ — eIMHHYHBI BEKTOp, HANPaB/JAeHHbIH 110 HopMaIu K mJio-

ppl| )
cxocm[' paccestHusi. Marpuia MJIOTHOCTH KOHEYHOTO COCTOSHHA 32

NMUIIeTca:
b= M (14 P (no0)l H1°.

Orciofia BHAHO, YTO CeYeHHEe paccesiHHsi Bblpaxkaercs (opmyJoH, co-
BeplIeHHO aHaJorHyHoil QopmyJe (51.7):

95 _ Spay=[|K P+ | LPIL+ PP’ (ny )]

rje

¢ K*L .
Pr=2Regrrie’
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P', O4YEBHAHO, paBHO MOJSPH3ALIH YacTHL OTIAaYyH OpH paccesHHH Ha
HernoaspH30BaHHOH MulIeHH. Tak e Kak Il BBILIE, MOXKHO ONpeAeiTh
JIEBO-TTPABYIO dCHMMETDHIO

elR = Pp’. (51.11)

Ilop paccestnuem Bieso nonnmaercs clyuail, Korja BeKTOPHOE MpoHs-
Befienne [p X p’'l napanaensko ny, a noa paccesiHileM BnpaBo — cayyait,
KOrjia 3TH BEKTOPbl aHTHIADANIe bHb.

Ipusenennsie dopmy.isl Jerko oGodinaoTcs Ha ciyvaii GuHapHoii
PEAKILIH, KOTAa B HAYaTbLHOM COCTOSHHH HMMEETCSl MOJIsApI30BaHHASN
4acTila Co CHHHOM 1/, M HenoJsipH3oBaHHAS uwACTHIIA NPOI3BOILHOTO
CITHHA, CIHHEL KOHEUHbIX YacTIL PON3BOMHBL. B 3ToM cayuae martpuua
IVIOTHOCTII HAYaNbHOIO COCTOSIHIISL HMEeT B

sty i@y 1
n =g [l + (oP)] 21

Hupdepennnansioe cevenne sannuercs:

ds 1 b i N E 52
- = 55— W il e .
70 2@ T ) pMi [I P spia | (51.12)

HMcenonbaysa uHBapuantHocTs S-MaTpHUBI 0 OTHOLIEHIIO K 0GpALLeHHIO
BpemeHn (cM. § 35), HeTpyAHO 1MOKas3aTh, 4TO

SpMairt
Sp mart

PABHO MOJIAPUSALMNIL YaCTHLBI CO CIHHOM 1/2, BosHuKatowell B o6parHoii
PeaxkuHi ¢ HeroJifpH30BaHHBIMI YaCTHILAMH.

Hcnoabaopanue cBOHCTB HHTErPA/IOB ABHKEHHS 140 BO3MOKHOCT
BLIPA3HTh R-mMatpumy OHHApHOil peakumn Tuna 0 -- =04+ 1,
(4HC/1a 03HAYAIOT CITHHBI YACTHIL) Yepe3 [BA KOMILICKCHbIX napamerpa K
u L [em. coornoutenne (51.5a), wan A u B [ewm. BbipaxkeHiie (51.56)],
MU COOTBETCTBEHHO YEe3 YeTbIpe AefiCTBHTELHLIX NapaMeTpa, Hampii-
Mep K = | K|ei#s, L =|L|ei=,

HMsmepenue ceueHHS W NMOMSIPH3ALMM 46T BO3MOKHOCTH onpeje-
JHTh TOABKO |K 2+ |L? u [K||L|cos (¢, — @.). Ecan npeapcraButs
coorroiuenne (51.5a) B Buje

e[| L| + | K€l 5159 ()],

TO (py GyJET HMETh CMBIC] aGCOMIOTHOH a3l MATPHILBEI PACCESTHIST I ee
MOZKHO OMPEASTHTD TONbKO B HHTEP(EPEHIHOHHBIX OMBITAX (Hanpumep,
MO HHTEPPEPEHILHH SACPHOTO i KYJIOHOBCKOTO PACCESTHIA) LTI HA OCHOBG
HHTErpajbHoOro ypasHenus (38.14). Takum o6pasoM, H3yueHie mOMIMO
PacCesHHs HEMoNAspPH30BAHHEIX YACTHIL ABYKPATHOTO DACCESTHIST HJH
PACCCAHHS HA MOJIAPH3OBAHHBIX YACTHLAX OCTABJSAET HEOMpPEAeNEHHbIM
OAuH napamerp (Kpome aGeonioTHoil dassl). Tperse cooTHOmEHITE MEWIY
BBCACHHLIMH NIapaMeTpamil MOXKHO IIOJYUHTb, HCCAELYS TOSPH3AIIIO
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wacTIL, OTAAYM MPIl pACCesiHIH Ha MOJAPH30BAHHOIL MHUILIEHIL I [I3yuas
TpoliHOe paccesHIe.

PaccMoTtpHuM cayuail ApofiHoro paccesiHlis, Korja rnepsoe pacces-
HHe NPOMCXOAMT Ha mnossipusoBaHHoil wacthue. Ilycrs P — Bekrop
MoSIPH3ALNH MHIUEHH MepBoro paccesHus. Bekrop mosjspusariti pac-
CeAHHOH YaCTHLBl 3aMIIIeTCsl KaK OObIYHO:

_ Sp M1+ GRIAT _ PEAEDuPy 5y g
T ospht [T+ (eP) MT I+ (PPY)
3jech BBejeHbl 0003HaUEHHS
Dy, = 5 Spo; M, 8% (51.14)
Go

o, 11 P} — anddepenunaabioe ceyeriie 1 MOJAPI3aUHS HYKI0HA OTAAYI!
B cJyyae paccesiHusi Ha HeNojsApl3oBaHHOH MuuleHH; D;; Ha3bBAKOT
TEH30pPOM JlenoJiApH3alti. .

[loactaasss B Qopmyay (51.14) smupiii Bux M [em. dopmy-
ay (51.5a)] u mcnosb3yst YNOMsAHYTbe Bbllle CBOHCTBA CIIHHOBBIX
MaTpHL, HaXOXHM:

0Dy = | K |*[8;5 5 — 84 83 + 8;5 851 —2/mK"Le 8y, [L[*. (51.15)

3jech 3a HampaeJenlie ocH J BbIOpDAHO HanpaB/eHHe HOpMamil K IUIO-
CKOCTH NepBOTo paccesiHlsl. 3a och 2 BhiGepem HamnpabJeHHe NepBIYHOro
nmyuKa, a ock / BhiGepeM TaK, 4to0bl 00pasoBanach npasas crcteMa Koop-
annar. Ilycers nosspusauns P nanpasnena no ocu 2, Toria ¢ noMouibio
dopmya (51.13) 1 (51.15) HaiigeM KOMIIOHEHTBI TOJSAPU3ALHIL Y-
CTHIL OTHAYM:

P} = lfpo 85 u-(Jf— (L[2—| K28 — 21mK*Lam} P,.  (51.16a)

Ecuiu e nonspusaunsa P Hanpaeaena no oci /, To aHaJIOTIUHO HaAlLeM
‘ 1 ! # = s
P = {poﬁw + o (| LP—| K18, —2ImK Lsm}P. (51.166)

3Has BEKTOpD INOJspH3AllMH, COIVIACHO CKa3aHHOMY Bblilie, MOJyuYaeM
MaTpHILy IJIOTHOCTH HAYaJbHOTO JJIsi BTOPOTO PAcCesiHHs COCTOAHHA.
Paccyotpinm cayyait, KoTjia [i10CKOCTb BTOPOrO paccesiHus MepreHnKy-
JApHA TJOCKOCTH mepBoro paccesnis. udbdeperunansioe cedenie
3anHiLeTcs:

2 — SpM — [I 4 (6P’)] M+=[| K2+ | L] (1 +P°(P'ny)}, (51.17)

rje Ny — €AIHIYHbIT BeKTOp HOpMA/H K IJIOCKOCTH BTOPOTO paccesitiid,
OH JIEKHT B IJIOCKOCTII TIEPBOTO paccestiis. Y ToJl MexAy fp i 0Cblo / pa-
Bell Yy NepBHYHOTrO paccesnust B Ja0opaTOPHOH CHCTeéMe KOOpAHHAT.
Unen P°(P’'n,) o0ycJoBIHBaeT aCHMMETPHIO BTOPHYHOTO paccesaHHd
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OTHOCHTEJILHO [NIOCKOCTH MEPBHYHOTO paccesiHis (MEHSIET 3HAK MpH
3aMeHe Ny —- —MNy).

HMs Beipazkenns (51.17) mosmyyaem Bepa:KkeHie A acHMMETPHH

dg
Hf; (sBepX) — —&5 (BHH3) ;
= dﬁ = PU (p 112 +

do
FS (peepx) - Eﬁ (BHH3)

Ha ocnose dopmyst (51.163-) HaxOJIHM
e =PoP{||L?—|K[|sin® —2/mK*Lcos0}, (51.18a)
a Ha ocHoBe opmyanl (51.166)
e®) =Py P{—[|L*—| K [Jcos® —2ImK* L sin0}. (51.186)

Taknm o6pasom, H3MepeHHe acCHMMETPHH JAaeT HeJoCTaloulee ypaBHeHHe
JJist omnpejesieHls TPEThEro Napamerpa.

Boccranopieniie MaTpHibl paccesiHHs, OUEBHIHO, 3KBHBAJEHTHO
dasopomy aHanusy, olHaKo B 00JACTH BLICOKHX 3Hepriii ¢pasosblii aHa-
JIH3 3aTPYAHSAETCS HeOOXOAHMOCTBIO YyeTa HeYNpyrHx MpoLeccoB H
Goaibiioro yuedsia das. IpuBefennsle pacyeTsl He TONBLKO NPEACTABISAIOT
CXeMY KHHEMaTHYeCKHX PacyeToB, HO MOTYT ObITh HICIIOJIb30BAHLI, HAMPH-
Mep, AJIs aHanHza paccesinus - 1 K-Me30HOB Ha HyKjaoHax. Peaxkuun
C ywacTiem yYacTiil cniHa !/, — HanGoJee 4acTo BCTpeyaloliiecs Ha
npaxkTHKe. B CBA3I ¢ 3THM NpUBEAEM Pe3ysbTaThl PACCMOTPEHNS MOMs-
pH3AIITOHHBIX OMBITOB TaKXKe H I/ APYTHX peakiiuii.

Tpouecchl Gotopoxaenns - nai K-Me30HOB Ha HYKJIOHAX ¢ 00Pa3c-
BaHlieM B KOHEYHOM COCTOSIHNI GapHOHOB €O CMIIHOM Y/, MOTYT ObiTh
omicanbl MaTpiueil (0K) -~ L, 11 MHOrHe H3 NpeAblAyILiIX pe3yabTaToB
HEMoCpPe/ICTReHHO 000CIIaloTCs Ha 3TH mpolecchl. Heo6X0AHMO TONBKO
noMHHTD, 4To Tenepb K 1 L 3aBucsaT Taxke ot noaspusanuy GpoToHa H
BexTop K yKe ne cBopnrest k matpuite | K | n. Bonee aeranbnoe pacemot-
peHie (POTOPOKAEHIst ME3OHOB NMPHBEJICHO HIKeE,  TOKa 06CY MM OINBITHI
no GOTOPOKACHHIO, CBA3AHHBIE C MOJIAPH3ANNEH YYaCTBYIOWIX B peak-
1 GapHOHOB.

Ecaiir Muniens moJisipiisoBata, To ceyeHH e npoueccos GoTopoxkaeHHs,
COIJIaCHO H3JOKEeHHOMY BbllIe, HMeeT BHJ

0= 00[1 + (Pi Paﬁ)]i

rae P — nonsipusanus HyKJIOHOB, BOSHHKAIOIAsl B 00paTHOM MpOLec-
ce paJHalHOHHOrO 3axBaTa Me30HA HeMoJsIPH30BAHHLIM GapHOHOM.
B o6uiem cayuae ara BessiuiHa He COBIANAeT C NoJspi3alueil HyKJIoHa
OTHaYH NpH (GOTOPOUCAEHHH HA HENOJsPH3OBAHHBIX HYKJA0oHAX. Kak yxe
OTMEYanoCh, 3TO sBJAAETC OOCLWIHM CBOHCTBOM HEYNpYTHX IPOLECCOB.

ul‘[o,rx Apu3anusg 6apHoHa oTAaun npH GOTOPOKIEHHI HA MOJIS PH3OBAH-
HOWM MHUIGHH aHATOTHYHO H3JI0KEHHOMY BBILLIE 3anHILeTCs:
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P) - % D;, P,
P' B e,
: [1 -+ (PPg)]
rae PP = 2%0 SpMM* G, — noasipuaauust KOHEUHOro GapHoHa B cayuae

HEenoJIsIPU30BAHHOI MHLIEHH, a
1 A AA A

TEH30p JIENO0JIs PH3ALHH,

B orsnume or caywas ynpyroro paccesinus (peakuusi tunma 0 -
4 1/2 =0 4 1/2) TeHsop Aenmonsipu3aiui HMEeT MATb KOMMOHEHT,
OTJIHYHBIX OT HYJ/If, MOCKOJbLKY Ternepb TpeGoBaHiHs HHBapHaHTHOCTII
10 OTHOLUEHHIO K BPALIEHHSIM I OTPAMKEHHSIM HE TPHBOIAT K MPOCTOMY
yenosrio K = | K| n. CooTBeTcTBeHHO, /15 TOr0 4T0Gb! onpeaeantsb Dz,
Heo0XO0JHMO MPOBECTH MATL HE3aBHCHMBIX OMBITOB.

3ajaua eme Gojee YCJIOKHAETCS AS YIOPYroro paccesiHusi HyK-
JOH—HYKJIOH. B npefenax cnpaBeinBOCTII H30TOMHYECKOI ITHBAPHAHT-
HOCTH MATPHLY pPAcCesHHs MOMXHO pas0HTb Ha JBe YACTH

/f,lfzﬁ,]ro 1—(;1 ‘2) +M1 3‘[’(‘:1 72) ,

rie T—H30TONHYECKHE CIIHHOBLIE MATPHILBI; My u }17!1 OMUCKIBAIOT pac-
cesiHHe B COCTOAIHHAX C M30TOMHYECKHM cnuHoM T', paBHLIM HyJ O U
e[{HUIle. 3aBHCHMOCTh OT MaTpHIL &1 M G, MOMKHO MOJYYHTb, €CJH
npeactasuTh M; pasno:keHHOH 0O MOJHOI CHCTEME IIecTHAaALATH
Matpui 1; E‘m- &Qj u &1;' c?wg, a 34TeM HaJO0XKHTL TpeboBaHHA HHBA-
PHAHTHOCTH MO OTHOLUGHHIO K BPAILEHHSAM H OTPAKEHUSM:

-

M;=a;+ b, (‘}1 n) (¢, n) -+ ¢; [(&1 n) - (o, ﬂ)] -+
+ d; [(0,n) — (02 0)] + e, (6, m) (6 m) + /, (6, 1) (6, 1). (51.19)

SJIECb BBeJleHa Tpoi’ma B3aHMHO OPTOroOHa/JIbHbIX BEKTOPOB, CBSA3AHHLIX
C eIHHHYHBIMH BEKTOPAMH P H p’ B HanpaepJeHHIH HMOYJbCOB HAYaJBHOTO
H KOHEYHOTrO HYK/IOHOB B CHCTEME LeHTpa HHEPUHH CJaeIYIOILHM oﬁpaso.\lz

_ _lep] . _p—p .  pp
STeelr? M= Te=p ST 6120

Bekropst m 1 | coBmajaior (B HepeNsTIBHCTCKOM MPHOIIKEHHH) 10
HanpasIeHHIO C IMIYJIbCAMII PACCEAHHOrO HYKJIOHA Il HYK/JOHA OTJaYH
(cooTBeTCTBEHHO) B J1a6OPATOPHOII CHCTEME KOOp/1iHAT.

Ecsin Bocnosib30Batsest TOMIECTBEHHOCTBIO YACTHI{ (475 /2 — p-pac-
CefIHHA 3TO PACCYKAEHHE BEPHO TONBLKO B paMKax CHpaBelHBOCTIH
IB0TOMHYECKOH HHBAPHAHTHOCTH), TO MOMHO HOKaszaThb, uto d; = 0.
U3 o6obiiennoro npuuuuna IMayau (pacnpoctpaneHHoro Ha H3oronuye-
CKHUIl CMHH) JUIl COCTOSIHHII C ONMpPeNeeHHbIM OPGHTANBHLIM MOMEHTOM [,
MOJIHBIM CITHHOM S Il MMOJIHBIM H30TOMHYECKHM CHHOM T HMeeM
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(— D! (— DS (— 1)+ = — 1
(— D (= DS (= 1)+ = — 1.
YulTeiBask cOXpaHeHHe YeTHOCTH M H3OTOIIHYECKOro CMIHA, MosydaeM
(=1 =(=1)%".
[TockonbKy Bo3amoOMKHbIE 3HAUeHHs S PaBHLI HYJIO 1 eMHILe, T0 S” = S.
Huaue roeops, onepatop KBajgpaTa rnoaHoro CrniHa i (6, -+ 6,)? siBasieTcs

HHTErpajnoM ABIKEHHS M JIOJDKeH KOMMYTHPOBATE ¢ S-maTpuieii. B Bul-
paxenui (51.19), 3a nckaoueHnem

d; |(6,n) — (6, n)],

BCe cjaraeMble YAOBJIETBOPSAIOT 3ITOMY YCJI0BHIO, nostomy d; = 0.

Ananornyuelil yieH 451 HYKJIOH-aHTIHY KJAOHHOIO paccesHHs paBeH
HYJIO H3-332 coxpaHeHus G-ueTHocT®. Ceyenie paccesHist Hemoaspi-
30BAHHOI0 NyuyKa Ha HeNoJsApH30BAHHOH MHLUEHII 3amiicblBaeTcsl Kak
06bIYHO:

0o = — SpMAL*. (51.21)

[Tonspusauun paccesnupix uactur, P u wactmu orgauu P pas-
Hbl MeXKJy coGoil. DTo BHAHO U3 cumMerpud (51.19) no oTHOUIEHHIO
K 3amene o, 50, npu d; =0. Ecan xe d; 50 (paccesiuue pasuy-
HBIX YacTHI), TO P?:,&Pg.

Tensop nenonsipusauun

lo

Dy = — Spoy, Mo, , M+ (51.22)
o

CBfA3blBA€T KOMMNOHEHTHI MNOJISPH3ALHH Pl nyuKa, pacceHBarourerocs

Ha HeNoJisipPH30BAHHOI MHUILEHH C KOMIOHEHTAMH noJspusauun Py pac-
CesTHHOrO IyuKa:

0 1
P+ X Dix Prp
’ &
Pri=—1 ",
Bropoit TeHsop penoJspusaluil U3-3a cHMMeTpHH A 1o OTHOLICHHIO
K 3aMeHe 0, <=0, paBeH INepBoMy. Muaue roBops, TOT JKe TeH30p

D;, onpenensier u noJspusaumio 4acTvi otaaud P, mpu paccestHuu
HEroJSAPH30BAHbIX YACTHIl HA MHUIEHH ¢ noJspusauueii Py:

PY 4. Dy Py

Pr= 11w, %)

(51.23)

* Cy. kowen § 55.
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st Toro uToObl H3MEPHThL IMapaMeTpbl TeH30pa Jienoyifgpi3alii, He-
06XO0MMBI HJUI ONBITHL 10 TPOHHOMY PACCeSHHIO, HJIH OMBITHI 10 ABOIHOMY
paccesiiiiio, HO C HCMOMb30BAHHEM HOJ'IﬂpHSOBaH[{Oi'I MITLLEHH.

IMockonbry M Ternepb ONpeAenseTcs NATLIO0 KOMIIEKCHBIMII TapaMeT-
pami, To, 3a ICK/to4eHeM abcooTHOH (assl, HEOGXOAHMO ONpPeAeIuTh
JIeBATD AeHCTBHTE/NbHBIX MapaMeTpoB. DT0 03HAYaeT, UTo Al onpejene-
HISl BCEX TAapaMeTpos HeoOXOAHUMO ce/1aTh MHHHMYM JAeBsiThb MoJspH3a-
LLHOHHBIX OMBITOB /sl Kawiaoro yraa u sHeprun. OgHako (akTHYecKH
113-33 HeJIHHEHHOro XapaKkTepa ypaBHeHHIl, CBS3BIBAIOIIX IKCIEPHMEH-
TalbHO HAGMI0aeMble BeJIHYHHBL C apamMeTpaMu MatpHiol M, Tpedyer-
¢ OosibLIee UHCIO OnbiToB. PaceMoTpeHHBIX Bblil2 MOASAPH3ALLIOHHBIX
XapaKTepUCTHK YiKe HeloCTAaTOuHO, B CBSI3H C STHM BBOIAT Cilelyloline
T2H30DbI:

K, 241708[}&35}%\451#/';!*; (51.24)
Cip= 4170 SpGy; Gy, MAT; (61.25)
Py= 1(1,_0 SPﬁ"'au &2:; M (51.26)

K Ha3biBaIOT TeH30poM nepefaun monspusannn. OH onpelesser nojs-

pH3ALII0 YacTHIL OTAauH Py mpH paccestHHH MOJsSPH30BAHHOIO IyYyKa
(c monapuzauzeir P;) na Henossipi30BaHHOH MHLIEHH

Py -+ > Kig Pug
o %
Poy= TFE Py -

Baarogapst cumaetpun M 10 OTHOLUEHHIO K 3aMeHe 0,7 0, 9TOT ke
Tensop [(;, onpejeser NoAAPU3AILIIO P paccesiHHbIX YAaCTHI[ TPH
paccestHUM HEMOJAPH30BAHHOTO NVUKA Ha MOJADH30BAHHOH MIILIEHH
(noaapusauusa Py) ' :

Pj+ 3 Kk Pav
k

Pri= —omy
C i, HA3bIBAIOT TEH30DOM KOPPEeNSALHIl MOAIPHU3AILHH; OH XapaKTepHsyer
noJadapHsaliio paCCE’ﬂHHOf’i YACTHIL! 1T HACTHUBLI OTAa4dl B ONbITAX IO
paccessHHIO HENoOJfAPI30BAHHLIX UYACTHIL HA HENONAPI30BAHHLIX MH-
[IeHAX.

Tenzop P, BCTpeyaercd MpH PaccMOTPEHHII PACCESHIS I10Js8pH30-
BaAHHBIX HACTHIL HA MOJAADISOBAHHLIX MHUIEHAX. 3anucas MaTpIILy MmnoT-
HOCTIl HAYaJLHOTo COCTOSAHHA AJA 3TOTO caydast B BHIE

?‘ — i_ [f? -+ (&1 Pl)] [‘; -+ (&2 Pa)]’
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HETpyAHO No o0LI UM NnpaByjaM IOJYYHTE CEYEHHE pacCesaHH:A

i = 0o L+ (B,P) +(PP) + 3 Py Py Pay),

rne

l A A
Pih = ‘4?“ SPJMUIS Gzh ﬂff-‘—.

Tensop P;, He sABJSETCS CAMOCTOSITE/IbHON XapakTepucThkoit. Herpya-
HO TNOKAa3aTh, YTO OH MpPAaKTHYECKH COBMHajaeT C TEH30POM KOppesis-
wii noaspusauui C,.

Hamepenue o,, noaspusauui P, H KOMIOHEHT TeHsopoB Dy, Kj,
u C,, laer ueThipHA[AlaTh VpaBHEHHI JJs onpejeseHusi AeBATH na-
pamMeTpoB aMIVIMTYAbl. !IpH 3TOM MOJIE3HO BbIPa3HTh TeH30phl Dy,
K;, u C,, 4epes HX NPOEKLHH HA OCH, ONpejefsieMble eCTeCTBEHHbIMH
opramn (51.20). Mcxoas u3 onpeneseHuii STHX TeH30pOB, CBOIHCTB
MaTpHIL G M HHBAPHAHTHOCTM AMIJMTYJbl DPACCEesiHHSl OTHOCHTE/IBHO
BpalleHuil, oTpaxenuss H oOpalleHHs BpPeMeHH, MOMHO I10KasaTh, UTO

Dy =D, n;n,+Dyl;l, +D

Hnaa K, noayuaercst B TOYHOCTH TaKasi K€ CTPYKTypa, ecJd Yy4YecTb
CUMMETDHIO V] MO OTHOWIEHHIO K 3aMeHe O; <= Oy

Koo = Kottty + Ky L Uy + Ky mymy, + Koy (my L, — 1, my,).

B pesyabTate 3T0i e cumMMmeTpHu Tensophl Cy, m Py, cniMMeTpuyHbl
TIO HHJAEKCaM i H k:

Ca=C
HipHyeM

nn mm M My - DmI (ml lk - Ii m.‘l)‘

an 16 My Copgy iy iy, + Cpy iy 4= Copy (1 1y myly),

Pnn = cnn; Pmm = Cmm; PII = CII; Pmi = '_'Cmi'

BoipazieHHble depe3 3TH MapameTpbl yHIOMSHYTble 4YeThIPHAUATD
VpaBHEHHI! HMMeIOT BHI:

Go=|alP+[bF+2|cP+|ef+ [
0, P =2Rec* (a4 b);
0Dy =lalP+|bF+2|cP—|ef—|F[5
G Dy=|alP—[b[P—|e[*+|f[%
O Dy =@ — O+ |ef —|F[%
0D, = 2Imc* (a — b);
0,C,; = 2Imc* (e —f);

L 6,C,, = Reab® + cp —Reef*
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1
":__TGOCH = Re af*— Re be*;

1
a9 Gy Cmm = Reae” — Re bf*;

0o Ky =2Imc* (e + f);

3 00 Ko = Reab’ + [t + Reef;

—é— 0, K; = Re af* 4~ Re be*;

1 ;
~ 00 Ky = Re ae* -+ Re bf".

Ilonyunte 3TH ypaBHEHHS [PELOCTABIISAEM YHTATE/IIO B KAYECTBE ynpax-
HEHHA.

IlpuBenennbie B 3ToM naparpade GopmyJabl GbullH HAHZEHBl I OG-
CyMAaIUCh MHOTHMI aBTopamu. [loBosibHO nodHasi GuGaiorpadus u
o6Cy2KAeH e MONAPHSALHOHHBIX H3MEpeHHl /s peakIHil ¢ yacTHuamil
cnuHa 1/2 cozepxarcs B o63ope [32].

Kak YK€ OTMEYa/oCh BhIllIe, YACTHBIM CJy4aeM BTOPHYHOH peakIiiiH,
B KOTOPOH OOHAPYKHBAETCS NOJAPH3AIHS, BO3HHKAIOWASA B EPBHYHOI
peaxilui, fBJAsAETCA pacmaj 4acTHIl npoaykrtos. PaccmoTpum cayuail,
Korjla B pesyJ/ibTaTe peakuun oSpasyercs yactHua co cnutHom 1/2, pac-
Tajjaromasicst Ha Ase yactuuel co cninamu 0 1 1/2. Mbl He Gyaem npen-
fejiarath, 4TO YETHOCTL MPH pacnajge coxpausercs. Ilpimepom Takoii
If?gl{mm MOXKET CAYKNTb 00pA30BaHHE H Pacnaj, CHIEPOHOB CO CITHHOM

Pasnaras S-matpuiy, onuchbIBaoNLyI0 paciaj Mo CrUHORBIM Martpi-
uam, u TpeGys HHBAPHAHTHOCTH IO OTHOLUCHHIO K MOBOPOTAM, HAXOAHM

J"}!' =0 -I— (b&)

Mg paccMaTpHBaeM pacnaj 4aCTHIbI B €€ CHCTeME [TOKOS, H €IHHCTBeHHEbIii
HMEIOLLHHCS] B HALICM PACMIOPAKEHHH BEKTOP — 3T0 k — efluHIuHbIl Bex-
TOp B HaNpPABJICHHH HMNYJIbCA YaCTHLULI — MPOAYKTA Pacnaja, nosToMmy
matpuua M 3anuercs:

M=a+b(ck).

IlepBbiii ynen — CKaJAp: OH COOTBETCTBYET CJyualo, KOTja MpoH3Beje-
HHE BHYTPEHHHX YETHOCTEH YacTHI[ NPOJYKTOB PABHO BHYTpeHHeil yer-
HOCTH HeCTaOHJILHOH YaCTHILLL; BTOPOIi ujleH — TCceBAOCKalsip U COOT-
BETCTBYET CJlyyaro, KOrjla 3TH YeTHOCTH HMEIOT IPOTHBOMNOJIOXKHLLI 3HAK.
Hanunune o6oux uneron COOTBETCTBYET HapyUIEHHIO 3aKOHA COXPaHEH s
YeTHOCTH. B3sB st MATPHLb IVIOTHOCTH HECTAOMBHON YaCTHIBI 00bIY-
HOe BhIpaXKeHie
1 a
p = E [l +P(G n)ls
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vae Pn — noaspiizawis HecTabHIbHBIX YacTHIL, N — eAHHHYHbLIT BeK-
TOp, 3ajaloiliil HOpMaIb K MJIOCKOCTH peakxiiii, HaXo[lM BepoATHOCTD
pacnaja
, AA A ) o 2 Re ab* |
W =Sphin i+ =[|a+] b[-][I g 2REBF  piy k)J .
[al*+|bF

Ortciofa BIAHO, YTO BEPOSITHOCTb PACIajla 3aBHCHT OT BeJH4uHbl (N, k) =
= cos 0 ToabKO B TOM cjyuyae, KOrjJia UeTHOCTb He coxpaHsietcs. Ecan
napamerp (2Reab®)/(|a® --| b |*) u3Becten, To H3 yIJ0BOro pacnpesene-
HUs pacnaja MOXKHO ONpejesHTb NOJIsAPH3aLII0 HecTabH/IbHbIX yacTi P.

§ 52. PEAKUUH C YYACTHEM OPHEHTHPOBAHHBIX YACTHL,
UMEKIHX TTPOH3BOJILHOE 3HAYEHHE CIIHHA

KnnemaTika peakunii ¢ ygacTHeM 4acTHI[, HMEIOMHX MPOH3BOJILHOE
3HAYEHHE CITIHA, COCTOHT 113 TeX JKe OCHOBHBIX 3/EMEHTOB, KOTOpbIe
OBIIT HCITOIL30BaHLI B mpebayiiem naparpade. Oguako pasioxedHe
S-MaTpHIBL 1T MATPHILLI MJAOTHOCTH 110 CIIHHOBBIM MaTpHIlaM B oOlLEM
cayuae He fipAseTcs aQheKTHBHLIM. B cBA3M ¢ 9THM npijieTcsa o0paTuThes
K annapary Koa(pdIuieHToB BeKTOPHOTO CI0KEHHA I PHMEHHTH TEOPHIO
npeoGpasoBaHiil iipaka. B atom naparpade cyiuecTBeHHO IICMONb30-
Banbi padotsl [23].

CorlacHO 113710KEHHOMY BbIlIe, MATPHIA INVIOTHOCTH KOHEYHOro
COCTOSIHHS CBA3aHA C MaTpILleil IJIOTHOCTH HayaJbHOrO COCTOAHNS COOT-
HOIIeHHeM

b= (.2.1)2 Ry, RT. (52.1)
Pi
Jlns Toro uToGul 3PGEKTHBHO BOCMOAL30BATLCS 3aKOHAMII COXPaHeHHd,
B § 44—47 ricnosb30BaHbl NpeACTaBIeH s MOJHOTo MoMeHTa J, ero npo-
ek M, opGriTaJsHOTO MOMEHTa [ Il cyMMapHOro cniHa s. B atom npes-
CTaBJIEHHIT paBeHCTBO (52.1) mpumer BHA

g . 9- 42 i ’ ' e
(splpd’ M [;,-_f[s,zfj_.»vf):(T) S it | R (B) | sl )

X (sil: I M |p;18:1; IM) (s, L 0| RY(E)| 5, L;0)" (52.2)

OjiHaKo NOAL30BATLCA MATPIIE MJIOTHOCTH B 3TOM MPEICTABJIEHHIT He-
y10GHO, HOO B Hallly 3ajauy BXOMIT NOJYYEHIIe CeYeH i i Noaspusaiii.
Ham Hy»XHBI MaTpHLBI MJOTHOCTII BHAA

iy iy jame | op(ng) [ [y my Jy m,)
HJH  COOTBETCTBYIOUIHE MM CTaTHCTHYecKHe TeHsopnl 777" (n),
CBf3aHHBIE ¢ MaTpHilell NJOTHOCTH COOTHOLICHHEM

1
@i+ D2 @+ 1)/

(jl my g inz| os(ny) Vims i m,) =

+1tis

* {—1)—'{‘_;2-!”}]1 (h ity fl — Yy | 5 ""1) X
10B 3ak. 1924 2



x (jama jy — ms| qyv,) T79%" (n). (52.3)

Xapal(TepHCTHi{H CITHHOBOI'O COCTOSIHHS TIPOCTO BbIpazkaloTcs uepes
CTATHCTHYECKHEC TEH30PEkI. Cpe,rn{ee 3HaueHHUe TMPOH3BOJBHOrO onepa-

Topa A7, 3aBucsulero, HampuMmep, OT CNHHA YACTHUE! ], HMeeT BHJ

10— (i a9y i) T @) .
A = (IILA “]1] ’I'UUUU (n) ] (524)

rae (j,| A?|j,) — npusenennsiii Marpuunbii smement. Ceuenue Ipo-
Lecca, KOrja B KOHEUHOM COCTOSHHHM TOJISIPH3ALHH HE H3MepsioTcs,

npornopuloHaasto 790 (n),
Taxkum 06pasoM, Haula 3ajaya CBOJMTCA K HAXOXKIEHHIO CBS3H

MAaTpHIbl MJOTHOCTH, 3aJaHHOH B NpelCcTaBJeHHH slJ, co cTaTHCTH-
YeCKHMHU TEH30paMH. DTO, OYEBH/IHO, JOCTHTAETCs BbIMOJIHEHHEM T[10-
caeioBaTeNbHLIX npeoGpasopauuil Jlupaka:

T () = — (21 1) 2l + DI D (— 1y

X (h my jy — m; |9, "1) (famy fo— My | G2 V) (fy my jy ] 5; m) X
x (np| ) (spm £ " | I M) (15" M| o] splp IM) (JM | 55 milg ) <
X (| ng) (spmljymy [y my); © (52.5)

3/1eCh £ 03HAYaeT CyMMHPOBAHHE 110 ABAZKAbl BCTPEYAIOLLIMCS HHAEKCAM.
Mcnonb3ys Aasi TNPOISBEAEHHS IIAPOBBIX TapMOHHK (M| l}u’)(fflu [ny),
(dopmyay (44.5) W NpHUMEHAS TEXHHKY CYMMHPOBaHHS KO3(DQHIIEHTOB
BEKTOPHOTO CJIOXKeHH s, hopmyary (52.5) MOXKHO CyIECTBEHHO YIPOCTHTE.
[Tpexje yeM NPHUBECTH OKOHYATeNLHBIH pesysabTaT, 06paTHM BHIIMaHIe
HAa TO, 4TO NoKa He GLiIH (PHKCHPOBAaHbI HATIPaBJAeH s OCell KBAHTOBAH IS .
B pasHbiX 3ajauax MoJiesHbl pasHble cnoco0bl BeIGOpa OCH KBAHTOBAHUSA.
Huorjaa 3T0 — HanpasJeHHe OCH MepPBHYHOTO IyYyKa, HHOTJa HOpPMalb
K IJIOCKOCTH peakLiHu, Ho HauboJjiee 1eJecoo0pasHbiM OKasblBaeTes Mpo-
eKTHPOBAHNE CITHHOB YaCTHLL Ha HX HMITYJILCHI (3TO COOTBETCTBYET BbIGOPY
HeCKOJIbKHX oceil KBautoBanus). ITocaennuil coayuali onicatd B ciaenyio-
mem naparpade.

Paccmorpum npeoGpasoBaHne NoBopoTa AJ1s CTaATHCTHUECKOTO TeH30-
pa (52.5), nepeBojsuiee ero 13 3alaHHOi cHCTeMbl KOOP/HHAT B CHCTEMY,
rie 3a ochb z (0Chb KBAHTOBAHMA) NMPHHSATO HalpaBjeHie HMIVJbca 4d-
cruubl / (B HaleMm cayyae 3To ny):

Tﬂ'l'-il‘?g'-? (“f) — 2 th:"l (— n, f}l' T— (P].) b4

>< Df:"a ( — F}y_'l'.! f— (PI) T‘i’l"lqz"ﬂ (nf)’ (52‘6)

rae m — ¢, 9, —a — 3iiepoBbl YLl MoBOpoTa (0603HAUHM ero o),
Takoro, 4To6bl OCb z COBMaJa C ff, @ OCb Y CTaja MepreHAHKYJApHOil
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CTApOMY HaNpaBJ/IEHHIO OCH Z H M, MPHYEM IMOBOPOT, OOpaTHLIT ® =
= {—mn, ¥, @ — ¢}, s3anucuiBaercs Kak o' == {¢;, ¥;, 0}. Ormernm,
4TO chepHUeCKHE YT/l OTCYHTHIBAIOTCS IMO-MPEKHEMY OT CTaphiX Oceil
XYz, BBOLUTCSA TONBKO HOBAS OChb KBAHTOBAHMS L5 CMITHOBLIX HHACKCOB.

[IpuBesieM OKOHYATENBHBII PE3YJABTAT AJIsl CTATHCTHYECKOTO TEH30pa
B ciyyae Bbifopa ocl KBaHTOBAHHA BAOML Nj:

1717 a7 \ . : o
TOI = = @i+ 1) @1+ D1 Dk (— =, &y, 1—ay) X

X (g7 g1 T G T) (— 1T (— )M UK ) M T —M) x
X (24, + 1) Qa2+ D' X (141 i35 874553 fo g fn) ¥
X G2 (I sy g Jlpsg) (spli I M e isplp IM). (52.7)
Cymma Gepetcst mo s, sj, If, Ity q, 1, J, I uno M, M u K.

Koapduunent G- onpegenseTcst cjaepyiounz o6pasom:
G- (I tysp; Aqs Jlpsp) = [(21; +1) @4+ 1) (257 + 1) (257 +1)] /2
X (207 4 1) (2 + 1) (29 1) (2] + D]'/* "= 3 (1;01,0] 0) x

X (gt —1{r0) X (J 'l sj; Irq; J1ssy).

Ceoiicrsa Ko3puientos G- It BHITEKAIOUHE 13 STIX CBOIHCTB NpaBH-
Na orbopa HanoXeHbl B padore [25].

Ilpoussenenne D-ynKiiil u 1wapoBoil rapMOHUKI TPH TIONYYEHITH
GopmyJist (52.7) GbIO yNpoLIEHO ¢ MOMOLLbIO hopmy. (49.16) 11 (49.19).

AHaJIOrHyHoO noJyuaiorest Boipakenus (s; I; J M’ || 8,1, JV) uepes
T (ng) nan 77719071 (ny). CootBetcTBylomne (YHKUMI MTpe-
OOpasoBanusi SIBASIOTCS OOPATHBIMH [0 OTHOUIGHHIO K (DYHKIHAM
11peo6pasoBaHust, OCYULECTBAAOUIMM Mepexo] (52.7), u noayuaoTcs U3
NOCJEAHUX KOMIJIEKCHBIM COMPsIKeHHEM. (31eCh Mbl OTBJICKAaeMCH OT
OYEBHIHOH 3aMenbl 06o3nauenuit j,—-j j,—j,, n 1. n.)

OobeaiHIB 3TH ABa Mpeo0pasoBaHis, Jerko noJyudiTb 0KOHYATE b-
Hble (POPMYJIBI, CBS3BIBAIOUIHE CTATHCTIYECKHE TEH30Pbl HAYATBLHOTO
Il KOHEYHOTO COCTOSHMIl. Mbl HX 3/leCh HE BBITHCHLIBAEM, TaK KaK OHH
OYCHb TPOMO3LKH.

Ecan cnnnosoe cocroanne yactui I 11 11 nosnoctsio Henonspusosaso
i obJajiaeT oceBolt cHMMeTpHeil

T =T1%i%g, §.
10 1109

TO OT CYyMMbI 10 T B MpeoSpasosauiil, o6partiom (52.7), ocTaercsi TONLKO
OJIHH WJIeH

DI:D (—n, 0, n—@)= PI_Q (cos 0)
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U CTATHCTHYECKHE TeH30psl KOHEYHOro COCTOsIHUS He OyAyT 3aBHCETb OT
. DTo BIIONHE CTECTBEHHBIil PE3yJbTaT, TaK KaK B 3TOM Caydac or
BEIGOpa ocH y (H3HNUYECKI] HHYErO He MOKET 3aBHCETD.

CoBepLIeHHO aHATOTHUHO Toyyaercs oouas popmy.a s peax-
wiii pacnaja Tina a — ¢ + d:

T () = (@i + 1) @i+ DI s+ DT x

\ mtls i e 1je .
X 2= T 9T gaT) 129, + 1) (29, + 1) b
s X (i,q,0,; 510 503 iqquiq) G (slisi; qq’; slass) X
w (s, 1 & | RS |ay) (52 la o' | R® | @p)” Dy (— 1, B, 0 — @) T (00, G)-

Cymma Oepetcs 10 q', T, 81, S2, L. L2, G, W5 79 — craTHcTHYE-
cKdHe TeH30pbl YacTHIbl @, S— €e CIHIL

B cayuae TOMAECTBEHHOCTH HACTHI I ull unm /1
[JOTHOCTH JOJKHNA VIOBJETBOPSATH YCJOBHIO

i 2 marpuua

27 je
@15 b iy, m) = (— )% (12| — pr 2y ),
T. €. A0.1zK1a npu ﬂ@pECTaI-IOBKe MeHfIThL 3HaK J1Ji HOJI}“U.@-”[J[X CITHHOB
H He MeHAThLCS IJs neJblx CIHHOB YaCTHIL.

CHMMETI]HSOBHHH&H o TnpasbiM WHIEKCcaN MaTpuua MJAOTHOCTH

HMeeT BHL
Eloip, mymy) = 'ﬁ “EI lp| Py My ma) +(— 1)23‘@ lol—ps m-zml)] =
N L @ 1o tusm) |14 (=D)L (p | Op) (sm | fimy jms),
- Y2

OTKV1a BHJOHO, UTO YHET TOKJI€CTBEIHOCTH yacTHLL CBOIWTCH K yMHO-
JKEeHWI0 MoJI 3HAKOM CYMMbI MAaTpHILbI MJOTHOCTH HA MHOXKHTEb

. s
L e ) 14 '

OTMeTHM, YTO y/auHblil BLIGOP OCH KBAHTOBAHIs B cJyyae MoJHOCTDIO
HenoJIAPIi30BAHHOTO HAYaJbHOIO COCTOAHMSA CHJILHO YMEHbILAeT 4ICiI0
CTATICTIUECKIIX TeH30POB KOHEYHOTrO COCTOSHHSL. QcoBeHHO MOJE3HbBIM
ObiBaeT BeIBOP OCH KBAHTOBAHNS BAOJIb HAMpaBJieHHs HOpMAXH X T.I0-
cKOCTil peaxiuli. Mcxona ns 3aKona COXpaHeHIs YETHOCTI, HETPYAHO
NOKAa3aTh, 4TO

“T‘i}'l_‘-xuo (ﬂ] — (__ 1)‘11‘5"'—: ’}'Qi'-xﬂo (l'l)

oTBO cTaTHCTHUECKHX TeH30poB (50.16), TO MOXKHO
qae HEmoJspH30BAHHOTO HAYajibHOTO COCTOAHIA
HEUETHBLIMIL H1CTO MHIIMDI.

Ecai eile yyecTh CBOH
3aKJI0UNTh, YTO B CI1Y
pee T ¢ 4eTHBLIMH ¢y A€HCTBHTEJBHEL, & C
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§ 53. MPEACTABJIEHHE CNHPAJIbHOCTH.
PENATUBHUCTCKASS KHHEMATHKA

Kax ormeuasnoch Bullle, YAauHblil BLIOOP OCH KBAaHTOBAHHS MOMKET
O4YeHb CHJBHO YNPOCTHTH IPOMO3JKHE KHHEMAaTHYeCKHEe COOTHOLIEHHS.
[JIaBHBIM HCTOYHHKOM IPOMO3KOCTH 3THX BBIPAMEHHH, KaK Mbl BHASNH,
ABJISIOTCS MHOTOUMC/IEHHbIe peoGpasoBanus. Beelenne aTix npeodpa-
30BaHHi JHKTOBAJOCH HEOGXOAUMOCTBIO MEPeBONTh S-MATPHIY H3 TOTO
NpeACTaB/IeH s, I/Ie 3aKOHbI COX PAHEHHST ee IHaroHany3yioT B MPecTaB-
JleHHe, COOTBeTCTByIouLee onbiTy. Ilpi paccMOTpeHHH peakuuii ¢ y4a-
CTHEM 4YacTHLL chnuHa 1/2 umeloTcss NmpHMephl TaKoil nmapaMerpHsalHu
S-MaTpHilbl, KOT/a 3aKOH COXPaHeHHs MOMEHTA MOJHOCTLIO YUTeH Tpe-
GoBaHHEM HHBAPHAHTHOCTH [0 OTHOLIGHHIO K MOBOPOTaM, XOTH SIBHO
KBaHTOBBIE UHCJA MOMEHTA B KHMHeMaTHUeCKHe COOTHOLIEHHS He BXOAAT.
ToT cnoco6 NapaMmeTpH3aLiH MO3BOJNSET 00XOANTBCH Ge3 rPOMO3AKHX
pasyioxKenHil THNA H3J0XKEHHLIX B NPebAYLILeM naparpadge. On#axo oH
3¢(peKTHBEH TOJNBKO AJIS PACCMOTPEHHS HHBLIIX CIHHOB. Kpome Toro,
HHOTAA KeJaTeqbHO, YToOb B KHHEMATHUYECKIX COOTHOLUEHIAX sIBHO
MPHCYTCTBOBAJH KBAHTOBBIE UIHC/IA TTOJIHOIO MOMEHTA.

B cBsizi cO CKa3aHHbIM GoJiblloe 3HayeHHe 1mMesio Obl MOCTpoeHHe
TaKOTro NpeACTaB/IeHHs S-MaTPHILLI, KOTAA HAPSAAY C IPOCKILHSMII CMTIHOB
YacTHIL B 4HCJE HHJAEKCOB NpeicTaBiieHHs Obuiil Obl KBaHTOBbie 4iiC/a
[10JIHOTO MOMEHTA 11 €ro MpoeKInii. ITo 1o3BOMNIO0 Obl MOAYYHTH CIEACT-
BHf 3aKOHA COXPAHEHHS MOMEHTA /ISl MOJSIPH3ALHOHHBIX SIBICHHI, He
MpojeNbBas IPOMO3JAKHX NpeoGpasoBannii. Takoe mpeicraBjcHie Cy-
[IeCTBYeT, H OCHOBAHO OHO HA crelupuyeckom Bhibope oceil KBAHTOBA-
Hus. CniHOBOE COCTOsIHIE YACTHLLL B 9TOM IPEACTABJCHHH XapaKTepll-
3yercsl MpoeKIliei CrnHa YacTHIEl Ha ee HMIYJbC. CooTBeTc TBY0L1ee
KBAaHTOBOE UHMCIO0 A HasbiBaercsi cripanbHocTeio (helicity). IIpoekuns
CIHHA HA HMIYJbC, OYEBHJHO, HE N3MEHAETCs MpH MOBOPOTAX. Muaue

JAHHAMIUECKast TepeMeHHas A KOMMYyTHPYET C O[epaTopoM MOJHOTO
MOMEHTa, 1 OHH MOTYT ObITb OAHOBPEMEHHO MPHBEIEHb K AHATOHANbHOMY
Buay. Hanpumep, S-matpuiy GuHAapHO# peakiii MOKHO 3amHCTh B BIAS

(E'J' M M Ay | S|EJMMAy) =8 (E—E")8;0 4 8yt %
X (A Ao | ST (E) | My Ay); (53.1)

3/leCh A; — MPOEKILIS CIIIHA i-if YACTHILLI HA €C HMIYJLC.

HexoTopoe Hey00CTBO, 3aKJIOUAIOIIECECs B TOM, YTO BCE MONEHTHI
CNPOCKTHPOBAHbI Ha Pa3Hble OCH, OKYNaeTCs OYeHb CYILeCTBEHHbIM YTPO-
wenneM annapara. Ilpeacrasienie cnupanbHocTell ofnajgaer I eule ofl-
HHM Ype3BhIYaiiHO LleHHbIM A0CTOMHCTBOM. McnonbsoBanie sTore mpea-
CTABJEHIISI TIO3BOJISIET H30eKaTh pasjiefleHuss MOMEeHTa Ha OpOHTANbHYI0
1 crHHOBYIO yacTH. Takoe pasfieJeHHe Bbi3bIBAET OCJAOXKHEHHS B peds-
THBHCTCKOM cjlydae. BeauuiiHa . onpefiefieisieTcss Kak MpoeKuis [noJi-
HOTO MOMEHTA YaCTHIL! HAa HanpaBleHue ee ABHxKeHns. B npeacrasienii
cripanbHocTeil pelaTHBHCTCKOe 0600MWenHe KOppPeasaiHOHHbIX GopMy.1
HOCHT TPHBHANbHLIT XxapakTep. Bosee Toro, nockoabKy A HMEET CMbica
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H 1A YacTIILL ¢ Maccoil, paBHOIl HYJ1I0, TO STOT BayKHbIil 4acTHLIH cayyai
npakTuyecki He norpeSyeT ocoforo paccMOTpeHHS.

Takum oOpaszom, ICIONb30BAlHE MpeACcTaBleHHA CIHpalbHOCTell
SABJSETCS He TMPOCTO HEKOTOPBIM YJ0OHBIM IPHEMOM, C MOMOMILIO KOTO-
poro MOXKHO IOJAYYHITL TE€ ¥Ke CJEeACTBHA, UTO OblH MOJIYUEHbl BhILIE.
DTo npejcTaB/eHIIe JErKo JonyckaeT TaKkiie o5o01leHd, KOTOpble TPYAHO
cjlenaTh B ctapoM dopMann3Me H KOTOpble O4eHb aKTyalbHbl B QusnKe
ajeMeHTapHeIX vacTiu. BoJbluie AocTonHeTBa 3TOrO MPeACTaBJAEHHA
H3YUCHBl I MOAYEPKHYTHl B padorax [33—36]. OHo Hauwuo mupoxue
TpHMEHEHHs TpH OOCYIKACHHH 3KCMEpIMEeHTaNbHLIX JAHHBIX H B UHCTO
TeopeTidecKuX padorax. 3ajava MOCTPOEHIsT KHHeMATHKH peakLHi
B 3TOM NpeJCTaBJeHHH GYJeT cBefleHa K TOMY, YTO yiKe ObLIO paccMoT-
peHo Boillie, ecan HaM OYAyT H3BEeCTHbI (YHKIH npeobpasoBaHid

(nd’ jmAY;  (nhyhe| JMA ALY u T, m. (53.2)

C nomoutbio 3THX npeodpasoBanuii Ha ocHose (53.1) moayunm S-matpuiLy
B IpeICTaB/eHINI, COOTBETCTBYIOLUIEM OINBITY, MAaTPHILY IJIOTHOCTH H
CTaTICTIYecKHe TeH30psl. PyHKIHT npeoﬁpasosamm (53.2) umetor BHA

<00’ jmry = | 2E2]"" 6 DJ. (0, 0, 0); (63.3)

O, @; A Al JMAL Ag) = [MJ”EQ 8. Dl (@, 8,0), (53.4)
171

a’.2 J.2

rie A = Ak — ky, 0, ¢ — cepuueckue yrisl HMOYJbca YaCTHUbL /.
Orit QYHKUHN  SIBASIIOTCA OCHOBOIH 1 KMHEMATHYeCKIX pacyeroB
B IpeACTaBJEeHHIl CilipajbHocTell.

[Tpoucxox aenne ¢opmynsr (53.3) moHATL AOBONBHO NpocTo. Mpl
ornpefenian D-yHKIIN, KaK MATPHUHBIE 2J1eMeHTHl YHITAPHOTO onepa-
TOpa, OCYILEeCTR/SIOULEro npeobpaszoBanuce mosopora (cm. § 49):

Wi = 23 Dlin (2B) ¥ jio (53.5)

rage ¥ — coGcTeenHble BOJHOELIE (DYHKUHH onepaTopoB J2 u J.. Ouu
OMUCHIBAIOT ABUXKeHHE B cucTeMe kKoopawnar &ng, a ¥, — cobGersen-
uble (yHKuuH onepatopoB J? u J,. OHH ONHCBLIBAIOT JIBHIKEHHE
B CHCTEME KOOpJMHAT XYZ.

[Tpu GeckoHeuno MasoM TNOBOPOTE CHUCTeMbl ocell EmE BoamoBast
¢yrkuns ¥;,, ouernano, He Mensiercs. HMcenoabsys 3To ycJoBue H
onpe/iesienue J: Kak onepartopa GeCKOHEYHO MaJloTO NMOBOPOTA BOKDPYT
ocu L, us paeenctna (53.5) HETPYJHO IIOJIYYHTb

I D5 (aBy) ¥ = J: ¥y =AY, =1 XD ¥
mn .‘H

Jjm jm

Han

J Dm ‘__ZD:’:J'
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AHanoOTHYHO H3 onpefiesieHlis J, Kak oneparopa GeCKOHEUHO MaJjoro
NMOBOPOTA BOKPVT OCH Z HailjeMm

3
J Dnu = .’?ID{::}.-

Taxum oGpasom, DJ. — co6eTBeHHble BOJNHOBBIE (BYHKIHI COCTOSTHHS,
3a/laBaeMOro KBaHTOBLIMH yHCaAaMi jimh B npeacrasaenun afy®. Muaue
roBopsi, OHII sIBAAIOTCA QyHKuusMi npeoGpasosanus {afy|jmh).
OanaKo wac HHTepecyeT mpeo0pas3oBaHiie He 113 npejcTaBjeHus ofy,
a us npeacrasuenus afl’, rae A — npoexi s MOMEHTA Ha MOJABHIKHYIO
och. Mz onpegenenns D-dgyuxuuil (em. § 49) cpasy naxoium

(aBh’ | jmhy = [ (' |y dy (aPy] jmhy = NDj (2, B, 0) 8. (53.6)

npiyem «ff — Hanpasssiouiie yrisl ocH §, NpoeKuHs MOMeHTa Ha Ko-
TOpyIo paBHa A; N — HopMmupoBKa. Popmyay (53.4) monyunTs Ha OCHOBE
BbIBOAA (PopMy/Ibl (63.6) HEC/0MKHO, eC/IH BCIOMHHUTDL ONpejeseHHe CIlli-
pPanbHOCTH KAK MPOEKIHII MOJHOTO MOMEHTa YaCTHIEI Ha ee HMIYJbC 1
TO OGCTOSITENBCTBO, UTO BOJHOBYIO (DYHKILHIO CHCTEMbI H3 JBYX YacTHIL
OMHChIBaeM B CliCTeMe LeHTPa HHEepILHH, TJe HMIYJabchl yactuly, / u 2
POTHBOMOMONKHBL.

HMcnoawsys dpyuxunun npeobpasoBanus (53.4), nerko Haiijem Bolpake-
Hite A5 auddepeniiiranbHOro cedeH s B NpeAcTaBIeHHIl CllpalbHOCTeH:

do 1 2m\2
T EINE I () 2 3, | (Bahy s | R |00 Ay P (58.7)

1-’2

ML
rie c'}? = S—f;
0, @, Wy Ay | S|00A, Ay = 240, @, Ay Ay | JMA; ho) X
JM
X {IMAL Ag | S| M A A > {d" M Ay Ay | 004, Appd =
I =0 3
_R?_‘ (27 4 1y s ST 1Ry N> DL (150, 0) (53.8)

A=Ak —Ap; p=23A—A7\,.

[loncrasasisi Beipazkenue (53.8) B dopmyay (53.7) H HCOOAB3Ys
BbIPpaXKeHne Aas npousBejeHust D-pyHKuui

iy diny = B (I’ — ' [l — ) X

LI — NP — R =1 e i (53.9)

» B Kypcax KBAHTOBOH MeXaHuKH MoKa3blBaeTcsi, YTO 3TH QJ)’HKLUU{ OMNHChI-
BAOT ABHMEHHEe CHMMETPHUYHOIO BOJIYEA.
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Haliflem ceyeniie GUHAPHOIL peakuin AJs cjiydasi, KOra B Ha4a/lbHOM H
KOHCUHOM COCTOSIHHSAX YaCTHILbl HEMOJsipH30BaHbL:

N U D ()X
llnlg-l{.lll‘!J'
X(l,12|RJ]7&[?\.11>*<?\.17\2[RJ'|7LlMI).X
X NI — | 10) (INT T — 2" [ 10y P, (cos B).  (53.10)

{

ds 1 1
de @+ D&+ P

Crodib e Jerko noayyatorcest GopMyJibl st CTaTICTHYECKHX TEH30DOB
i MaTpuu miotHocTn. Hanpumep, martpuia maIoTHOCTH /s YacTIILbI 1
1MeeT BHI

vy /] = 1 l : i Mk N 1_\[ e

Milehy= @i+ 1) @it (P) = o ]J;:(‘J_!— 2) "

)i @ A+ DI X e Ry h ) (ke [ R A" x
*rhrte

X (IA 10| I/ A (Ipdhy =Dy | R —A)Y, o (0, ). (53.11)
e

Cpasuusast dopmyasl (53.8) u (53.10) cooTBercTBEHHO € (POPMYJIaMIL
(44.3) 1 (44.7), MOXKHO OILEHUTb, HACKOJbKO NpPEICTaB/ICHHE CIHPAb-
HoCTeil yrpollaer BulpaxeHue s ceuenuii u amnauryi. B dopmyae
(53.8) He coiepKHUTCA HH OAHOrO KO3(dUIIIEHTa BEKTOPHOTO C/OKEHIIS.
Camoe CYLIECTBEHHOE YMpOULeHHE 3aK/II0YaeTcsl B PE3KOM COKpauleHii
yyc/ia CyMMHPOBAHHIT TIPH MEPeXoje K IMPeACTaB/ICHINO CrilpanbHOCTENl.
Tak, B gopmyJe (53.8) cymmupoBaHue HJET TOALKO MO OAHOMY HHACKCY,
a B popmyae (44.3) — 1o nATH.

CJIBHO YTIPOLLEHO BolpaXKeHne s cedennit (33.10) i1 MaTpiibl 1107
nocrn. Ecan B Buipaxenusi (44.6) 1 (52.7) xomumin  KO3(POHIIEHTDI,
siBatstouecs: (QYHKILUSIMI MHOTHX TTEPEMEHHBIX Il TPYAHO MOAAAIOULIICCA
raGyJupoBaniio, To B opmydst (53.10) 1 (53.11) BXOAAT TONBKO KO3H-
ILHeHTbl BEKTOPHOTO CJI0KEH . DT0 pasiiuie, 0YeBlIHO, CBA3AHO C TeM,
YTO OTJIMYAIOTCA Mapamerpusauuu S-marpuisl. Muaue rosops, mo-pas-
HOMY OINpe/e/ieHbl MapaMerpsl, 3HayeHisl KOTOPBLIX XapaKTepHsyloTes
AnHamuKoil npouecca. Ecii cTaputes ToJbKO 3a7ada BbIACICHHSA KIIHe-
MATHYECKIIX OCOGEHHOCTeil peakiiilif, TO MpeicTaBieHne CnupatbHOCTeil
oKaspiBaeTcd HeoObyaiHo YAoOHbIM. OIHAKO B HEKOTOPBIX CJAyudsx
JKeaaTebHO Bbie/eHIe AHHAMHYECKIIX NapaMerpoB B HPeACTaBJIcHIII,
rae GuKCHpOBaH OpONTAIbHBIH MOMEHT OTHOCHTCJALHOTO ABHXKEHIIA Ha-
CTHIL. B 3THX caydasix NpHXOAHTCS MOJbL30BATHCS GoJiee TPOMO3AKIIMIL
opmysiamu mpeAbiAyLHX naparpagos. MoxkHO, 0AHAKO, I B STHX CJY-
yasx NPHMEHsTb NPEACTaBIeHHEe CIHpaibHOCTell, IMes B BHAY CBsi3b
napamMeTpoB, OCYUIECTBJIAEMYIO C TIOMOLLbIO (DyHKIIHH nipeoGpasoBamnis
(JUs| IMAsg):

(M Ay | R

M dy) =
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= 3 (MM JE SV U R [sLy (I [ Ay Ay

Isl’s’

Herpyaxo nokasats, 4To 3T QyHKUNH MpeoGpa3oBaHHsa HMEIOT Bl

| 21 1y 1/2 ; 5 _
(Jls | Thg Aoy = (23—:1) CIM|I0SAY (sh |y Mlia—Dg).  (63.12)
IIpeacrasnelne cnupanabHocTeid o0Jafaer TaKKe TeM MPeHMyLIeCTBOM,
4TO OHO MO3BOJISET 3amucaTh S-MaTpUIy B HHBapHAHTHOM Bufe. Kak
yIKe OTMEeYanoch Bblllle, S-MaTPHULla sIBJISIETCS IIHBAPHAHTOM, OHA KOMMY-
THDYET C onepaTopami npeoGpasoBaHuil cucreM KoopaiHat. OfHako
COCTOSIHHS 4acTHI| 3aai0TCAd C MOMOULbIO HEHHBAPHAHTHBIX BEJHYIH —
BEKTOPOB HMIYJbca P, MPOEKILHI CMHHA M HA OCb z. B cBA3M ¢ aTuM
MaTpHUHBIE JEMEHTh S-MaTPHIb! MPH 1peodpasoBaHiiil CHCTEM KOOPAH-
HAT MpeoGpasyloTcst CAOMKHbIM oGpasoM. [last cayyast peakuui Mexay
yacTHiami co crntom 1/2 B § 51 Oblia nocTpoeHa S-MaTplilla, KoTopas
SIBHO MHBApHAHTHA 10 OTHOLIEHIO K MOBOPOTaM H OTpaxeHmusiM. H ato
NPHBOAMIO K CYILECTBEHHBIM YMPOIULCHHSAM, 100 BMECTO GeCKOHeYHOH
[10C/Ie0BATeLHOCTH (Pas Mbl MMEJI HECKOJbKO CKasPHBIX (YHKIHH
yrna paccesiius 1t suepruu. Ilocaennee ocoGeHHO CYULECTBEHHO ISt
napameTpusaiii S-MaTpuilbl I A 00CYXKIACHHA MOJAPH3ALHOHHBIX
sIBJICHIE NP BBICOKIX HEpPTHAX, Die (pasoBasi mapamMeTpHsanis oKasbl-
paeTcs Hed(PMeKTHBHOII, TAK KaK HEOOXOAMUMO YUMTHIBATL O4YeHb GOJb-

oe 4uc/io ¢as.
B npeacraBaenni crnipanbHocTell S-matpuia nmeer BHA

(M A pra | Slap; by by (53.13)

E JMHCTBEHHBIMH NapamerpaMi, KOTOpble H3MEHAIOTCS MpH MOBOPOTaX,
ssasitorest p i p. Ho, nockonbKy S-Marphila HHBAPHAHTHA, MATPHYHBIE
sjeMeHTsl (53.13) MOryT 3aBHCeTh TONBKO OT HX CKaasfpPHOrO NpousBee-
HHA (MAH OT yrja paccesHis) H OT HX KBaJApaToB (1711 OT dHepruil).

HMHaue roBopsi, MATPHYHLIE JEMEHTh B IPEJCTABICHINI CHPANbLHO-
eTeil — 1ICKOMBIE HHBAPHAHTHBIE MapaMeTphl S-MaTpiubl. ITOT pesy/ib-
TAT T2KKE CaelyeT 13 BbipaweHis (53.8), B KOTOPOM CIIIHBI YaCTHIL |
u Il onpesensiores B ccTeMe KOOPAHHAT, B KOTOPOH OCb 2 Hampas/ieHa
mapanjieibHo N, a ChHHbl yacTH / 1t 2 — B clcTeMe KOOPAHHAT, B KO-
TOPOIi OCh 2z HallpaBJ/ieHa napalIeJabHo n’. Tlpiuem Hanpas/eHus Oceil ¥,
y', x 1 x' He onpejeasiores duankoii sagayu. CoBMecTHM ocH ¥ H Y
H HANPaBHM HX [0 HANpPaBACHIIO HOPMAII K MJIOCKOCTH peaKiii
k = [n, n’l/|[n, n'l. Tlocsieniee, OUEBHANO, COOTBETCTBYET yC10-
pio ¢ = (.

[Ipu Takom BbIOOpe oceil BeIpaxenue (53.8) npuneT BuJ

(0’ Ay Ay | S| Ay = 41_-}:(” 1) (g R | 87 [ Ag Ay s (8) =
= (A Ay | S(m, ') [ Ay App)s (53.14)
noo 6 = arccos [(n, n”)|. TTocko/nbKYy MHBAPHAHTHOCTL MO OTHOLIEHHIO

K TOBOpoOTaM, a CJeAoBaTelnbHO, H 3aKOH CcOXpaHeHud MOMEHTa Y Ke
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YYTeHbl IBHO, TO /15 AaJbHEHIIero yrpouweHns S-MaTpillbl (BblIeJeHH sl
HE3aBHCHMBIX I1apaMeTPOoB) HeOOXOAHMO YYecTb APYTHE 3aKOHbI COXpa-
HeHus. PaccMOTpuM HHBapHaHTHOCTH S-MATPIIBI [0 OTHOLIEHHIO K OT-
pazKeHHIO MPOCTPAHCTBA:

A oA

PSP~ = 8. (53.15)

HeiictBue onepatopa P Ha BEKTOP COCTOSIHHSA, 3aJaHHbII KBAHTOBLIMH
YHC/IaMH HMIYJbCA P H NPOEKIIIH CMIHA W Ha OCh 2, KaK [3BECTHO, HMeeT
BH]

P|ppay = n,| — puer), (53.16)

rjie o He 3aBHCHT OT p 1 AABJISIETCSI, 110 ONPEJe/eHHI0, BHYTPeHHell YeT-
HOCTBIO YaCTHLbl uH cucTembl. OTBIeKasiCh OT NMepeMeHHbIX, XapakTe-
pPU3YIOILHX BHYTpPEHHEE COCTOSIHHE 4YacTHIl, MaTpuila oneparopa yer-
HOCTH B N[L-IIPEACTABAECHHN HMEET, CJeJloBaTeqbHO, BHJ

6 (n” + n) 5,7, (53.17)
s Toro uto6bl BOCMO/Ab30BaThes BbipamenueM (53.15), Hajo HaiTi

3TOT OmepaTop B MpejcTaB/eHiu cnupansHocTeil. CBs3b mpejcTaB/ieHiis
(n, u) ¢ (n, &) Mo ompejesIEHNIO CIHPANLHOCTH JaeTcss HopMy ok

|njxy= 3D (9. 0. ¥)| nju), (53.19

rie @, 9 — yriioBble KOOpAHHATE BEKTOPA N; BEIGOP yruia | onmpenens-
erca corauenyeM. Crelyer NoAYepKHyThb, YTO ONpeJeaeHHe CHpalb-
HocTH (53.18) HeomHO3HAUHO (MTPOH3BOMBHOCTL BEIGOpA ). B HEeKOTOpHIX
padorax [35, 37] nmpunumaloT Y = —¢, a B HeKoTophix paGorax [34]
nionaraior P = 0.

[IpeoGpasys omeparop (53.17) ¢ nomowpio yHKIIT D!,{';_(rp, ?, P)
B IIHTEpECYIOllee HAC TMpeJCTaB/eH He CIHPAJbHOCTEl H HCIOJAB3YS

dopmyJry
Dl (—n)=D) (¢ +m, n—¥, n— P) =

= (=17 D@, %, )= (— 1) " Dl(m),  (53.19)
Halige M

o' | Plad)y = (— 1)+ 8, 8(n'+n). (53.20)
CoOTBETCTBEHHO pe3yJ/ibTaT NeHCTBHS OnepaTtopa YETHOCTH Ha BEKTOPbI
COCTOSIHHSI 3amHILIeTCs:

Plpray=m, - (— 1) | —p, — A, o). (53.21)
[Tpumensst 3ToT pesyJsbTaT K Bbipaxenuio (53.15), nogayuaem

(hps by &' | S(E, %) | @, Dy Ay = 1, (— 1))'1_}’_}‘1’”‘“ X
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X (—hy —Ag, &’ | S(E, £) j&z, — Ay — Ay,
rae x = (y, n) =cos 0 u N,=n, nem;n, (— 11T (53,99

3Jlech Mbl BOCINOJIBL30BAJHCH CACTAHHBIM BbIIE 3aMEYaHeM O TOM, YTO
MaTpUYHBIE 3/1€MEHTbl S-MaTpPHIbI 3aBHCAT OT BEKTOPOB HAYaJIbLHOrO i
KOHEYHOTO HMIYJIbCOB Yepe3 X cKanapHoe mnpoinssefenie. Kpome
TOTO, HCNONb30BaHbl paseHcrBa (—I1)i —* = (—1)—fi+*i BoiTekaouie
H3 LeJOUHCJeHHOCTH IoKaszaTtetJid CcTeneHH.

HEpr,U,HO TaK¥Ke NMOJIYUHTE CJAeJCTBHA 3aKOHa COXI)aHEHIIH YETHOCTII
B cJyyae 3aJlaHisl COCTOSIHIIS KBAHTOBBIMH YHCJAMI TOJHOTO MOMEHTA
H_CripaibHOCTE. ITO Mpolle BCEro cAenaTsh, MOACTABHB Pas3IoKeHHe
(53.14) B cootHoweHue (53.22):

; 27 + 1) (Ay Ay | s’ Aphn) df:)- (¢, 0, 0) =
=M= T @I A 1) =Rl 8 | —hy— ) a6, 0).

Hcenonpsys cpoiictso cummerpun  d-pyukumii (cm. § 49)

df;'irn‘ (Gﬂﬁ'}’) — (_ I)m—m’ d-j—m—m' (C"-v ﬁ, '}’)
H HX OpPTOroHAJbHOCTL, HaXOIHM

(M Ae| 87| Ay Ay) =0, (— Ay, — D[ 87| — Ry, —Ayy).. (53.23)

K stomy pesysbTaTy MOXHO HpHIiTH, IEPEEOIsi ONepaTop YeTHOCTH H3
npeacrapienus (An) [popmyna (53.20)] B npeacrasnenne JMA ¢ no-
MOLLbIO (YHKUHI npeoOpasopanus (53.3) (419 OJHOH wYacTHUB) HIH
(53.4) (ma aByX wactuil). 1o MPeoGPasoBaHHe JErko BLIIOIHHTE, €CI1l
BOCIIO/Ib30BaThCs (hopmysioit (53.19). Mer He Gyjem 3pech npofensBath
3TO npeobpasoBaHue, a TONLKO MPHBEAEM MOME3HBI B IPHJIOMKEHHAX
peayJabTar:

BluM; Mhyy =y (— 1) ™17 | IM; — Ay — D). (53.24)

C nomowbio moc/ie/iHero BhipaXkeHus cpasy noayuyaercs (53.22), ecai
ydyecTb, uTo (J — j; — ja) — Lesoe uucao.

M3 dopmyan (53.22) 1 (53.23) ocoGeHHO HATMANHO CEAYET, YTO yyeT
3aKOHA COXpaHeHHsl YETHOCTI! BABOE COKPALLAeT YHCJAO He3aBHCHMBIX
napamerpoB S-matpuusl. Popmyna (53.23) umeer 3HaueHne npaeiaa
orGopa no [/ B cayyae mapameTpusaumin S-MaTpHUBI B MpeACTaBJeHi
(l, J,s). Ilonesnas occGennocTs npasuaa otéopa (53.23) — HesaBucii-
MOCTb (pa 30Boro MHOXHTeds 1y 0T J u A. M3 dopmyast (53.22) caenyer,
YTO BKJ1a Jibl B ceyennie (53.7) ujieHOB € MPOTHBONONOXKHBIMH CIIPAJbHO-
cTaMH oA HHaKoBbl. CllefioBaTe1bHO, MOXKHO COKPATHThL B /1BA pasa 4iHcjo
YJIeHoB cyMmMmbl (£3.7).

Cnencteus 3akoHa COXpaHeHIs YETHOCTH MOMKHO BBIPA3HThb B BIIJE
CBOJICTB MAaTPHI{ INIOTHOCTH H CTAaTHCTHYECKHX TeH30poB. [lo onpejese-
HHIO MaTPHLb! TJOTHOCTH, HAMPHMEP YacTHibl /, 1MecM
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2\ wQ * *
) ("f) z (Mlzlsixrlu) X

kgtphy

X Mgy Mg | S| ApAp) (53.25)

[TpuMensisi K 3TOMY BbIpaKeHHIO GOpMy.Ty (53.22), naxonmum

el = @i+ l)l(an +

(Aol =AYy = (=D O lalA. (63.26)

D10 yca0BHE 03HAYALT, YTO HEKOTOPbIE 13 CTATHCTHYECKHX TEH30POB paB-
Hbl HyJ10. VIHBAPIAHTHOCTb MO OTHOMWIEHHIO K OOpAUIEeHIO BpeMeHH Ha-
KaanbiBaeT Ha S-MaTpuuy ycaosue (35.8)

o e
ptsy =8T.

Has Toro uToGsl BOCNOJB30BATLCA ITHM YCIOBIEM, HaJl0 HAHTH onepaTop

VV B npeacraBJieHH cnupanabHOCTel. B npepcrasieHui, 3a1aBacMOM

KBAHTOBBLIMH HCAAMIl PjiL, AeiicTaie onepatopa V (KaK Gbljo MOKasaHO
B § 35) onpejensieTcs COOTHOIIEHHEM

VIpiny = (— )| —pi — ). (53.27)

[Ipu nepexofie K ApYyromy npeicTaseHHio HeoO0X0AUMO TIOMHHTB, 4TO V
npeobpasyercsi He Kak OObIYHBIH omeparop, a COracHo COOTHOILIEHHIO
(35.16). CooTBETCTBEHHO 3TOMY OH OrpeJie/ieH ¢ TOYHOCTBIO A0 (bazosoro
MHOMKITeNsI, He 3aBHCsLLero oT (L. B Hekotopsix paborax (ha30BbIil MHO-
JKITeNb OTJHYaeTcsi oT Hamero Muoxiremem (—1)*7.

[Mpumensist X oneparopy V B mpeicTaBieHIl pju
Gup |V piny =8 +p)(— 1) 8w (53.28)
dopmyay (35.16), ma ocrose (53.18) maxoau
G p'IVIApy =8(p" +p) b
oTKyja ¢ nomoiibio dopmyst (35.8) u (53.14) noaydaem
(g My | ST, )] Ay Ay = Chy gy | S, n)]| Ay Ao)

Oy M1 87 TR A = A 1S 1A Ao (53.29)

TakinM 06pasoM, B NPeACTABACHHII CIIPAILHOCTE! TeOpeMa B3aUMHOCTH
JMeer Gosee MpocToil BiA Mo cpaBHenio ¢ dopmyiioi (35. 15).

PaccMOTpeHIIe ¢/1yyast TOAKIECTBEHHBIX JaCTIIL CBOAITCS K mpeodpa- -

30BaHHsIM OMepatopa MEpecTaHoBKH Py IOTH npeofpa3oBaHlisi Co-
BEpILEHHO aHaJIOTHYHbL [[Peofpa30oBaHisaM OlepaTopa HETHOCTH Il MpH-
BOJAAT K cCJIelylouleMy pesyJbTarTy:

Pool IMM Ay = (— )7 [ JMy, M. (53.30)
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Mexomsa H3 CBA3M CIIIIHA M CTATHCTHKIL, CHMMETPI130BAHHOE COCTOA-
HHe chelyeT 3anucatbh TakK:

{14 (= 1) Pyo} | JMA; hyy = | IMA Ag) + (— 1) | IR Ay). (53.31)

MnTepecHo OTMETHTb, YTO PE3YJbTHPYIOULee COOTHOLICHNHE He 3aBHCHT
OT THMA cTaTHCTHKH. Jpyroil HHTepecHblil BbIBOA H3 BbIPAKEHH (53.31)
COCTOIIT B TOM, YTO AJI5l HEYETHBIX J 3ampelieHbl COCTOAHIS Ay=As’

Kak yse OTMEYaJ0Ch, OAHHM N3 HanGoJjec CYLECTBEHHBIX MpeHMy-
LeCTB MpPeJCTABICHHA CHIIPANLHOCTEIl SIBIAETCS BO3MOMHOCTD PEJIATI-
BHCTCKHX OGOCILGHHIT 113JOEHHBIX Bbillle KHHeMATHYECKHX (opmyd.

OcoGEHHOCTBIO PEJISITHBICTCKOTO PACCMOTPEHHs ABJACTCS AOBOJIBLHO
CAOXKHBIIT XapaKTep H3MEHCHHs CIIIHA NPH npeodpasopanusx Jlopenta.
MoKHO MOKa3aTh, YTO NpeodpasoBaHue CNHHA YacTHIbl NPl NEpexoie
OT ONHON CHCTeMB KOOPAHHAT K APYTOH 3aBHCHT OT IIMIIYJIbCa, MPHUEM
CIIIH MPETepNeBaeT CrenHUUECKHii TOBOPOT, H3YYEHHbIi 10. M. Hupo-
koBuiM [38). M3noxkenne peisiTHBHCTCKOiH TeOpm!l CHIHA BLIXOAHT 34
paMKH HacTOsell KHUTH. B cBA3H ¢ STHM MpHBE/EM HECKOMBKO Pesylb-
TaToB Ge3 I0KA3aTeNbCTRA, OTChias YHTaTeNst, HuTepecyioterocs ogoc-
HOBaHHEM ITIX MoJoxKeHnil, K xuuram [6, 8]:

1) cocrosiiie CBOGOJIHOTO JBIIKEHHS UACTHLLL B PEJIATHBHCTCKOI]
KBAHTOBOII MexaHIKe 3ajaercsi (MOMHMO BHYTPEHHHX, HMHBAPHAHTHBIX
[epeMeHHbIX) KBAHTOBBIMII YHC/IaMIl MacChl, YeThiPEXMEPHOTO HMITY/IbCa,
KBajipaTa CiHA Il MpoeKuuii cnnxa Ha oCh, B YACTHOCTI, CIHPAMIL
HOCTBIO;

2) nmpeoGpasoBanne JlopeHua BAOJIb HANpaBICHIA NMMy/abca da-
CTHILBI OCTABJfieT CHHPAJBLHOCTH HEH3MEHHOM

Alph) =ip A).
(sBHBII BHA mpeoGpasopanyis Jlopenua Ham B JanbHeilien He MOHAL0-
6uTca);

3) yacTHila MPOH3BOJIBHOIO CIHHA | C Maccoii, paBHoil HyJI0, 1MeeT
TONBLKO ABa SHAUGHHS CripanbHocTH A = 4j. HanomHum, yro yacTila
¢ Maccoil, He paBHOIl Hy/110, HMeeT 2j -~ 1 3Havennil e e I |

4) mpeoGpa3oBaHiis TPEXMEPHBIX NOBOPOTOB H3MEHAIOT HANPaBICHIIE
HIMIYJ1COB, HO HE MEHSIOT HampaejeHns CIHpabHOCTEH;

5) oTpakeHHe TMPOCTPAHCTBA MEHSET 3HaK A.

ATX NOAOKEeHHI J0CTaTOYHC JJs BbIBOAA HHTEPECYIOUUIX HAC
PeJATHBHCTCKIIX KHHEMATHYECKHX COOTHOLICHHH.

C MOMOLLBIO TIONOMEHHSI 2) MOXKHO OMPEAeNHTh COCTOAHHE | Ph)
Kak pesyJapTar AelficTEuA npeoGpasoBanils JlopeHua Ha cocTosiHIe,
OMCHIBAIONIEE YACTHILY B €€ CHCTeMe NMOKOs (AIA wacTiil ¢ Maccoil, He
paBHOil HyJi0). DT0 OMpejelieHIe MO3BOJACT yTBEPHKAATH, UTO BCE
hopMyJibl HacTosilero naparpaja CrIpaBeliiBbl I B PENSTHBICTCKOM
cayuae. Ciaeayer OTOBOPHTBCS, YTO BCE PACCMOTPEHIE MBI BLILIC BEIL
B cucTeMe ueHTpa uuepuun. IlepeBop S-maTpuubl B n106yo JIpyryio
crctemy Tpefyer  crielHalbHbIX npeoGpasoBaHiiii, PacCMOTPEHHBIX
B padotax [34, 38, 39]. INepexo B ApyrHe ABHAKYULIECH CHCTEMbI KOOPAI
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HaT HeoOXOJAUM NpPH 0OCYIKACHIIN KPATHBIX CTONKHOBEHHII H BTOPHUHBIX
peakiiit. OfHAKO 3TOT Nepexo] He BLI3LIBACT 3aTpyAHEHHH, eciau co-
Beplath npeobpasopanie JlopeHua BAOJAL HMIYJIbCA YACTHILBI, peak-
LLI110 AN pacnaj KoTopoit Mbl XOTHM H3yuaTh. CoryiacHo mosox eHnio 2),
CHIPaJbHOCTD, a CJEJ0BaTeNbLHO, M CIIHHOBAA MaTpHla IJIO0THOCTH B
MpeACcTaBIeHHII CHHPAJbHOCTEH MpH TakoM NpeoOpa3oBaHHM He H3-
MEHSIOTCH. DTO 06CTOATENBLCTBO OYeHb CHJIBHO YIPOIIAeT KHHeMaTHye-
CKIfe pacyeThl.
Bektop cocrosinus | pA) HOpMIIpOBaH CJeayioLlliM 06pasoM:

P'Apr)=ES(p" —p) b,

TaK 4YTO 3JIeMEHT (Da30Boro o6bemMa HMeeT PessiTHBHCTCKI 1IHBAP HAHTHBIN
Bunt dp/E (cm. § 37). ast yacTuusl ¢ Maccoil, paBHOIl HYJIO, HeJb3s
onpejieiATh COCTOAHHE | PA) Ha OCHOBE Mepexofa K CHCTeME [MOKOf,
OJHAKO B 3TOM CJIyyae HMEETCHA CYULeCTBEHHOE YIIpOLLeHIe: —7 MOMKeT
NIPHHHMATb TOJNIBLKO JBa 3HAYeHHsi - j. DTH COCTOAHHA MOMKHO CBf3aTh
C MOMOLUBIO Onepalni oTpaxkenus. Beegem KomOHHAIMIO 13 omneparopa
oTpakeHusi P u onepaTopa noBopoTa OTHOCHTEIBHO OCH 4. DTa onepatns
O3HayaeT OTpa)keHlle B MJIOCKOCTH Xz, 00Cy#AaBuieecs BBILIE:

Y=oy . (53.32)

Cornacuo nonoxennsam 5) 1 4), AelicTBie 3TOro onepatopa MOXKHO
3amnicaTb B Blijle
Yipi)=mnlp— . (53.33)

[To onpe nenenio, 1 Ha3bIBAETCS YETHOCTBIO YACTHLBI C MACCOM, PaBHOI
nymo. Hanpumep, nns dortona cocrosuus ¢ A = -4 1 onuckiBaiotcs

. ; : 4 5
BeKTop-notenunanon A = 7] (e, ie )eirz. Jleficteue Y na A
MeHseT snaxK Ay, T. e. oGblYHOE Ompejesielne COCTOsIHHA (GOTOHA CO-
OTBETCTBYET 1 = — 1.

Takum oGpasom, npuBeieHHble Bbillie pPe3YJbTATbl CMpaBelTHBbL
Il JUJIst YaCTHUIL ¢ Maccoil, paBHoil Hymw0. B uyacTHoCTH, H3 COOTHOLICHHS
(53.31) cpasy caenyer sanper pacnaja yacTHIbl co criiHoM / Ha JBa
(oroHa. B cayyae peakiiit ¢ poroHamu, KaK otMeuanoch B § 47, BMecto
Jls-nipeficTaB/IeH NS BBOAAT NpeACTaB/eHne Jgp — MyJabTHIOABHOE Npej-
CTaBJIEHHE. COCTOFIHHH cp= 0 HasBIBAIOTCSH COCTOSAHHIAMHU MAarHiTHOrQ
THOA H HMEIOT 4eTHocTb (—1)8*1, a cocrosiuus ¢ p = | HaswiBawTCs
COCTOSIHHSIMH 3J1EKTPHYECKOro THMA H HMEIOT yeTHocTb (—1)¢, rae ¢ —
TOJIHBIT MOMEHT (oToHa. [lsist CBSIZH aMIVIHTY/ B MPEACTaBJIEHHH CIH-
pajbHOCTEH € MyJbLTHIOABHBIME AMOJHTYAaMII HeoOXoAuMa (GyHKILHS
npeoGpasoBaHis:

(IMA A, IMgpy = N (IMM, Ay | IMIs)(Is| gp).
is

Hcnonesyst dopmyay (53.12) u pesyastatel § 47, uaiigem

N @' y

X {@hy fa—ha|—IMY (— 1) (— V' 2) (g — 111]10) 8 (1, p),
OTKYla JIJIf COCTOSIHHIT MArHHTHOrO THUNa MoJyuaeMm

1 E g
(I Mhhg | TGOy = (— xT)]/ f%ﬁgﬂ.‘,;ﬁ-xgmu), (53.34)

a aJisi COCTOSIHHI JIEKTPHUECKOro THIA

(IMA, Ay | JMgly = 1/223'* L (ahy fa—As] JAY. (53.343)
2/

3aech Obl/10 HCMOJL30BAHO TO 0GCTOSTEN BCTBO, YTO CIHPAAbHOCTb (POTOHA

MOXKET NPHHHMATD ABA 3HAYEHH A A= +£1. nplmeueHHe NMpEACTaBACHHS

CNHpaJIbHOCTEl K npoleccaM (QU3HKH 371eKTPOMarHHTHLIX B3aHMOJeHcT-

BHII NMPOMJIJIIOCTPHPOBAHO B ClefyiolieM naparpade.

[NockonbKy S-mMaTpuua B NpeAcTaBIeHHH CIHPANbHOCTE NpH mepe-
XOJle H3 OJIHOH HHEepIHANbHOIl CHCTeMBI KOODAHHAT B APYTYIO Tpedyer
creyHaNTbHBIX TpeoOpa3oBaHuil, To I psijia 3a/au. OKas3blBAETCSH OYEHb
TNOJI€3HOI PENSATHBHCTCKH IHBAapPHAHTHAS MapaMeTpu3aus S-MaTpHLUbL.

[lzpoko npumensieTcs peJigTHBHCTCKAS lapaMeTpH3anus S-Mat pHibl,
OCHOBaHHas Ha cpoiictBax matpuu Jlupaka y,. 2TOT MeToj mapameTpii-
3allli — ecTecTBeHHoe oO0oOlleHHe MeToAa, H3nokKeHHoro B § 51.
S-Marpula 3anuchiBaeTcsi B BHJE

S 5 ) . m2 N1/2
i =8 —12m)"8% (py —f'Pz—P"I_-"JII)(—__4EIE.,E[E ) Fa

rae Fp; — pensTHBHCTCKH HHBAapHAHTHAA MaTpHUd. DHEPreTHY eCKHe
3HaMeHaTeJl BbJleeHbl B COOTBETCTRHI ¢ § 37, a uHC/IOBbIe MHOMK HTEIH
BbIOpaHbl TaK, 4ToObl Fp; coBnajani ¢ aMIVINTYAaMH, BCTPeUalonl HMHCS
B Teopun noas. Yacruusl / u I obnagator crmnxHom 1/2, a cnuHel ya-
crunt 2 1 Il noka ne duxcupyem. I[lockonsky marpuua Fr; — e Thipex-
MEepHBIit cKansap, To, coryiacHo Teopun Jlnpaka, A1 yacTHIBI CO CITHHOM
1/2 oHa moa¥KHa HMETh B

4y (pr) XA B, (p, &) (), (53.35)

rae & (p,)— peleHue ypaBHEHUsI Hupaka
(v-p;+M)u,=0. (53.36)

[Tpunumaercs nopmupoBka wwu = 1, A; — ckanspbl, He 3aBHCALLIE
OT CMHHOBBIX MePEeMEeHHbIX; B; 3aBHCSAT OT BEKTOPOB HMIYJAbCA H CIIHHO-
BbIX mepeMeHHbIX §. Ec/H BeIAGAHTD CPEAH CIHHOBLIX MePeMEHHBIX nepe-
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Mmennbie yactii / 1 I, To B; MOXKHO pasaokuTh no matpnuam lupaka:
1, iV, Vs, 1YpVs 1 Yu¥s- AHAJOTHUHO TOMY, KaK B § 51 Gblia pasnoxena
S-marpuua no marpuuam [aysn. 3asucnmocts B; OT MY /IBCOB OGBIYHO
3a/1a10T € [OMOIIBIO CJAEAYIOMHX YeTbiPEXMepPHbIX BEKTOPOB:

p =% (P +p) Q= % (Pu _Pe);l
(53.37)

| .
K:"z_(pil'i‘:”‘l)' Pre s K2 K ‘

f\‘:p, - iepvpa ID-.: 1\1;, Q-:!

TAE &pses — TIONHOCTEIO AHTICIMMETPHYHLIH  eAIHIYHbIT TeH30p. Or-
JeJbHOrO PacCMOTpeHHst TpelyeT 3aBICHMOCTL OT CIHITHOBLIX MepeMeH-
HbiX. PaccMoTpnM cHavana paccesiniie GecCriHOBOIl YacTHIbl HA yacTHIle
co cnuHoM 1/2 (T. €. j, = ju = 0).

Ckansp B; Gyzer umers eup Ci(p)-Dj(§), rne Ci(p) 3aBucur
toabko OT nepemenvmix (53.37), a D;(E) — xomOuuHaumus MaTpui
Iupaka, npuyem CJeyeT YUHTbIBaTh ypasHenue (53.36). 1o osnauaer,
uTO T€ M3 CKaJspoB B;, KOTOpblE cojepikar iy-p; HIH iy-py, MOTYT
ObITH yNpoUleHbl. YNPOIIEHHe JOCTHraeTcs KOMMYTallHeil MHOMKHTe-
qneit iy.py nan iy p;; B Kpalinee Jeoe wan Kpaiinee npapoe MoJOXKeHHe
BHYTpH B; Tak, uTcGbl OHH AEHCTBOBAM Ha CHOHHOPLL i; WA 4.
To e camoce OTHOCHTCS K ckanaspam B;, copepxkamum iQy, u0o
P — P = Py — Po. Takum o6pasoM, B paccmaTpusacmom ciayuae Fp
JOJPKHA HMETh BHJ

u(py) [Ay +iv-KA] u (p)), (53.38)

rae Ay u Ay — GYHKILHN YeThIpeXMepHBIX CKadAPHBIX MNpOH3BeJeHII]
uvnyabscoB. [las OHHApHBIX peakilii B KauecTBe TaKHX CKallsipoB
00bIYHO BBIOHPAIOT

— - i 2'
s=—(p; + P15 \53.39)
t=—(py—py)*

OctafbHble CKaJsipbl BblpaKkaloT yepes (53.39) 1 KBajpaTsl Mace 4acTHLL.
Bripaxenue (53.38) ocyliecTBIsAET PesITIBUCTCKII THBADHAHTHY IO Napa-
METpH3alHIo S-MaTpPHILLL.

PaccmoTpiM  peNIITHBHCTCKYIO MNapaMeTplsaiilio S-MaTpuilbl A/
npoieccoB (GOTOPOKIEHHs NCEBAOCKANSPHEIX Me30oHoB. B oriuune ot
npeabiayLiero, B; ACMKHO coiep:KaTh BEKTOD mnoaspusailiii (GoToHa &,
npHYeM MATPHYHbIE 3JIEMEHTH S-MaTPHLBI JOKHBI ObITh JHHEHHBI 110 €.
HesaBucumsIMIl cKajnsipaMi, BKJIOYAIOMIHMK BEKTOD €, ABIAIOTCH Y:€,
P-euq-e,ubok-e = 0.31ech u B AaibHeiienm 0603HaUIM Py = § — 4—
IMOYJIBC Me30Ha, a pip = k& — nMnyasc ¢orona. Ckaasp B; mojxen
cojep:kath JnHeitHo y-k. Tax xak y-k aHTHKOMMYTHpYeT y-&, TO BCe
MHOMKHTEAH -k MOXHO co6paTh BMeCTe I MOJYYUTL HAH HYJAb, WIH
MepBYIO CTeMeHb 3TOTo BhIpa)keHis. Kpome Toro, HeoO0XoAHNMO Y4eCTb
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FPAANEHTHYIO 1IHBAPHAHTHOCTb. JTO MOXHO C/eaaTh, NPOH3BeLs chop-
MaJibHYIO 3aMeHy &, — k, B Fj; pesysabTaT TaKkoil 3aMeHBl OJMKeH
PaBHATLCSH  HYJIIO.

OxoHuarenbHoe BbIpAXKEHNE A/ HHBAPHAHTHO napamMeTpIi30BaHHOlL
S-MaTpHubl GOTOPOKAEHNS NCEBJIOCKAAPHBIX ME30HOB HIMEeT BIIA

Fro=w(p)vs{Ayiv-ey-k+A,2|P-eq-k—P-kq-e) - Ay [y-eq-k—
—V-kq-el+ A, 2[y-eP-k—y-kP-e —iMy-ev-k]} u (P1),  (53.40)
rae Ay, As, Ay n A, — pensiTuBHCTCKH HHBapuauTHble Gyukumi. Ony
34aBHCAT OT KBaAPATOB YETbIPEXMEPHLIX BEKTOPOB )
S=—(p+k)? u t=—(g—k=
Yro6b! nonyyuts PETATHBHCTCKYIO napamMeTpH3aiiiio GoTopoxaeHis
BEKTOPHEIX ME30HOB, MOMHMO BEKTOPa MOJIsipH3ALHI (DOTOHA € HeOBX 01~

MO €lle Y4yecThb BEKTOp nonsapH3aLmiu BEKTOPHOIO M€30Ha V). I/IuaapnaHT-
HY10 AMIVINTYAY MOYKHO 24allcaTh B BHe

& (py) My ?\; A1 (p) D (&) &, 1 (). (93.41)
Oneparop D (&) onatsb pasoxum no matpnuam dupaka. ITapamerpusa-

U5 S-Manl‘-IILLbI AJISL paccMaTpHBAEMOTr0 C/lyyas TecHO CBfA3aH4 C mapa-
MeTpusauueii S-mMaTtpuubl AQs KomnToH-s(dekrta. Omanyie cocTouT

. JIHUb B TOM, UYTO Macca BEKTOPHOTO ME30HAa OTJHYHA OT HYJISI Il BO3MOXSHa

€ro NpoJao/LHaA M0 pH3anusa, MMO3TOMY pasie/iuM IoJ SIPH3AaLHIO ME30Ha

", HA TPOLOJBHYIO H IOMEPEUHYId YacTH: T, — MONMepeyHasi YacTh,
M, — mpojoabHasi.

Bextop 1, ynoBnersopser ycioBusm®

2 __1- 3

=1, n-g=0. (53.42)
T, pasnoxum Ha 1) () u n$* (9) — oprorouaibHsie €IMHHYHbE Bex -
TOPBbI, JIeZKAUHE B IJIOCKOCTH, NEPHeHJMKYJAAPHON q, H HMeloLHe
UETBEPTYI0 KOMIIOHEHTY, PaBHYIO HY.JIO T, = (m{" 2, 0); A, —BexTop,

. 4 P

HanpasJIeHHEBLIT IO UMNYJIbCY K:,'E n'* (q). M3 ycaornii (53.42) naiinenr,
YTO A, HMEET CJeJYIOUIHE KOMIIOHEeHTH:

A= (E , g ) .

m i

q . r
3nech u:m, M —Macca BEKTOPHOro Mesona. Ycjous (53.42)
MOXKHO 3amucaTh TaKiKe B BHJE COOTHOLICHHIT

E: q,9.
200 @ (g) =6, —+=.

= m*

* Cm., nanpumep, xuury [10].
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Hanomuum, 4To AJs noJspHsauuil ¢ortoHa HMeeT MECTO COOTHO-
ieHHe

k;
k2

3 e (ke (k) = 8 —

s=]

PeJsITHBHCTCKII HHBApHAHTHASl NapamMeTpu3alus aMnJuTyael Fi; aas
(hOTOPO:KIEHNST BEKTOPHBIX ME30HOB Ha HYKJOHAX HMeeT BHJ

= g-Plz. P’ . e N<-N ;o ;
«(p) [% (A + 1y-KA) + 5 (g +- v+ KA +

- TV S Y = - =Pz . NL=. [z« P! "
e N Ve Py (A i KAg) + 2 g (A, iy KA+
V Py V pAN?
iy TE o Ao ¥ 2N .
\ 33 _];P?“ (Ay 4-iy-KA) + —?qJ\T‘ s (Ayy + iv-KAp) | 4 (p).

(53.43)

U3 gopmyast (53.43) nerko noayuaercs pefATHBHCTCKH HHBApHAHT-
Hasi napamerplisaiis aMmminTyasl Fq; ansa yN-paccesnus. s 3Toro
Hajo 3aMeHlTh T — &’ (¢' — BeKTOp NoNAPH3AUHH PACCeSTHHOTO g[_)oToHa)
¥ IOJICKHITL PABHBIMII HYJIIO UJleHbl ¢ POJOABHOI nonsipnsauneil. Ecan
notpeGoBaTh HHBAPHAHTHOCTH 1O OTHOLUGHHIO K 0OpalleHiio BpeMeHIl,
TO amnantyga F;; ana yN-paccesaHust npimeT BIJL :

(0 (£EE 1A i KA - s KA —

e vw-mn]lu(pl)-(ﬁ&ﬂ)
V PN VPN J

Taxum o6pasoy, TpeGoBaHHe HHBAPHAHTHOCTH MO OTHOLIEHIIO K oGpalie-
HHIO BPEMEH!H yMEHbLUaeT YHCA0 He3aBHCHMbIX CKaJdAPHLIX (QyHKIMH,
¢ 8 10 6. PeasaTuslcTCKi HHBapHAaHTHYIO Tapamerpusaunio Fp And
paccesHHsl HYKIOHA Ha HYKJIOHe 3amiceiBaior [40] B Buae

A, (S—3) + A, (T+T) + 4, (A—2) +
+A,(V+TV)+ A, (P—P). (53.45)

[TpunsTteie 0003HAYEHHs AHAJOTHYHLL ICTOABL3YEMbIM B TEOPIH
f-pacnana:
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u (pe) 1 (p, !)—” () w(py);

5 L (Ps) Oy (01) & (P3) 0 ()
(P2) 5 Vo e (P10) & (P2) 195 9 2 (Py); (63:40)
u (Ps) Yutt(pyy) u (p2) v (py);
u (P2) Vs & (Pyy) u (p1) vsu (py),

rae A, T wt. a. noayuaoress u3 A, T ¥ T. 4. 3amMeHoit u (py) =
= u(p,). Ilpusesen MaTpHIly, CBA3BIBAIOUIYIO 3TH HHBAPHAHTEIL;

Bl o

Il

Il

S
T
A
v
P

S 1 1 1 11 S
V [t -2 02— v
T =76 o0 —2 0 6 F
7 4 2 0 —2 —4 A
B E o=l § =f 4 P

Mot Berony OnyCKamil H30TOMIIYeCKIEe [epeMeHHble, BKIIOUeHIIe KOTOPHIX
oueBnaHo. Hanpuwmep, gna N — N-pacceanus xaxaas u3 HHBapHaHT-
HBIX aMmmautyn A; pasoupaerca ua

AE_} (1—;172) *i"A:! 3147

e T — 0oObIYHbIE OflepaTopsl H3ocHuHA. Yuer npunuuna [layan B cay-
uae NV — N-paccesiiiisi 03HauaeT HaJoXKenne TpeGoBaHUSA

Al (s, 1, t) = (—1)™T AT (s, ¢, ). (53.47)
3necs 7= —(py—ps)?, mpuueM s--f--f=4m?, m—macca HYKJIOHa;
$ 1 ¢ onpeneasiorcs gopmy.ioit (53.39).

§ 54. CBA3b PA3JIMYHbLIX MAPAMETPH3ALHKM S -MATPHLLBI.
HACTO BCTPEYAIOIHECS HA NMPAKTHKE
NMPUMEPBI SIIEPHBIX PEAKLMW. PACHAJLBI

Kax Gbiio noxasaio Belile, pasjiedeHiic CBOACTB SAEPHBIX peaKilil
Ha CBOICTBA, BbiTEKAIONLHe 113 3aKOHOB COXPAHCHIIS, U CBOHCTBA, ompe-
AeJisiiouiiiecs AHHAMIIKOIT POIECCOB, HAXONAT CBOE BhIpaKeHIie B mapa-
merpusauun S-marpiisl. O6cyxAannch TPH OCHOBHBIX TINA lapaMeTpH-
3auim:

a) napamerprisaiiiss S-MaTpuill B NpeAcTaBiaeHin Jls, B KoTopom
SIBHO BbIJleJIeH opOuTanbhblil MOMCHT /. IT0 npeicTaBienie y100HO B TeX
c/yyasx, KOrjla y4acTBYIOUllie B peakuHH YacTHIbl JOCTATOUHO MEJJIEH-
Hbl, YTOOBI LIEHTPOOEKHDLH Gapbep obecrieuily1 GbICTPYIO CXOAIMOCTh Pas-
Jokennst S-Marpnupl no crenensm cos! 0. OHo yacto ncnosib3yercs B
afepHoil dusuke;
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6) mapameTpusauns S-MaTPHILI B MPEACTABACHII CHIIPANLHOCTEN
oKasbiBaeTcs Hailfosiee ya00HOll B mpHMEHCHHAX PeaATHBIICTCKOH KilHe-
MaTHKH, sl PACCMOTPEHHS BTOPHUYHLIX peakuuil (ocoGeHHo pacnaios
HecTaOM/ILHBIX YACTHIL). 3Ta napameTpHsalis IIMeeT IeJblil psii npe-
HMYULeCTBE H HaxoiuT BCe Gonee LIHpOKoe NnpHMEHEHNE. OcHoBHOe J0-
CTOIHCTBO 3TOll nmapameTpHsallii COCTOHT B MpocToTe opMmyda It B OT-
CYTCTB HI HeOOXOAUMOCTH TalOyJlIpOBaHHS CJAONHBIX KO3(hduineHTos,
SABMAIOMIXCA (YHKIHAMH MHOIIX mnepemedHbpix. Ona Jonmyckaer oue-
BlHAHble GOCCLIEHHSl annapara Ha cjyyan peakiuiii 4acTHIL ¢ Maccoii,
paBHOil HYJIO, M Ha cjayyal peakunil ¢ yyacTHeM MHOTHX 4YacTHIL;

B) napamerpusanus S-MaTpHIbl C TTOMOLLBIO HHBAPIIAHTHBIX Bblpake-
HUIi, BKJIIOYAIOUWIIX ONEepaToOpbl CNIIHA I MOJSPII3alllil YACTHIL, KaK Obl-
J0 noxazaHo B §51, 53, abdextusua ana o6cykaeHNs KHHeMaTHIeCKHX
COOTHOLLEHIiII B C/ayyae PpeakiHil ¢ yyacTHem 4acTill cO chmHom 1/2.
Kpome Toro, siIBHO peqsTHBHCTCKI NHBAapHaHTHAs napameTpusalis
S-MaTpHLbl CYEHb NOJIe3HA B 1IeJIOM psifile TeopeTHYecKHX BOMpPOCOB,
0COOEHHO B NPHJIOMKEHHAX AHCMEPCHOHHLIX COOTHOLLEHHIL.

Taxum cOpazom, Bce mepeulicieHHble CriocoObl MapamMeTpH3ailiil Ha-
xoaar npivenenne. OGcyaunm c¢Bsizb MexAy Humil. CBasb S-matpuisl,
3aJlaHHON B npejicTarJeHHH chipanbHeeTel, ¢ S-maTpuueli, 3aaaHioH
B NpeJCcTaBJcHHN J/S, OCYLIeCTRAAECTCH C MOMOIb0 GVHKUHIT mpeodpa-
soBanns {JMLs|JMMh,y, KoTopsie oGCyKAannch Bbille, YTpoieHHe
MOJy4eHHLIX B pe3yabTaTe npeoOpasoBannus dopMya GaKkTHuecKH
CBOJANTCSH K YNPOULCHHIO CYMM ITPOH3BeAeHHH KO3(Q(HILIIEHTOB BEKTOPHO-
ro caoxennsi. CrenuanbHOrO pacCMOTPEHIsS 3aCiyIKHBAeT CBA3b S-
MaTplilbl, NapamMeTpH30BaHHOH uepe3 peJaATHBICTCKIE HHBAPITAHTLI,
¢ S-matpuueil B npeactaBjeHny cnipanbrocTeil. YTto6bl moayuuts ee,
HEeoOXOAHMO BbIYHCIANTL MATPHYHBIE 3J1EMEHTBI HHBAPIAHTHBIX aMIIHTY L,
N0 COCTOSIHHAM C onpeaeJieHHLIMI NTPOEKIHAMII CIIHHOB — CHNHpaadbHO=-
cTaAMH B cucteme uenrpa uHepunun. Cnunop Hnpaka, omuchiBarouiiii
COCTOSIHHE C ONpeJe]eHHOll CNHpaNbHOCTLIO A, HIMeeT BHJI

1
w (p) = N (EL) ¥ (54.1)

= =-m
rae 5. — cmuHop Ilaynu; oH onuchiBaeT COCTOsIHIE C ONpeAe/eHHOl
npoexieil CNHHAa Ha OChb z, B KauecTBE KOTOPOoIl BbIGpPAHO HalpapieHHe
/SE+m

UMNyNbca yacTHubl; N = i, -T—riopm-lpom\'a.Cmmop KOHEYHOro
COCTOSIHIIA 3aJlaH TaKiKe CNHpajibHOCTLIO, T. €. NpoeKlueil crnuHa Ha
HanpasJieHIe [IMIYJIbCA Y4CTHLLI KOHEYHOro COCTOSHIA. DTH CHIHOPLL
3a/laHbl B CHCTEMAX KOOPAHHAT, OTVIHYAIOLLIIXCA MOBOPOTOM BOKPYT OCH Y
(ock y HampaBneHa Mo HOPMAal K IJIOCKOCTII peakiun) Ha yroa 0
(yron paccesnnus). Jns Toro 4toGbl CrnHOpbl Oblll 3afaHbl B OJHOI
CHCTeMe KOOpAMHAT, HeoOXoAHMO cienaTh mosopoT. Ilostomy cmunop
Jlupaka B KOHEYHOM COCTOSHHH 3anHilIeTcs Tak:

1 3y
wo(p) =N (E, e Ko (54.2)
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Paccmorpmﬁ AUl MPOCTOTBI  3ajlauy yIpPyroro paccesitHusl, KOTrja
m'=m, p=p, E' =E.
IIPE,ELCTaBneHﬂe matpur, Jupaka (cum., Hanpumep, [10]) BbiGepeMm

TaK, UTO Yo =43, Y= 0, 0; V= —p. [IpocTOe BBIYHC/JEHHE HACT:
= 1 i F 30
U th, = 5— [(E 4 m) — 400" (E —m)]\Xize 2 X% );
- 4
e Vs Uy ="~ ( A) ('X,‘ X),
_ ) o
i Vs Yyt = - (A 1) ke 2 %)
- Py
U Yo Y, = ,,m [(E + m) ++4M0" (E — m)] (')C;re 2 BGX;.) (54.3)

I —=0
Nhe 2 %,=|A 4 A|cos0/2 - (A" —A)sin0/2;

e £ (a, 0) % = (A" +h)ja,cos0/2 4-i (A" +A)aysin0/2 +
+a,sin0/2] — [ — A |[a,sin0/24i (A" —A) ay cos 0/24-a, cos 0/2],
(54.4)

ripe Zl-—-HpOHBBOJ]beIﬁ BEKTOp.
Briuncaenus APYTraX MaTpHYHbIX 3JEMEHTOB MOXKHO nu30eKaTh,
€CJIH BOCIIOJIB30BATLCS COOTHOLIECHU AMH

V4 V=S4+S—P—P, T+?=S+§+P+ﬁ

[o6o3nauenus Te AKe, uTo W B BoIpaKenud (53.46)]. [1OMOIIBIO
dopmya (54.3) u (54.4) HeTpymHO HaliTH CcBA3D a\iru]m'y,q B npeju-
CTaBJIEHUH CIHPAILHOCTEH C HHBAPHAHTHLIMH AMIJIATY AMH.

Jana marpuisl

. I
Ayha | R AAy> =5 D@+ 1) oy Ay | R [ Ay Ayyd df, (6)

(3 l\/

B 3anaue N -—N-paccesumsi, uexoas ua dopmya (53.45), (53.46)
54.3) n (54.4), MOXKHO NOJYYHTh:

Ry=<++|R|++) =
= ﬁ {mz [A1 - (A_,_ - A4) cos 0] — (8E2+ p?) As): (5453)

Ra:<+‘f“!R[—_‘>:
301



I

JTTIE {— E2A; +- [(E2 - p?) A, - m2A,| cos 0 - 3m2 Ay — p2Ag}; (54.50)

R:;: <+—[R[4“—>=
- MLE (2m® Ay + 2E* A, L p* (— A, 4 245 4 A;)} c0s?0/2; (54.58)

Ri={+—|R|—+>=
- 4:+E {2m? A, + 2E2 A, — p*(— A, -} 24; - A;)} sin% 0/2; (54.5r)
Ry=(++|R|+—>=—m(A, +A)sin0. (54571

31eck CHUMBOJ «--» o3Hauaer - 1/2; «—» o3xauaer — 1/2.
Amnaaty goi (A Ay | R? | A, Ay} yaOBAETBOpSTIOT PSIAY COOTHOLUEHHIT:
a) coxpanenue yersoctu (53.23) maer

Maha [ RT[Ap M) = (— A —Aa [ R | — Ay — Apyds
0) U3 HHBAPHAHTHOCTH IO OTHOILEHUIO K OGpaleHmo BpeMenH (53,29)
Mada | RY [ M Ay = <A Ay | RY | Ay Ao
B) COXPAHEHHE MOJHOro crnuua (cMm. § 51) naer
i hg | R [ M Ay > = Ay | R | A AL

r) OrpaHHueHHs, Hajaraemble npuHuunom I[layam, ciexyior us
(53.47) u (54.5):

Ry(n—0) = (—1)™' R, (0);

Ry (w—0) = (—1)""' R, (8);

Ry (n—0) = (—1)" Ry (0);

Ry (n—0) = (—1)" Ry (9).
Hcnoabayst cootrouenue

dip (8) = (—1)" T di_, (v —0),

HETPY/IHO MOJIYYHTh COOTHOMIEHHS /st aMuauTyast (Ay Ay |R” | MApD:

(H+IR £ £)= ()" + R |+ +);
(H—IR |+ =)= (=) (L — R | — 4»;

IR+ = = () (- R+ .
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IenonbzoBatiible cocTORHUS He SABASIOTCH COOCTBEHHDBIMII COCTOS HIlSIMI
oneparopa UYeTHOCTH H CYMMapHoro cmnuHa. MoxKHO, OfHAKO, BBeCTH
JIHHEIHbIe KOMONHALLIIIT

T U+ £ —=) 1 (= =T —+).

Ileppasi 13 HUX C BEPXHIIM 3HAKOM COOTBETCTBYET YeTHOCTI (—1)/—1,
a ocranphbie (—I1)7/. Tlpnuem neppasi KOMOHHAIUIS CO 3HAKOM MHHYC
0Gpasyer CHHIVIETHOE COCTOAHUE, 4 OCTANlbHbIE KOMGIHALLIIT — TPIIIET-
HOe cocTosiHne. Taxkum o6pasom,. Hosyyaem aMmmiHTyAbl C MOJHBLIM MO-
MEHTOM J H OnpejeseHHON BeJIHYHHON CyMMapHOro criHa s R+

cuuraer RY" = (4 + R |+ +) =<+ + R | ——;
tpunaer (J =R’ =+ —|R’ |+ —>—(+—IR/|— +);

Ril ={(+ +I|R |+ )+ 4+ +|R |— =)
tpunaer J =1+ LI RY} = 2(+4 +|RY |+ —;
Ry =(+—[R! [+ =) +(+—|R|—+},

T. €. NPHXOANIM K pesyJabrartam, oGeyxaasiiumes B § 40,

PaccmoTpim Teneps ciyyaii, Koraa cnid yactin 2 i1 11 pasen nyaio
(nwN-paccennne). S-matpuua (A, | S¥ | A1) siBIsieTcs1 Teneps ABYXPAAHOH,
IpPHYEM B CIJIY 3aKoHA COXpaHeHHs dyeTHOCTH (53.23) nesaBuCHMbIMIL AB-
JISIIOTCA TONLKO JBa ee anieMenTa, Hanpumep (| SY | +) u (- | S/ —).

Cesisb Matpuust (A, [S’ |A;> ¢ S-marpuueii B npexctabienun JIs
OCyuIecTB/AeTCA QyHKUHAMHU Tpeobpasopanust (JMIs!JMh, k,> [dop-
myaa (53.12)] u B paccMaTpHBAaeMOM CJlyyae CBOJUTCS K

IS | 4) = (=87 = = o (¥ e
T (54.6)
+I87|=>= (—18"1+> = o (e**t+ — e utn-),

rae 8;. — (a3bl paccesuus B coctosuuax ([, J=1-41/2).
Paccesiune OOBIYHO ONUCHIBAETCS MapIHANLHBIMH aMIJIHTY LaMH,
KOTOpbIE OMpeJesioTcsl BblpaxKeHHeM

B =_; e/ gin 8. (54.7)

[ToacraBasaa dopuyasl (54.6) u (54.7) B Beipamenue (53.8) mu
HCTIO/B3Ys OPMYJIbL
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d‘lf,’E 172 =(l+ I)_I cos % (P;—H —P;)*;

dLiz1p=(+1)7"sin 2 (Pl +P), N
Haxo UM
Fer=cos o ()i Fe-=sin g (h—f), (49
rje BBejeHbl 0003HaueHHs
f1=$(’cf—:-‘0;-i = f Pl
(54.10)

fo= 3 (fo—Ff,.) P,
i
CBsi3b [y 11 [ ¢ HHBapHAHTHBIMH ammanTyaamu A; 11 A, noaydum,
ecan nepeiiiem B dopmyJe (53.38) or cnuHOpoB [lnpaka K cmHHOpPam
IMayan onpenenennoit cnupanbHocTit Ha ocHoBe (54.1) 11 (54.2). Pesyab-
TaT 3TOTO Mepexoja 3amHiueM Aaf f; H fa:

E —i"A'I 7,
f= e [A,+ (W — M) A,]; 51
1
fo= E=M A, 4+ (W + M)A, )

8l

3aece W —nmoanas sHeprust B cucteMe uedtpa MHepupH W =
=VPPLM4VYPHps M u L — Macchl HVKJOHA M Me3oHa co-
OTBETCTBEHHO, E = |/ P2 M2,
HMuorpa nomesus: ciaenyiouiye COOTHOMICHHS:
i i
fa=+ j dcosO(P,f, +P,,, f,)
—1

HJIH Yepes HHBAPHAHTHbBIE aMIJHTY IbIs

Fia = e WE+ M) [A 7 —an AP]

+ (E—M) [— ALy 4 (W — M) AR ]},

H

rje
1

AP (s)= [ dcos0 4, (s, 1)-P, (cos B).

—1

*
* 3nech P, osnauaer npou3soAnyo oT nodunoma Jlemxaugpa dP,/d cos 0.
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B cayuae npoueccoB (OTOPOMIeHHs IICEBIOCKA/SIPHLIX ME30HOB
i1e1€cO00Pa3HO BBECTH TaKHe JIHHEHHbIe KOMOHHALHH COCTOSiHMUI C onpe-
ZleNeHHOoll CNHPalibHOCTbIO, KOTOPbIE SIBJSATCS COOCTBEHHBIMH COCTOf1-
HHSMII OllepaTopa YeTHOCTH. B MaTpHUHBIX a/ieMenTax S-MaTpHilbl Oy eM
yKa3blBaTh CyMMapHYIO CIHPabHOCTD!

A=A —A=£1/2; &+ 3/2; l
1 (54.12)
w= ?\'1 = = E . ]

3TI KBAHTOBbBIE YHC/IA OIHO3HAYHO (PLHKCHPYIOT CIHPANIBHOCTH OTAENbHBIX
yactui. IIpHHHMAs M, = Wa My = M. = —1 M YUHTBIBAas pe3yJbTaT
JeiicTBHSI omepartopa uyeTHocTH (53.24) ua BekrTop cocrosnus |JMA),
Haiiiem, 4TO JIHHeliHble KOMOHHALIII

| JMoy £ > = ;’—2 [|JMAY | JM — 23]

, (54.13)
A ! T T AT /] M —
| JMp 4> V3 [|IMp)y £|IM —p)]
SIBJSIOTCSI COOCTBEHHBIMH BEKTOpPAMH GriepaTopa yeTHOCTH P
4y = 4 (=12 IMA £+ 3,
PJMA == ) = & (—1) | + | s

PlIMp £ 5= = (=)' IMp £ >. |
Beegem onpejesedus
+ ) 1 i
R = < JMp —|R|JIM. 4+ >; (54.15)
Rl = < JMp 4+ |R|IMh—>.

OcTanbHble JBE aMIVIATY[bl B CHJY 3aKOHa COXDaHEHHS UYEeTHOCTH
paBHbl Hy.JIO.

Amnauty apt (54.15) cBsi3aHbI ¢ aMIJIHTY aMH Ri,=<JMup|R|IMi>
COOTHOLIEHHSIMH

=
J==R'4+ RL,. (54.16)
3 3TUX COOTHOWEHHH M 34KOHA COXPaHeHUs YETHOCTH
Ri}—u R R:{: (54'17)
Haisem
gEx JE ot JE,
—h—. = T I JAT R-—:qn.i—‘ j: R.-.[J. 1 ] 54‘.18)
Rl = TR )

* O6pamaen Buuvanne Ha 10, uto | JMA 4= > u | JMp £ > He ABagI0TCA
COCTOSIHHSIMH C OMpeAejeHHLIM 3HAUYEHHEM CIHPAaIbHOCTH,
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Hunaue roBopsi, MOXHO BbIOpPATb YETbIPE HE3aBHCHMbIE aAMIIJHTY Jbl

R'é;l; 172, Ré'{fz 1/2 Rf;; /2, R'f;g 1/2, A OCTaJbHBLIE Yepes HUX Bhbipa-
8UTL C NOMOLLBIO cooTHowennil (54.18). Bropoit HWKHHUE HHAEKC
Vi 9THX aMIJHTYJ OJAMHAKOBBIH, H €ro MOXKHO ONYCTHTb, BBe[s 000-
3HaueHue

R;uz. (54.19)

AM]‘IJIHTy}IbI, COOTBETCTBYIOIIHE COCTOSIHHSIM C OHPEL{EJ]EHHCH“! noJi-
HOH YeTHOCThIO, 3anuuyTeH:

P=+1; RI/*"; R RYAF, RIT L
-+ 5/2— +
P=—1; R//*; RY™ RYZ; R

CBsi3b aMIIMTY[ C MYJBTHIOJBHBIMH aMIJIITYaMH HaiiileM ¢ mo-
Mollklo (GyHKUMI npeobpasoBaHusa (53.34). B rteopun doTtopoxkaeHis
ME30HOB MYJIbTHIOJNbHBIE AMIVIHTYAbI MPHHATO ONPENENATh CELY IOLLIM
o6pasoM: E;. — aMIVIHTY bl 27eKTpuyeckoro Tuna, M . — aMuauTy st
MATHHTHOTO THIA, HHJEKC /[ o3HAuaeT opOHTANBHBII MOMEHT f-Me30H4,
BBIJIETAIOILET0 B pe3yJibTate peakilini. [TosHbBIT MOMEHT ccTeMsl J CBSA3aH
¢l J=[4-1/2, uHAeKC «+» Yy MYJBTHIIONBHOI aMIIHTY Bl COOTBETCTBY eT
cocroauuio J = [ - 1/2, a ungexc «—» cocrogumo J = [ — 1/2.

Cpsizb amnamutyp (54.20) c ammumrynamu M;., E;. HMeeT BuJ

(54.20)

V2 Rijp=[l(l+ 2)'/2[Erp—Muyl;

V2 RYp=— (4 21" 2 [Mg1y— 4 Eeny-];
V2 Rija= (4 2)Er + IMy;

V2 Rija=—(I+2) Mugiy= + Eqsiy—.

Ilpn anannse QoTopoKAGHHS MCEBAOCKANSIPHBIX ME30HOB HapsLy
C pesIATUBHCTCKH HHBapHaHTHOH napamerpusauiieii (53.40) nmpumenser-
csl mapaMmeTpH3anus, ucnosb3oBaHHast B § 51. CesAsb aTux mapamerpii-
3alyil HETPYAHO MONYYHTD, ecaH B (53.40) nepeiitit ot cniunopoB [lnpa-
Ka u K cnuHopaM Ilayan y:

E M
_ ]/ 2T B, iPM ) 7. (54.22)

IMoacraBass 310 BeIpaKeHHe 1Js cnuHOpoB B dopmyay (53.40)
H HCroJp3ya ABHBIL BHA Matpuu Jnpaxa, Haxomum

F= xf]i(oe) Fy + GV Py 4

(54.21)

. (sk 3
R Fg] X (54.23)
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Amnauryast F; caenyrontun 00pasom cBsi3anbl C HHBaPHAHTHBIMH
aMIJHTY 1aMi A,

FIZN[AI + (W — M) Ay — = (4 —-A4):|

B 7 7 LN t—u? .
Fy= Nm; [—. A+ (WM A — §"(T—.—H)“ (Aa )] ’
Fy= Ng [(W/ — M) Ay -+ Ay — Ay);

— (W M)A, + A; — Ay).

(54.24)
31eck OOIMIT MHOMKHTEND

Wioma® SW VM T E)MFE,) —

M —-wMacca  uyksoHa; W —wmacca  m-mesoma; W = V @+t +

+V %+ M?— nosuas SHEpTHs B CHCTeME leHTpa uHepuuu: A, —
GyHKUHH HHBapHaHTOB s u ¢ (53.39). B cncreme HeHTpa HHeleHII

s=W? t=pw—2() W q*— qcos 0).
B npumenenuax ammantyn (54.24) nosesus (opmybl

W2 — M2

="y —:

"?2 M2+ 2

CBsaAsb amnumntyj (54.24) ¢ MyJabTHNIONBLHBIMK aMIJIHTY JaMH HMeeT
BHJ{

(#.0]
Fy= i§1 (UM + E1y] Pryy (cos 6)- [({41) Mi—+E ] Pi_; (cos 0);
oo
F; = .}_1 (L 4+ 1) Myy + IM,—] P; (cos B);
< .
Fy= = ([Ery. — M1 ] Piyy (cos 0) + [ - Mi_) P/, (cos 8));
oo
Fq= :21 My — Ery — M, — E,_| P} (cos 0).

(54.25)
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Jupdepenuuaaproe CceueHHe (GOTOPOKIEHHS -ME30HOB, Bbipa-
JKelHoe uepes aMIMTY/Abl F;, HeTpyAHO NOJyuyuTh M3 (54.23):

o = L {|Fy [+ | Falt —2Re Fi Fycos® +

2 - 9Re F} Fy-- 2Re F} Fy-+ 2Re F3 Fycos 0] L.

+ 5 sin?O[ | Fa? 4| F, |

(54.26)
AbdekTsl, cBsizaHHbie ¢ DOTOPOKIEHHEM ME30HOB HA I0JIspH30BaH-
HbIX HYKJIOHAX I [oAspH3alHell HYKJIOHOB OTAaul, OOCYMKIAnNCh

B § 51. SlBHOe BblpakeHie A1f Hcnosb3oBaBuinxcsa B § 51 napamer-
poB K u L cpasy cieiyer n3 cooTHouleHis (54.23).

[NpeacrasieHiie cripaabHOcTelf O4eHb YNOOHO A H3y4YeHH:A Mo-
JASAPH3ALHOHHBIX ABJeHHH. OnpeienuMm aMmIHTYAbl (HOTOPONKAEHHS
ME30HOB CJIeAYIOIHM 06pa3oM:

Ht=(y=+1/2|S(W, cos8) |, = L+ 1, =+ 1/2);

O = Oy = + 12| S(W, cosb) 1y = & 1, = —1725. | O+2D)

Honapuaauuﬁ HYKJAOHOB OTAAYH HMEET BHI

P =L Im [@—* H+ -+ ' * H-).

a2

,D;H(b(‘bepel[[lﬁaﬂbﬂoe ceyeline pozKieHHss ME30HOB HHPKYJAAPpHO IMC-
JIAPU30BAHHBIMH (i)OTOHaMH SanuieTcs:

do®

dD k[|H_|._,_.|(I‘IJ:|]

a cedueHue B CJvyae HenoJisipH3oBaHHBIX (pOTOHOBZ

40~ 2 \4a T dq

ds 1 (ds’" . dc_)
Marpuiia nornocetit GoToHHOro TNyuka oObIYHO 3ajaercd mnapa-
merpamu Crokca &, &, & [20]:

b

“ 1 3 A
poz——[ =3 E;t,].

i=1

T, coBnajaioT ¢ marpuuamu [layumi.
B mpeacrasneniit cnupaibHocTell MAaTPHUA TIOTHOCTH y-TyYKa
HMEeT BH]L

1 0 —e 2 10 .
= — — ] a H . 8
oy Q[H pl( TR ) HJ.(O 1)] (54.28)

p; XapaKrepuayer CTeneHb JHHeHHOIl mnoasipusauiin; P, — CTeneHb
LHPKYJIAPHOH noaspHsauun. IJTH napaMmeTpul NPOCTO CBA3aHLl ¢ Mma-
pamerpami Crokca; ¢ — asuMmyTanbHbLl yroda:

(s-q)
OB =g -
C nomowpio (54. 27) 1 (54. 28) HeTpyAHO MmOAYUNTh ceyeHiie (o-
TOPONK/JEHISI ME30HOB B caMoM oOWeM chayyae no/gpnsauuu (poToH-
Horo nyuka. Onpemenennst (54.27) aerko ponyckawT o6o6LieHie
Ha cayuvali, Korga coctosiHne A, = 0 (mpojosnbHas noasipu3alis)
JlaeT BKJaA. 3JTo, HamnplMep, COOTBETCTBYET 3J1EKTPOPOXKIEHHIO Me-
30HOB. C HeGOJBILIMI H3MEHEHHSIMH Pe3yJbLTaThi, OTHOCSLLHECS K 3TO-
MY CJy4alo, NpHMEHHMbl K aHanu3y o0pa3oBaHlsi BEKTOPHBIX Me30-
HoB B mN- 11 KN-cronkuoBeHusix. OGo6uieHie 3akno4aercs B J0-
GapneHnn AByX ammautys H® u @O,
Myabrinonshoe pasnoxenune amnantya H n @ nmeer Bup [42]

H:-'=_"V—§5|n \(Pul‘f*fo){(f +2)[Ery + Muyny-1+

!

+ My — Eqpn-Ih

1.0
H— = —5 Sy E [tPiy1 + (1 +2) Py - [Er — M1y —
: _
— M — E(:.;_l y=1;
(54.29)
I 0 . S
O = — 73057 Yy [Py — (L +2) P (Evy + Migry——
1
~ My + Eqyy
O— = -—V—_cos—vZ(Pz r1— P I A+ 2) (Erp = Mygn—)+
-+ I(Mir + Eqy1y-));
& 9 ’ ’ /?
He = V“ cos§; + 1) (Pry ‘—Pf)[l—f-l——l'(i’+”-']1T;:_;
kit UG 1P - B L B LT
= =sing ¥ 141 et Lagn-17 =
I
(54.30)

rae »* = k*; — k> — macca BHPTyanbHOro (OTOHA.
AMNnuTY bl GOTOPOXKAGHHS ME30HOB HMEIOT elle 130TONHYECKYIO
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CTPYKTYpY. S-MaTpliia oAHO(POTOHHBLIX MPOIECCOB, KAK TOKAasbiBaeT
OMBIT, HMEET BIIj

B & (54.31)

T. €. COJEPHUT HEe TONbLKO CKajlsip, HO H TPeTbi0 KOMIIOHEHTY BeK-
TOpa B H30TOMHYECKOM rpoctpaHcTse. [lapamerpusaunsi onepatopa
(54,31) nerko moctiraercs nmpuMeHeHileM TeopeMsl Biirnepa—3KkKapra
(49.20):

(F'T | 8 LW TTD =8 6T:T6Té " + VT < T T3 |0TT, >. (54.32)

3nec TT3;—nonubiit nsocnun u ero npoexuns. Ma dopmymnst (54.32)
caeayer, uyto npun T==1/, Beauunna 7' MomKer ObiThb paBHa 1/,
n */y. Taxkum o6pasom, Kamjas H3 uyeTbpex OOCYKAABLUIHXCH BbiLUe
amnantya doropoaenns A,A.A3A, nan F,F.FgF, pacnagaercs Ha
TPH HM30CHHHOBBLIX amnauTyisl.” Muoraa Bmecto mnapamerpusaunuu
(54.32) wucrmonbayior napamerpusaunio BuAa

8 PO 4 T, P . o[, 7] B, (54.33)
3fieck T— Matpuunl [laym; p =1, 2, 3.
" BosHoBble (yHKUMH UMEIOT BHJL

(pla*) = F (8, iiarﬂ)ﬁ-{plﬂ")——-ﬁ;slp}: (é); |n) = ((1})

Csasb ¢ napamerpusauueil (54.32) paetcs dopmyaamu

SIIE‘: F(g); Vlz’g = F(ll_i_ QF{SJ; V3!’f-' - F(':'__F('J)_ (5434)

§55. PEAKUHMH OBPA3OBAHHS H PACIIAILbI HECTABHJIbHBIX YACTHL.
3APALOBOE CONPAXEHHE. G-YETHOCTb

OGbluHbIM  OGBEKTOM PHUMEHEHIISI PACCMATPHBAEMON TEOPHH AB-
JIFIOTCA PE3OHAHChl — Kpaiine HecTall/bHbIe YacTullbl. B CBsAZH ¢ 3THM
IKCMEePHMEHTATOPbl (haKTHYeCKIl HaOMI0JAI0T TOJbKO YaCTHIBI — Mpo-
AyKTbl pacnaga. Ilyerb nmeetcs peakunsi ¢ oGpasoBaHiieM Tpex ya-
CTHL B KOHEYHOM COCTOMHIH, JBE 113 KOTOPbIX 00pasyloT KOPOTKO-
KIBYIUIEE ‘PE30HAHCHOE COCTOsIHHE

[+ 11— (7 42)+3. (55.1)
Huddepenunansioe ceuenne 3Toit peaxkuun, coraacHo (37.16)
HMEEeT BHJ:

___4n®  dpy dp; dp; 4, i R S
do = - Tk g v 8 (py + P2 + ps— P1— pu1) @) @) <

"

i

X 2 | <Apyrepats ps| F M priarpu |2 (55.2)

hyhaky
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rie p,p"' E, E,, — HMIyJbCBl H 5HEPTHH YETHIPEX HAYAJNbHBIX YACTHIL;
U —HX OTHOCHTE/bHAs CKODOCTh; Py, P2, P3; £y EgEs‘—“TpeXI\ieprIe
MMITYJIbCbl U SHEPrHM KOHEUHBIX UYaCTHIl; A, — CMHPAJbHOCTH; F — pe-
JIATHBUCTCKH HHBAPUAHTHAST aMIJUTY/A.

Peakumio (55.1) mMel Gyfem paccmaTpuBaTh KaK HIyULylo B ABa
srana: 1) o6pasoBaHue HecTaOWJIbHOI uyacTHUbI V; 2) pacnmaj uacTu-
sl V—1 -|- 2. KusemaTHka 3THX [POLECCOB NPHHHMAET OCOGEHHO
NpOCTOH BHJA, KOrAa MepBBIH 3Tam paccMaTpHBAETCS B CHCTEME ILIEeHT-
pa nsHepuun vactun I 4 II, a pacman B cucreme nokos V. B ceasu
€ 3THM BBeJieM CYMMAapHDLIil 4-MepHblii HMIYJbC 9acTHL, / H 2 (MMIyabc

| 2 1
gacTuupl V) { = p; - py U UMOYJABC q = 5(P1—Ps) 1 mpeoGpasyem
HHBApHAHTHBIT (asoBblll 00BeM CJEAyIOHM 00pasoM:

dp, dp, dp
E B E, O (P —pi—py) =

dp 1y dq £
= [_f;b—: 84 (t+ps—p, '—P”)} [E_IE} : (65.3)

ITocKosbKy nepBblif MHOXHTENb SBHO PEIATHBHCTCKM HHBAapHAHTEH ’
TO BTOPOH MHOXKHTE/b TAK¥KE HHBADHAHTEH, H HX MOMHO paccMarpH
BaThb B PasHbIX cHCTeMax KoopiuHat. B cucreme, rae t =0 (cucrema
noKos yacTHubl V) BTOPOH MHOXKITENb HMEET BHI:

m 2 dq dQ,,
Vet @ Ve |

2 2 2 2
rae m=V m} +gq —I—Vmg + ¢°, 1mo onpejeseHHo, Macca YacTH-
ubl V. Ilepexoisi OT nepeMeHHON § K IEPEMEHHOIl /m, uMeeM A.s
¢aszoBoro obnema

dpy dt dm? -
Tn‘t;ﬁ‘(f‘l‘Pa*—P]—P“)q ﬁdgq (5‘34)

Ecan yacruuy V MoKHO paceMaTpuBaTh KaK CTaGMJIBHYIO, TO HHBa-

PUAHTHBII MaTPHUYHBIA 3/EMEHT COLCPKHT MHOXKUTENb 8(m® — my),
I uHTerpHpoBaHue no adoexkTHBHOI Macce nponaiaer. Ecau ke no
YCJIOBUSIM OMNBITA HEOOXOAHMO YUHTBIBATH KOHEUHYIO ILIHPHHY peso-
HaHca, TO BMecTo O-(yHKIHH BBOASAT pacnpefeieHue THIA

T (m)
) (my — m?)? 12 (m)

X,
n

(55.5)

J“anH‘-IHblﬁ 3jement F Hanpo Tak:xKe TnpeiaCcTaBHTb B BHIE CYMMEbI
HpOHSBEﬂEHHﬁ HHBAPHAHTHBIX COMHOXKHTEJIel:

(hyPyhg Patg ps | F' | pPriipu) =
= ; QyprrapaalA |ty Jyd X thy Jy pals| R [ M P an Prn).
v
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37ech iy Py hg Pa ] A | t{-v Jy> — amnuutyga pacnapa; Jy — cnui He-
CcTaOHJBHOI YaCTHIBI, Ay --- €€ CHHPaJbHOCTh, ¢ — HYMEpDYeT KaHaJ
pacnaja. Mel paccmaTpuBaeM cJydail, Korjia uectabuibHast 4acTHILA MO-
JKeT pacna arthest HeCKoJbKHUMH criocobamu; (thy Jy psAs| R [hipr b pid—
amnautyaa peakuun. Ttpux y 6ykBel F osmayaer, uto F’ oTiuuaer-
csi oT F wmuoxutesem Tuna (55.5). Bocnoabsyemcs peasTHBHCT-
CKOIl HHBAPHAHTHOCTHIO TEOPHH M 3anuieM A B CHCTEME IMOKOs 4a-
cTiubl V.

<?\'Iv p]s' sz‘zai;&“"rvki{) == <?";r q! lé'—qa]/ﬂi |0J'p'll;>.

CnupanbHOCTH KOHEYHBIX 4YacTHIL NPH TakoMm npeoGpasosanuu Jlo-
peHlla MEHSIOTCS, OAHAKO MO HHM B JajibHeiluleM GyJeT NpOBEAEHO
CYMMHpOBAHI€ I 3TO H3MeHeHHe HHKAaK He CKaXKerTcs.
OrHocHTeNIbHAsA BePOATHOCTh pacnaja no KaHaly o 3anHuercs
[c yuerom coorHowenns (55.4)]:
L, q 1

T = on'27, 1

D jdﬂq | <A 2. (55.6)

haw e By

Amnautyra A HoOpMHpPOBaHa TakHM o006pasoM, 4TOOb, CYMMHPOBaB
CeyeHHe 10 BCEM MaplHaibHbIM KaHasiaM, Mbl MOJYYHJIH cedyeHle 00-
pa3oBaHHA HecTAOMJIBHOH YACTIILbI.

Jas Toro ytobbl paccMOTpeTb Koppensluwo ofpasoBaHHs H pac-
najia HectaGHJABbHOIl YacTHIbl, Bbi0epeM B KauecTBe OCH z HANpaB/eHIle
HMIyJibca yacTuubl I, a ock y HanpaBHM MO HOPMAaAH K MJIOCKOCTH
peakuun: I -+ II—>V -- 3. Tlepexoa K aroil cucreme oceii ocyrecTs-
JifeTcd C MOMOLLILI0 MOBOPOTA B CHCTEME IMOKOS 4YacCTHIBI V:

(A, g, la—0q, | A0 yhy) =
= X <Mq, A" —qa|A|0JM) Dy, (o).
M
3ItoT [MOBOPOT MEPEHOCHT IPOEKUHIO CIMHHA C HMNOYJ/JbCa YaCTHIbL %

Ha MMIyJbC yYacTHubr I.
BBesem MaTpuuy MNJIOTHOCTH

42 1 P %
vE Ey (24 1) (27 + 1) (EI+ E)

M || My =

- E . D'fft’-; (@) <}‘;’ Jyt |AR [ A1 p1ia prd X
}‘V}'I}'”}‘V
X oy Py hyy Py | R |y Ty £* Di i (@),
312

Hudpepenuuansioe ceyenne o6pasoBaHHa V-uacTHULI PaBHO
do ;
9™ Spe.

BeejeM Takie HOPMHPOBAHHYIO MaTpHUY NJOTHOCTH

(M’ o] M

(M |p| My = AL

C noMompbio BBEJEHHBIX OmpejeseHHH cevende peakuud (55.1)
MOXKHO 3amucaTb B BHJE

dQ,dQq X (highs —qa|A|0Jy M'*(M|p| M') X

MMhy kg

X {(Jy MO| A A1 q, Ay — quy o= f (m?) dm?, (55.7)

rae f(m?) = ﬁ(mg—mg), HJH BeIpaxenue (55.5).
Martpuysble 3J€MEeHTH aMIHTY A6l A MOXKHO samucaTb B BHAE

Mgk —qu|AlJyMy = 3 (M qhs — q| JM Ay hy) X

AP Shis 4

X (UMW hga| A| Ty M).

Hcnosib3ysi 3aKOH COXpPaHEHHS MOMEHTa (IM' A e Ay M) =
= Af(kl As) 6“1, Spenr M ABHBIE  BUA  (QYHKIHH npeoGpasoBaHus
(53.4), maiinem

g N 27+ 1N1/2 . Floi it 8
i v —aa| A1y My = (222 T Dji o, 0, 0) AL (i),

(55.8)

I‘,[[e ;\, = )‘i —lé.

Sra (opmyJa sBJSETCA OCHOBOH JJA PacCMOTPEHHs ABYXHaCTHH=
ublx pacnanos. Mcxoas us gopmybl (55.8), onpeieieHts napuHa/bHOMH
upuuber (55.6) M HOPMHPOBAHHOM MATPHILB! MVIOTHOCTH {M'|p| M),
MOMKHO 3amucaTh (55.7) B BHJE: )

4n

2/, + 1 L .
dequf(m*)dszf—n-__"_— E | AY (M hg) |2 e M2 5
: hiho MM?

&7 (8) 'Y, (8) (M| My = do, W, (8, @)% f () dmdS,, (55.9)
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rae doy = Spp dQ;

2J I AV n " a’Y12 i (M—M» = ’

W. (0, ¢)= ‘Qj X AT ) Pl M gy dlv (M| MY,
hy g MM

npHyem

2

| AY (A1 A2)
3 147 (A

b 1 ko

| AY (M ho) [P =

fw, ¢)ae,=1.

BocrnosibayeMcst HHBAPHAHTHOCTBIO MO OTHOLIEHHIO K OTPaKeHHSM.
W3 dopmyasl (53.23) cnepyer

AL (M, o) = mymyma (— DVTITE AT (-4, —hs), (55.10)
YTO O3HA4YaeT CHMMETPHIO YTJIOBOTO pacnpeneﬂermﬂ pacnajga
W (0, ¢) =W (x-—0, x+¢).

Hs HHBAPDHAHTHOCTH 1O OTHOIUEHHIO K OTDaXKEHHIO S-ManHlet
peakunu oOpasoBauus V cienyer

W (0, ¢)=W (0, — o).

OtMeueHHasi CUMMeTpHs M JelicTBHTesbHOCTE W 03Hawaior, 4To mpo-
uspesenue el MM 2 (M| p|M') mosxno 3amennts Ha cos [(M—M') @]x

xRe(M|p|M’>. Tpumennm 5Ti pesy/bTaThl K pacnagaM HeHTpalb-
HBIX BEKTODHBIX Me30HOB (Hanmpumep, @’ HJH (°-ME30HOB):

P+P (a)
Vo1P+y (6)
e’ +e— (B),
rie P osHayaeT nceBOCKaJsipHbIH ME30H. B B
Hcnoabsys csoiicTso (53.26), 5pMHTOBOCTL P H Spp =1 pas ma-
TPHILBl TJIOTHOCTH (M|p|;1.ff’}spm1,, nosyuaeM BbipaxkeHHe
Pun P Pr—1 _
Pio 1 — 20y —pio | Poo=1—2pn, (55.11)
P P P
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rae Py M Py—; — AelcTBHTeNbHbIe yuena. Jlnsa npouecca (a) Ay = Ay =
=0, [TO3TOMY Iipoiecc pacnaga OMNHCBIBAETCH JHIIL OOHHM HapaMETpOM
| A |2 Has npouecca (6) Ay = 4+ 1, Ay =0, HO H3 ycu0BHS (55.10)
umeem | A(+1,0)|* = |A(—1,0)|?, T. e. mpouecc (6) TaKkke ONMHCHI-
BaeTcsl TONILKO ofHHM mapamerpoMm. Jlns npouecca () yeaosue (55.10)
Aaer ]A{”|‘ o) I 1};2)12 = |A(—' /g, —1f"9,)|2 [A(Jf']‘a"‘za __1‘;2”2 =
= | A(—"/s, + 1/4)|?, 7. e. mpoitecc (B) onichiBaeTcs ABYMSI He3aBHCH-
MBIMI mapaMeTpamH. ¥TiioBoe pacnpefenenue W(0, ¢) mas ecex stux
C/yyaeB JIETKO BBIYHCIASETCS C MOMOLILIO TalMHIb] d;f,m-—quHKunﬁ,
MPHBEAEHHO! B MpHJIOKeHHH V, H SBHOrO BHJa MaTPHLbl MJIOTHOCTH
(55. 11).
Has cayuas (a):

W.(0, ¢)= [p,,o c0s? 6 + p;y sin®0 — p,_, sin?0 cos 2¢ —

— V2 Rep,,sin 20 cos fp} 4—1 . (55.12)
Has cayuas (6):
W5 (0, ¢) = H%—W“(e. fp)]. (55.13)

Has cayuas (B):

W (0, @)= [A(+1/2, +1/2)2W,(0, ¢) +

+IA(+ 172, —1/2) P W5 (6, o). _ (55.14)

Eciin Bocnonib3oBaTeest TeM 06CTOSITENLCTBOM, UTO TpoLecce (B) OMHCH-

BAeTCsl KBAHTOBOKH 3/EKTPOAHHAMHKON, TO MOMXHO NOKasaTh, 4TO OT-
m,\?

HOlIeHHe TepBoro unexna (55.14) ko BTopomy paBHO Q(m—e), rae
14

M, — Macca 3JIeKTpOHa, a My — Macca BeKTopHoil uacThubl. C Tou-

HOCTBIO [0 ITOH HHYTOXKHO MaJOH BEJHYHHBI Mbl MOMEM TOJOXKHTE

|A(_.§_1};2' i by l-"r:2)|.z = Ol |A(_I_1}(2, = lr'i‘_’)|2 =]

Takum obpasom, yraoBele pacrnpefiesenusi npoueccos (a), (6), (s)
onpefesisiiorcss TONLKO JAHHAMHKONH 00pas’oBaHIsl BEKTODHOH YacTH-

LBl 1I CBs3aHbl MeXAY C060il MPOCTHIMH COOTHOLUEHHSAMH, 4 yIJo-
Bble pacnpejescHus mpoueccoB (6) 1 (B) ¢ GOMBLUION TOYHOCTHIO
COBNAfAIoT.

Ha ocnose ¢opmyas (55.8) HeTpyiHO mnpoBecTH paccMOTpeHHe
Koppessunil B KacKallax pacnajoB, Hanpumep B pacrmajax THna

I1—-248;

2—4 45,
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Kaxnapiii u3 pacnajoB cileflyeT paccMaTpHBaTb B CHCTeMe MOKOA
pacnajaiouieiics 4acTHILbI ch.nosue npumennmocts (55.8)]:

1/2
2J,+1
(aha— @b | 21 1, 0,) = D (9, 8, 0) (225L) " 4,y 2ol
7\'=}“2—7‘43;

1/2
2J 1
s Ae—p l5fA2‘].L, 2)_DM v (9, 0, 0)( ’+ ) Ay (Mg, As);
?f:?\..;-—-lb

Ilpu sTom HCmo/ab3yeTcs TO OGCTOATENBCTBO, YTO Ay HE MEHSIETCS MPH
npeoGpasoBanuu Jlopenua Broab q. BeposTHocTh pacnaga Haiizem
COTVIacHO

W= Sp ( Ahz Ahl) ﬁ (A\z AA])-I-’
rje O — MaTPHIA MJOTHOCTH YaCTHUH I;

W= 2 (halp’|A2dA(As, Ao), (55.15)

g)‘ﬁ

rupe

TR~ 1 (py—pp) N g
(Ag|p’ | Ao)= }_, z € (M, [p| M) dagyp., (6) d‘u;)\;_}ﬁ(e)x

ta MlMI'
X Ay (hy, hs) A7 (Aghs);

. il —l:: e
A (g ha) = 3| Ay (hay D) [P 5, (687) 20,0, (87) (1232)
? g
CJIY'-[BII pacnajia HecTaGHIbHOM JacTHIbLI Ha TPpH YaCTHUB Tpe-

Oyer ocoforo paccmorpenus. CocTosiHHE TpexX 4acTHL 3ajaercs BeK-
TOPOM

| A1s P1s Ay Pas A Ps)-

Bce Tpu uyacTHIBI paccMaTPHBAIOTCH PABHONPABHO B CHCTEME IIOKOA
pacnajaiouieicsa 4acTHILbL.
Hupapuanthblil hasoBbiil 00beM 3amuIIeTCs:

dp d d

dpy= 242 2280y + Py + Ps) 8 (By + By + Es — m)
1 3 3 [}

TAe /m-—Macca pacnajaiolleiics 4actuus;, E, = fo - mf — 3Hep-

THH YacTHLl MPOAYKTOB pacraja.
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OO6bIYHO p, 3alHCBIBAIOT B BHE
Py A

dp; = dE,dE,d¢,d cos 0,d¢p, %

m—E —E 2-—pﬁ—pg—m?-
X 8 cosem-—{ 15y —————?|,  (55.16)
2VPIP2

rae ¢y 1 05— a3UMYyTATBHBIN I NOJSAPHBIN YIJIBI Py MO OTHOLLEHHIO
K p;.

Ecant npounTterpipopats BeposiTHOCTh pacnaja o yrJjam, To Io-
JY4HM pacnpefiejiedHie no sHeprusM E; n E, — Tak Ha3bBaeMyio
Auvarpammy Jannma (cm. yacte I). B nawem paccMoTpeHun OyAayT
GUI'YypPHDPOBATH YIJIOBHIE MEpeMeHHBIe, a M0 JHePreTHUeCKiM TepeMeH-
HbIM OyJeT NpoBOANTLCS HHTerpupoBanue. [Juarpamma [anuna paer
HH(pOPMaLHIO, KOTOpas He 3aBHCHT OT BLICTPOEHHOCTH CIHHA pacna-
Jlaioelicss yacTHibl. YTJIOBble JKe XapaKTepHCTHKH MOJHOCTBIO Ormpe-
JeJISII0TCSl BLICTPOEGHHOCTLIO cHHA. B 3TOM cMbiciie paccMmaTpiiBaeMble
HHJKE XapaKTepHCTHKI SBJAIOTCH JAONOMHUTENbHBIMH MO OTHOLIEHHIO
K Auarpamme Jlamnua.

B kauectBe yrsioBbIX nepeMeHHBIX YJAOGHO BbIGpaTh TpH yraa dii-
Jgepa afy, XapakTepH3YIOWIX HanpaBieHHE HOPMajH K TMJIOCKOCTH
peakunu. Yrael ¢ H [ — COOTBETCTBEHHO a3HMYyTaJbHBIE II TOJAP-
Hbl€ YIVILI HOPMA/NH MO OTHOLIEHHIO K HENOJABHXKHOH cHCTeMe KOOpHi-
HaT. ¥Yroa y XapakTepusyerT BpallleHHe TPeYToJbHHKA HMIYAbCOB
P1 -+ p2 + p; = 0 Boxpyr Hopmann. IlocKombKy Mbl padoTaeMm B CH-
CTeMe LEHTPA HHEPLHH, TO MOJHDLIH MOMEHT CHCTE€Mbl TPeX YacCTHIL
MOJKET HMMeTh ONpelesieHHoe 3HayeHHe. 3afajuM COCTOSIHHE CHCTeMbl
TOJIHBIM MOMEHTOM J 1 ero MpoeKUHsSMH Ha HanpaBiaeHHe Hopmamn K
1 Ha (pHKcHpoBaHHYIO ock z—M. 3ajaua oTbicKaHus (YHKIHH 1peol-
pasoBaHIis

(afy [ JKM)

CBOJAMTCSl K CJy4aio JABYXTelbHOil 3ajaun. Ponb HanpaplaeHHs HM-
MyJnbca OTHOCHTENLHOTO JBHMKEHHS Hrpaer HopManb. Poiib crHpasb-
HOCTH — IPOEKLHS MMOAHOIO MOMEHTa Ha HOpMasb. Takum oGpasoM,

MY | JKM) =D ik (s By ) (55.17)

H 9KCMepHMEHTAaTOpaM TMpejiaraeTcss H3MepATh YIVIOBOe pacrpeje-
JIeHHe HOpPMaJIH K IVIOCKOCTH pacrnafia B CHCTEME IIOKOS pacnajaiomleii-
csi yacTHLel. B BblpaKeHHH s HHBapHAHTHOTO (pa3oBoro ofbema
(55.16) caenpyer samenntb dg, dcos0; dq,, Ha da dcosf dy, ubo
IKOOHAH Tepexofia paBeH eIUHHILE.

YrioBoe pacrpejesieHiHe HOPMAJi 3alHLIeTCs:

Vi)=Y ¥ X(Mle|M) [ Diii (@ B, v)

n,} MM KK’
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X Digrxcr (5 By ) dv x dE\dE,Fi (Eyhy; Esha; 5 Eshg) X
X Fxr(Ejhy; Eshs; Eghg).

Amnuty bl pacnaja Fy 3aBUCAT TOJBKO OT K, or M oHU 3aBHCeTb
He MOryT [cm. obcyxkjienue gopmyant (34.3)]. Tak xak 3aBHCHMOCTb

D-¢ynkuuil oT p uMeeT BHA e X 1o umterpupomanue mo y jaer
Sk i, U MBI TIOJyYAEM

W (, B) = 3 (M |piM)Y, Diux (@ B, 0) Dirrx(o B, 0l Ax %, (55.18)
MM’ LY

rge
| Ak > = 2x 2 5 | Fx (E1My; Eghg; Eghs) PdEdE,.

Yophaha

A1y ¢opMyJy MOKHO YNPOCTHTb, BOCMOJb30BaBlUKCh (49.15),
(49.19):

=3 (M|p|M’)E;(imJM’J—M)(JOIJKJ—K))(

MM K

,

% (_ l)f\—-—M l),f 47 Y?m (ﬁ, o) I AK l‘z_ (5519)
2141

W3 sroil opmyJibl cieayer, 4To NpH 3aJaHHOM CIHHE YacTHLbl J Mak-

CUMaJBHBIH HOMEp IUapoBOi TapMOHMKH B YIVIOBOM pachpeieseHni

Hopmanu paBed 2/. [lefictBue onepatopa YeTHOCTH Ha COCTOSIHHE

| E;Ay;  Eohy; Eghg; JMK) umeeT BHJ

p l Elxl; Eglg, ES?":}; JM{() = (_ I)K (_ 1)f1—3‘1“|'f:-“;’-:+f3"')-3 %
XN MeMs | Ey — Mgy E— Aoy Eg— Ag; JMK). (55.20)

B cnyuae, Korga Bce TPH YACTHLEI-IPOAYKTA SABAAIOTCA OGecCrH-
HoBbIMH uacTuuamu, Qopmyna (55.20) paer

P|E,, E,, E5; IMKY = (—1)""'|E,, E,, E5; JMK), (55.21)

OTKYyJa CJIeflyeT, YTO eC/IH YeTHOCTb YacTHibl 1, TO y4acTBYHOT CO-
cToAHHA ¢ HeueTHbiMil K. Ecin KXe ueTHOCTh HMCXOJHOII 4acTHIbI paB-
Ha — |, TO paspelieHbl TOJLKO COCTOsIHHS C YeTHbIMH K.

Ecnu zBe (uau Bce TpH) H3 JOUEPHUX YaCTHIL SBAAIOTCA TOMKAECT-
BEHHBIMH, TO AMIUIHTYJAA JAOJKHA YJOBJETBOPATb YCJIOBHSM CHMMET-
pun. B uactHoctH,

Py|EMy; Edy; EghgdMK) = (— 1)’ T*| Ejhy; Ejhy; EshsdM —K).
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Kak npumep mnpiiMeHeHHsI cooTHowenusi (55.18) mpuseiem yrio-
Bble pacrpeje/ieHiss HOPMalil K MJIOCKOCTH pacnaja B caydae, Kor-
Ja KOHEYHOe COCTOSIHHE — TPH HETOXKJeCTBeHHbIX OGCCMHHOBLIX 4Ya-
CTHIBI.

1. Bekropuasi yactuma JUeTHOTE = ]—,

Baarogaps (55.21) u 3aKOHY COXpaHeHHs YETHOCTH AaMILTHTY bl
¢K = 41 obBpawarworcss B HYJb H pacnaj OMHCHIBACTCA ONHHM (QH3H-
yeckum napamerpom | A, | 2. Ilogcrasasis B Buipakenue (55.18) d-dyHK-
HHH H3 MOpPHJIOMKEeHHA V, HaxXoAHM

W (e, B) =| Ao [* {2 cos* B -poo + sin®p (pyy + p—1-1) —
— 2V 2sinpcosB [(Rep,o— Rep_io)cosae — (Impyy +
4+ Imp_yq) sina] — 2sin?p (Re p1—, cos 20 — Im py—; sin 2a)}.

Taxum oGpaszom, H3 YIVIOBOTO pacnpejesieHis MOXKHO OIPeLeqnThb
LIeCTb 3/eMEHTOB MaTpHLbl IJIOTHOCTH H3 JEBATH.

2. TlceBpoBekTopHas yacthua (caywait 11).

M3 (55.21) u 3aKoHa coXpaHeHHs YETHOCTH HAaXOMHM, UTO B 3TOM
cyyae OTJIMUHBL OT HyJas ammiantyael, nmeromue K= 1. Coorser-
CTBEHHO pacnaj OyJeT ONHCHIBATHCS ABYyMsi mapamerpamu: |Apq|?
u|A |5

Ha ocHoBe (55.18) u mpuaoxenuss V Haiizem:

W (af) = S, {(p11 + p=1—1) % + poosin?p + ¥ Zsin P cosP x

% [(Re pyo— Re p—10) coso — (Im pyo + Im p_y0) sina] +
+ sin?p (cos 2 Re p, | —sin2a Im pl_l)} + Ry {(p11— p—1—1)cosp+

+ ¥V 2sinB [cosa (Re pyo + Re p_jo) — sina (Im pyg — Im p_10)1}:

e

Si= LA AP, 8 Ry = LA — AL

[TeperpynnupoBka wieHoB B opmyse (55.18) rtak, 4TOOBI BLIAEIHTH
cymmy u pasHoctb |Aix|®: Sk 1 Rk, OKasbBaeTcs HHONJA OYEHb
yloOHoil. HerpyiHo mnokasaTh, 4T0 mnpeodpasoBanue {u—1 + a,
p—n — P} (oGpautenue Hampas/ieHHss HOPMai) MEHSAET 3HAK KO3(du-
LHEHTOB NpH Ry 1 OCTABMISET HEH3MEHHBLIMH KO(pduUHeHTs npU Sk.

Korma nse M3 4acTHI{ SIBASIIOTCA TOMXKAECTBEHHLIMH, COIVIACHO CKa-
8aHHOMY BBILIE:

FK(Ev Ez, Es) = -+ F—K (sz El' Ea)

a BeauuuHbl 1/l | Fx|? 4 | F—x|?| u Yol|Fs|* —|F-k|®] sBasiorcs
COOTBETCTBEHHO CHMMETPHUYHBHIMH H AHTHCHMMETPHYHBIMH bYHKUHAMH
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(E, — E;). AnTHCHMMETpHYHOE pacrpefiesieHne, MPOHHTEerpHpoBanHOE
no auarpamme [lannua, Aaet Hyab. OTciofa ciieflyer, 4To B paccmart-
pHBaeMOM C/lyyae HanpasjleHHe HOpMalH OKa3plBaeTcs Heonpere-
JleHHBIM. Jlo1s Toro 4ToGbl XOPOLIO ONpeAeNHTh Hanpas/eHie HOpMa-
Ji, HeoOXOJMMO MpPOMHTErpHpoBarTh Auarpammy [annua oTaenabHo:
no obmactam E.>E, u E,<E,.

[NpuBeieHHble BbIpaskeHHs ANs YIJOBOrO pacnpeieleHis Hopma-
JH MOXKHO YIMPOCTHTb, €CJIH YdYecTb OCOGEHHOCTH o0pasoBaHHfA pac-
najaiouteiics yacTuubl. B cayyae, ecin 3a och Z BbIOPaHO HampasJieHHe
HMIYyJibca pacnajaiolleiics 4YacTHLlbl, MaTpHLIA IJIOTHOCTII YAOBJET-
Bopsier yenosuio (53.26). Ecnn ocb z Hanpas/ieHa 1o Hopmanu K 1Jo-
CKOCTH peakiuuH o0pa3oBaHHs, TO 113 3aKOHA COXPaHEHis YETHOCTH
IJst mporecca ofpasosanns caegyer < M’ [p| M > =0, eciu M'— M
HeyeTHO. YacTo OKa3plBaeTcsi, 4TO TPeXUacTHUHBIH pacnaj siBJAseTcs:
KacKajJoM M3 JBYX JBYXYAaCTHYHBIX pacrajoB, B 3TOM cJjyudae cJueuy-
eT Bocrnosb30oBaThest dopmydioit (55.15). Ecnm yeTHocTb B 3THX pac-
najax coxpaHsiercs, To lesecoo0pasHo (Kak 3TO Mbl Jieani npi pac-
CMOTpeHHH OHHADHBIX peaKiuil) BBECTH COCTOSHHsS OMNpeleeHHOIE
YeTHOCTH

1 . A
V5 [| imh) 4 P | jmd)].

PaccMoTpHM, HanpHMep, cJay4ai, KOrja TPOMEeXYTOUHBIH JBYX-
MEe30HHBII pPe3oHaHC SIB/sieTCsl BEKTOPHOI yacTuileil. AMIUIMTYAA mep-
BOIl CTYyMEeHH KacKaja 3amnuuiercs:

Fyorg LW, My D F 0 (— 1) [, M, — 1)1+

+ Fagrg (14, MO) + (= 1)’ |1, M, 0)) (55.22)
rae J — cnuH HCXoAHoil yacTuusl; M — ero mnpoekuHs Ha (uKCHpo-
BaHHOe HalpaB/jeHHe; 1) — OTHOCHTeJNbHAf YETHOCTh BEKTOPHOro Me-
30Ha M MCXOAHOH YacTHIHI.

M3 srtoft dopmyasl cjeayer, dYTO CIIHPalbHOCTL BEKTOPHOTO-
Me3oHa A = 0 BO3MOKHA TOJNBLKO B TOM cayudae, koraa 1n(—1)Y = +1.
YrnoBoe pacnpejenieHne pacnaja BeKTOPHOro Me3oHa Ha jAse Oeccri-
HOBbl€ 4acTHIbl HMeeT BHA | YVim(®, @)|*, T. e. OTHOCHTENLHO Hamnpas-
JIEHHSI HMIYJIbCa BEKTOPHOrO Me30Ha TNpPOJAYKThl €ro pacnaja Oyayr
MMeTh YIJIOBoe pacrpefienenne: sin®0— B cayyae A= 41 u cos® &
B cayuae A = 0.

Takum o6pasom, ecjii 4acTiila CO CMHHOM J M HEeH3BECTHOH uer-
HOCTBIO pacrajaercsi Ha TPH T-MEe30HA 4Yepes3 NMPOMEeKYTOYHOe COCTOsi-
HHe (p-Me30H -+ T-Me30H), TO MO YIJIOBOMY paclpefiesleHHIo Ii-Me-
30HOB pacraja P-Me30Ha OTHOCHTeNbHO HAalpaBJeHHf HMNYJbca TI1o-
CJIeLHEro MOXKHO OMpeJeNuTh ero yerHoct. Hanuuue B 3TOM yriioBom
?acln)gixieneﬂm yneHa ~cos® 0 o3Hauaer, 4TO YeTHOCTb YAaCTHIbI PABHE
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OGHapyKeHHe Koppensiliil B KacKajax pacnagoB MOMKET CJIYIKITD
XOpOWHM CPEeACTBOM AJIsi ONpejie/leHHs CMHHA YacTHI, (BepHee, OLeH-
KH €ro HaumeHbllero sxayeus). [Ipumenum dopmyay (55.15) x cay-
Yaio, Korja CnuH 4acTHubl / paBeH J, cnuH 4acTuu 2 i 4 paseH 1/,,
a cnHH YacTul 3 u 5 paseH HyJio. Ilpuuem ne Gyjem mpeanonaraThb,
UTO YETHOCTh B 3THX pacnajax coxpausaercs. [lpumepoM Takoro xacka-
Ja MOXeT CHaYXKHThb

E->ALln
I—>N 4 m
BeeneM o6osnauenus;
Cro= Ay (hyy kg) (A= Dy —hy);
Eir = Ay (hgy As) (A" = hy—Ds).

Pacnan wacThusl co cnusoM !/, Ha yacTHIY CO CIHHOM Y/, H Ha
HacTHHy co cnuHHOM 0 OGBIYHO XapaKTepH3yIOT napamMeTpaMH

e | E’J"g |2_ [ E_"la': IZ
| Ea P4 | oy, |2

2Im(E, E:.
;ﬁ:_ ( /2 J":) .

| Evpy [P [ E—ry, [®

2re (B ,)
| Evp, 24| E_yy, |2

IIepBon CTyneHb KacKajga MOKHO XapakTepHsoBaTk aHaJIOrH4YHbIMH
napamerpamu a,, B,, y,, KOTOpble MOJyyalOTCs U3 o, P, Y 3aMeHOli
Exy, na Cyy,.

BBesiem Tpoiiky opTOroHasbHBIX BeKTOPOB:
k — epunnuRbIi BeKTOp B HAMpaBJeHHH MOJAPH3ALMH YacTHLb /.

1
b [st k]
sin@ €IHHHYHbIE BEKTODEI,

rie Pz — €MHHYHbIH BEKTOP B HANPAaBJEHHH HMMMNYJbCa YacTHUBI 2.
Ycpepusas BEpOAITHOCTL pacnafa (55.15) no Bcem mnepemenHbiM, 3a
HCKJIIOYEHHEM 3a/laHHOll, HETPYIHO HAalTH KOoppesiHOHHbIE (QopMy-
Jibl, 2HAJOTHYHBIE MONYYEHHOH B KoHue § 51. 3t Koppeasinonnbie
GopMyJIbl C TOYHOCTHIO 10 OOLLIEro MHOMHTENs] HMeloT Buj [43)

IJs peakuuil (a):

1) xoppeasiuust no yray (p,, ps) = cos6’

(W)=1+aa, cosg’;

‘?:——

[

2) xoppensiuusi 1m0 (pyj) = sin 0’ sin (¢’ — ¢)
(W) =1+ aby (psj)- Fy;

3) Koppe Jistust no (pyi) = sin 0’ cos (¢’ — @)
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(W) =1 —ay, (pi)-Fy;
4) xoppensiuusa no (kp,) = cos@
T N M=, N\ P
(W}_)_‘Im( 1) { 2.1 (IMJ — M|10) x

M I (uern)

x(J1/2J — 1/2]10) P, (cos 0)+-a, E (IMJ — M| 10) x

I (HeveTn)
(J1/24 — 1/2|10) P, (cos 0);
5) xoppeasuus (kpy) = cos0cos@’ - sin0sinf’ cos(p” — )
(W) =1+ (k, ps) Fs,

rjue
Flz%ﬁfﬁi(—i)“*“ N (UM —M|10)J ;—J——;lt(})x
M I (HeyeTH)
1 2
x[ { ]l r(2) )
(4 1) ( + 1 ) ’
Fome — (1 4+ @74 1)y, }_“!MM;

& |
2/(J + 1) -
1;1-; — JHaroHaJibHble 3JEeMEHTbI MaTpHILBI NJOTHOCTH:
M|p| My = 6pmr In.

HeanaronanpHble 3/MeMEHTHl PaBHbL HYJIO, HOO Mbl IPOBOAMM YcC-
Pe/lHeH e [0 BCeM HanpaB/JeHHsM HMIYJbCOB I CIIHHAM YacTHI, y4acT-
BYIOUHM B peakilHil, B KOTOpoil ofpasyercs YacTHia cO CroHHOM J.
EniiHcTBeHHOE BbIieJIieHHOE HampasjieHHe — 3TO HOpMaldb K [MJIOCKO-
CTH peaKIliH OﬁpaSOBaHIIH YACTHIbI, TTPHHATAA HAMH 34 OCb Z.

nan = 1/2 Fy=—2 (I, — Io.); Fa= -2 (14 2v)) (I, — I=.);

anaJ =3/2 Fy=— ;—“219 (Fop,— T=sp)) +5 Ty, — I )
2z .
Fy==2(1+47,) N IuM.
M

Pacemorpum temepr cayuail, Korja 4YeTHocTh B pacmaje [—2 + 3
coxpausiercs. IlycTe Bropasi crymeHb Kackaja 2—4 - 5 JaeT Ham
BO3MOXKHOCTh M3YUHThb MosisipHsauuio yactuusl 2. CnuHBI YacTHI[ TpH-
HHMAIOTCSl TAKHMH e, KaK H B NpeAblAyLieM IpUMepe.
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CocTosiHlle 4acTHIL B NepBolii CTyneHH KacKaja, HMelollee orpefe-
JIEHHYI0 YeTHOCTb, COIJIACHO CKa3saHHOMY BbILLUE, OIHCHIBAETCS BeK-

TOPOM

%II IM1/2) 4 n(— 1) am — 1/23], (55.23)

1 — OTHOCHTE/JIbHAS YeTHOCTb.
[TpojosibHast moJsipusaius vacTHibl 2 (CpejHee 3HAY€HNE CIIH-
PaJIbHOCTH) 3aNHLLETCS:

PL(®, @)W (0, 9) = L1 3 fcos (M — M) gRe [(M]p | M) —
MM’

— (= MM M |p|— M) —sin(M—M")¢Im |(M]|p|M") +
(=DM (— M| ol — M)} [d17,(0) i, (0)— i~ (8)dtr—u,(0)].

[Tonepeunas nossipusaunst uyacTHibl 2 (BEKTOP [MOJSPH3ALMH JIEXKHUT
B MJOCKOCTH, MpPOXOAfileil uepes p, U OChb Z) HMEET BHJ

Pr (@, @)W (0, 9) = n(— 1)’ LLE S e M) x
MM’
X {Dif”.": (tp‘ 6, 0) : D-I'{f'.r’ ((P’ 0, OJ = & ‘DM —1/s ((P’ 0, 0) DM';": ({Pt 0, O)}
O6pasyeM OTHOLLUEHIE
<P (0, 0) W (8, 0) P, (cos 0)»
L P (0, 0) W (0, @) P; (cos 0)>

rpe CKOOKH 03HAyaior yCpeaHeHHe 110 BCEM HalpaBJICHHAM, 4

Pm ((’]) —i:m Y

!m

2£-—l—l

Henonpsosanue cBoiictB D-QyHKUHI 1 CBOHCTB KO3(DPHUIHEHTOB BEK-
TOPHOTO cJjloKeHHA paeT [47]

. 1

1 fFFv M
———  —— ¥ (—1)  ZRe[kM|3z|M>—<—M|p|—M>]x
i A [<M|z| ol =]

1 1
><<JMJ—-M'£0><J—J———\£O>
2 2
R!= 1

i l |F| v_ |? . . g___M
"1 2 _‘( 1) Re [¢M|p | M>—<—M]2| 31

1 1
><<JMJ—M‘IO><J—2-J§|IG>

o W= VIO
=n(—1) T
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AtH GopMyJIbl HCMOMBL3YIOTCS JIJisl ONpPEeAeaeHHs] CNHHA M YEeTHOCTH
pesoHaHcoB. Muorne pesoHaHChl pacnajalTcs KakK MO ABYX4acTHU-
HOMY, TaK H TI0 TPeXyacTHUHOMY Kanajam (manpumep, Y)— Am
HY > Ann win Yo—3n u Yo—Amw 0 T n.). O6a Thna pac-
MajloB MOMHO paccMarpiBaTh BMecTe, HGO OHII HMEIT OJHY H Ty
XKe MaTpuly mnJoTHocTH. It TpPeXyacTHYHOro pacraja MOMKHO co-
BEPIIEHHO AaHAlIOTHYHO PACCMOTPEHHOMY OMpEAeJdHTb IPOAOJLHYIO
H NomepeyHyro mnoaspusaumio runepoHa. (Cwm. paboty [44], rae
CHCTEMATHYECKH J3JIOMKEHbl pPe3yJbTaThl MO TPeXYacTHYHBIM pacna-
Aam). Pacnmanpl A- n Z-yacriu, piyuine ¢ HecOXpaHeHHEM YeTHOCTH,
SBJSAIOTCS XOPOIINMH aHanHu3aTopamil noasipusamiii. B casn ¢ stum
NPUBEJEHHLIE TPHMEPB! JOBOJLHO THIHYHBEI.

Ilpn ananuse sipennit pacnaja Gosiblioe 3HAYEHHE HMEET PACCMOT-
peHHe 3aKOHOB COXPaHeHHs AUCKPETHBIX AMHAMIYECKHX MepeMeHHBIX
P, T'u C, u6o umenso B pacmajax oOHapyMKeHO HapylleHHe 3THX 3a-
KOHOB COXpaHeHHsi. Beillle J0BOMBHO MOAPOGHO OGCYKAAIHCH CJIe]-
ctBusi P- n T-nHBapHaHTHOCTH. Pacemorpum  Teneps caenctsis C-
uHeapuanthocti. Onepatop C 0OBIHO onpejesisieTcs Kak omneparop,
aHTHKOMMYTHDYIOLLHIT CO BCeMH oOrepaTOpaMH 3apsifloB H KOMMYTH-
pylomuii ¢ oneparopamil BceX NPOCTPAHCTBEHHO-BPEMEHHBIX AHHAMH-
YECKHX MEPEMEHHBIX: HMIYJLC, MOMEHT, CIHH, CNIpPajbHOCTb H T. II.
9To onpejenenne ABAAETCS MaTeMaTHYECKHUM BhipaskeHHeM Toro (ak-
Ta, 4TO AHTHYACTHIb! OTJIHYAIOTCA OT COCTBETCTBYIOUINX MM YacTHIL
SHAKaMH 3apsA0B, a OCTAlbHbIe HX CBOHCTBA COBNAJAIoT.

OGuapyxkenne HapylleHHs 3aKOHA coxpaHeHus C BHECJIO B 3TO
onpefiesienne monpasky: C MOMKeT He KOMMYTHPOBAaTh C TaMHJLTO-
HHAHOM, YTO, OIHAKO, He MPHBOAHT K PasJHUHIO MACC YACTHIILI H AHTH-
yacTHIlbl. PaBeHCTBO Mace 4acTHI M aHTHYacTHL cieayer ns CPT-nu-
BapHAHTHOCTH, SABJAIOUCHCS 3HAUNTeNbHO GoJiee (yHAaMEHTaIbHOI
cummeTpuell no cpasuenuio ¢ C.

Oneparop C mnHOrja HasbBalOT 3apsiIOBHIM COTIPSKEHHEM, a ero
COGCTBeHHblC 3HAUeHH Y = -1 Ha3bIBAJOTCA 3apsA0BOil YETHOCTHIO.
PusnYeCKHe COCTOAHHS 4YacTHI, OCBIYHO XapaKTepH3yIoTCs Orpejie-
JeHHBIMH 3HAYEHHsIMH 3apAgoB. B Takux cocrosiHusx C He nMeer of-
penenennoro sHauvenusi. Mckaiouenme cocrasasior cucreMs!, o6mnaja-
[OlMe BCeMI 3apsiiamii, PABHLIMI HYJIO, T. €. CHCTEMBbI, y KOTOpHIX
YacTHLa COBMajaeT C aHTHYacTHied (HCTHHHO HeliTpaibHbe YacTH-
11b1).

[Ipumepamin Takux wvacTui sIBASIOTCA: Y-KBRaut, «'-, 1)-, @-,¢-,
X-mesoubt. [leiicteue onepatopa C Ha npousBobbii BEKTOp coc-
TOSTHHUST HMEET BHJL

C | o;pih;y = "lc| a;ipi Ay,
rae 7. — ($as’oBblil MHOMHTENb; O; — BHYTPEHHHe JHHAMHYECKHE

NepeMEHHbIE; «; O3HAYaeT, YTO BCe NMepeMeHHble YacTHIL 3aMeHeHbl Ha
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nepeMeHHble  aHTHYacTHL. Mel moka He (HKCHpPyeM THI mpoiecca
(pacmag maM peakiusi) M YHCJAO Y4acTBYIOUIMX YacTHL; «;, p;, M
0003HaYalOT COBOKYIHOCTH COOTBETCTBYIOILHX TEPEMEHHBIX: O, Py’
Ay oo Gy Pry Ma )

[TpiMeHeHHe siBHOro BbipaKeHHsi 3aKOHOB coxpaHeHus (34.1)

Kk C paer
[KPehjots| R [o;pid;> 2= ](pr‘-fo_"f.' R|a;pA) (55.24)

[IpuseeM I CnpaBoK CBOAKY CJENCTBHII 3aKOHOB COXpaHEHHs
APYrHX JHCKPETHbIX BeJHYHH B TNPEACTABJACHHH CIIHPAaJIbHOCTEIl:
(1) P-unBapHaHTHOCTS:

[(pAsas | R|epihi)l? = [{— ps— A0 | R | — p; — A% (55.25)
(2) CP-unBapHaHTHOCTb:

[Kp Aoty | R [P} 2= [K— py— Ay | R [, — p; — Ay)%;  (55.26)
(3) T-MHBapHAHTHOCTE:
KpAg©y| R |apds) |* = [{(—phoy | R |ay —phgl  (55.27)
(4) CPT-uHBapuanTHOCTH
Kp A2 | R [ eipidd® = | <—p;— Aoy | RIpy— M. (55.28)

3/iecb BBIMHCAHL! BbIPAXKEHHSI AJIst KBaJpAaTOB aMIVIHTYH, IJIsi TOrO
uyTOObl HE BBIMHCHIBATL (DA30BbIX MHOMKHTEJEH, KOTOpble 3aBHCHT OT
BHYTPEHHHX UETHOCTEH uYacTHll, CNHHOB H 3apsiOBBIX UYETHOCTEH.
BriGop (asosbix MHOMHTeNMell B cayuae P- u  T-npeoGpasoBaHuii
obcyxaancst Beiute. HeckonbKo 3aMeyanuil caeayer clenath 0 BbiGO-
pe ¢asoBbix MHOKHTesell mpu C-mpeoGpasoBaHHH.
Boiie1umM fBHO nepeMeHHblE H3GTOMHYECKOTO CHHHA

C|TTsay =P (Ts) | T — Tsa). (55.29)

M3 dopmysst (55.29) BHIHO, YTO aHTHYACTHIE CJeAyeT MPHIHCATDH
NPOEKUHIO H30TOMHYECKOrO CIIMHA, NPOTHBOMOIOKHYIO NMPOEKIHH H30-
TOMUYECKOTO CHHHA COOTBETCTBYIOLUIEH YaCTHILLL.

3asucumocth asoBoro muoxureas P(Ts) or Ty onpeneisercs
COIVIALLEHHEM OTHOCHTeJILHO KOMMYTAlHOHHBIX CBOKCTB omeparopa
C ornepaTtopamMH NpoeKIHil H3oTomHueckoro crnuHa. CooTHoLIeHHe

Tsc = — CTS
CJIEAYyeT H3 ompeleJsieHHs oneparopa C u cBssn Tg C 3JIEKTPHYECKHM

sapsagoM. OcrajbHble JBAa KOMMYTALMOHHBIX COOTHOLIEHHS OGBIYHO
BLIGHPAIOT ClefylomuM o6pasoM:

A A cr A

ot = — & u OFy =T
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HJIH B IHKJIHYECKHX NPOEKLHAX:
Cre=—TyCn CTy=—T_¢, (55.30)
rjge

Py=F o [Ty £ 0T :

Martpuunyio samnch oneparopusix pasencts (55.30) B mpeacras-
aenunt | TTyo > HeTpyIHO MOJIYYHTb, €CJH BOCTOJAb30BaThest (55.29)
i Teopemoil Burxepa—3kapTa.

Hs aroii MaTpHuHOil 3anncu M SIBHOTO BHAA KOI(QHIHEHTOB BeK-
TOPHOTO CJOMKEHHsI Cpasy C/efyer

B(Ts—1)=—p(Ty)
WM

C|TTsoy =m,(— )| T — Tyad, (55.31)

Ne He 3aBHCHT OT T3 M sIBAAETCS OGLUIUM MHOMXHTEJIeM [Js BCEro Hso-
TONHYECKOTO0 MYJbTHILIETA.
Becbma mosiesHoil sipnsiercst KOMOHHHPOBAHHASA OMEpPAIHsi, COCTAB-

nennas us C u orneparopa [oBopoTa Ha yroJ Tt BOKPYT ocd 2 B H30-
npocrpanctee: G = CR, (0, m, 0).
Hcnonbsya dopmyny (55.31), Haiigem

G| TTsay =, (— 1)7| TT@). (55.32)

B oranune or onepatopa C omepatop G MOXKET HMETb OMpeieeHHoe
3HaueHue (OAMHAKOBOE /I BCEX KOMIOHEHT H30TOMHYECKOTO MYJb-
THIIETd) JJIsl COCTOAHMH YaCTHIL C OTIHYHBIM OT HYJs 3JeKTPHYECKHM
sapsijioM. OcTanpHble 3aps/bl NPH TOM JOJIKHBI ObITh DaBHBI HYJIIO.

Co6cTBeHHBIE 3HAYEHHHA oneparopa G HaspiBaloTcsi (G-4eTHOCTBIO

cucrembl. Ilockoabky G-uetHocTh ¢oToHa paBHa M = —1, 10, Mpejno-
narass C-MHBapPHAHTHOCTD SJEKTPOMATHHTHBIX B3aHMO/AEHCTBHII, MOXKHO
ONpPEeACJHTL M, APYTHX YaCTHIL MO HX 3JeKTPOMarHHTHBIM pacnajam.
Hanpumep, us cywecrsopanns pacnafioB a®—-2y, n—>2y cjelyer, uto
Ne A 3THX yactuil paBHO --1. OTkyjaa Ha ocHose (55.32) Haxopum,
4T0 (-4eTHOCTb IJ-M€30HOB paBHa — |, a G-YEeTHOCTb 1-Me30HA PaBHA
+1. Amnanoruuso us CyIlecTEOBaHHA pacnaja w-n’ -~y caenyer,
uTo ANS ®-me3o0Ha M, = —I u G-ueTHocTh paBHa — 1. M3 coxpanenus
G-4eTHOCTH Ccpasy CJjleflyeT, YTO ®-ME30H MOMET pacnafaThCsi TOJNbKO
Ha HeueTHGE YHCJIO 7-Me30HOB. Takum oGpazoM, G-YeTHOCTDL SBJSET-
Cfl BAaXKHBIM KBAHTOBbIM UHCJIOM, PeryJAlpYIOIWHM pacrajsl 4YacTHIL
C PaBHBIMH HYJIO GapHOHHBIM 3apsjoM I rumepaapsagom. Caenyer
IMETb B BHAY, YTO 3/IeKTPOMArHNTHbie B3aHMOAEHCTBHS HapyLIaKOT
H30TOMHYCCKYIO CHMMETPHIO, a CJlefoBaTejabHo, H G-yeTHocTb. Ilos-
TOMY 1O G-YETHOCTH pacnajbl 3ampelleHbl ¢ TOYHOCTBIO 10 3JeKTPo-

326

MarHHTHBIX B3auMojeiicTsuii. Hanmpumep, pacnag m—-3m XoTs M 3ai-
peuteH no G-4eTHOCTH, HO SBJISAETCS OJHHM H3 OCHOBHBIX THIIOB pacra-
na n-mesona. Ilocnennee cesizano ¢ Tem, u4To W-pacnaj He oOycCJ/oORJe-
CHJIbHBIMH B3aUMOJIeHCTBHAMH. DTa CHTYyalUsl JOBOJILHO THIHYHA JIs
AB/IIEHHH pacnaja, KOrZa OCYIIeCTBASAIOTCA IMPOLECcChl, 3anpelieHHble
npuONHKEHHBIMH 3aKOHaMH coxpaHeHHsi. Ilpuuem cymiecTByer cBoe-
ofpasHasi MepapxHs NPOLECCOB: MpOlLleCC HAET TeM HHTEHCHBHeE, 4eM
MeHbllie 3aKOHOB COXpaHeHHs OH HapyuwaeT. IlockonbKy pacnafbl no
CcaMOMy CBOEMY CMBICJY SIBJISIOTCS TPOLECCaMM, HAYIIHMH € MaJoii
BEpPOATHOCTBIO, TO HAapYLIeHHS 3aKOHOB COXPAaHEHHH BbLIABJAAKTCA
npexje BCero B pacnajax.

Ecnu craButcs 3ajjaua u3MepeHHs] IHHAMHYECKHX XapaKTePHCTHK
NPOLECCOB, M KOTOPHIX BBHIMOJHSIOTCS COOTBETCTBYIOULIHE 3aKOHBI
coxpaHenusi, To Qopmyant (55. 24)—(55.27) 103BONAOT YMEHBLIINTH
YHCJIO HE3aBHCHMBIX ONBITOB, HOJYYHTh HH(pOpPMALHIO O Mpoieccax,
KOTOphle BpAA JH B 0603piMoe Bpems OyAyT H3MepeHbl (Hampumep,
TNpoIecchl CTONKHOBEHHSI TO3HTPOHOB C AHTHIPOTOHAMH HJIH MpOILEC-
cel tHma A + K°»>nt -+ p). B To e Bpems pe3yabTaThl HCCJIENO-
BaHHH B 06aacTH (DU3HKH 3JeMEHTapHBIX YacTHI[ HAayYyWJH HAC OTHO-
CHTBCS C OCTOPOXKHOCTLIO K CHpaBelyINBOCTH 3aKOHOB COXpdHEHIif.

Moxer oxasatbcsi, uTO c/alble B3aHMOAENCTBHS, HapyulaioulHe
C- u P-UHBapHAHTHOCTb, HEOGXOJANMO TOApasleJiTL Ha B3aHnMojeil-
cTBHS, obnajaomue Gosblueil U MmeHbiuell cummerpueil. Ilnpoko oG-
CymJaercst THIOTe3a O HapylleHHH 7T-HHBApHAHTHOCTH B 3JEKTpO-
MarHuTHBIX B3auMofeHcTsusax. IlpoBepka crpaBeflIBOCTH 3aKOHOB
COXPAaHEHHs Ha OAHOH Trpymnme peakluil 4acTo €lie He O3Hauaer, uTo
OHM He OYAYT HApylleHbl B Apyrofl rpymme peaxkuuil. B cBasu ¢ atnm
B JHTepaType OOCY:KJAIOTCS BO3MOXKHble MPOBEPKH CMNpPaBelJHBOCTH
JHCKpeTHBIX cuMMeTpuii., ['yiaBHbIM o6pasom Takme MNpPOBEPKH Kaca-
I0TCSl NOJISIPH3ALHOHHBIX 3KcnepuveHToB. Moo, Kak BuaHO U3 cpqpmy.n
(565.24)—(55.27), onHoii 13 HanOoJee KPHTHYHBIX 3aBHCHMOCTEH sIB-
JsieTcsl 3aBHCHMOCTb OT 3HAKOB CIHIIpajibHOCTENl.

Hapymwenne C-MHBapHaHTHOCTH MOXKHO MNPOHJIIOCTPHPOBATH HA
npuMepe pacnaja MHOHOB:

at>pt+vu a—>p 4w (55.33)

HaualbHble COCTOSIHHS STHX pacnaioB fBAAIOTC C-CONPSIKEHHbIMH.
C-uHBapuantHocTh (55.24) Tpedyer, utolbl Pt H p—-Me30Hbl oOiajadin
OJIMHAKOBOI CNHPAIbHOCTHIO. SKCHEPHMEHTBl [oKasadi (Ha OCHOBE
H3YYEHHs] PACNaI0OB [L-ME30HOB), uYTO WT- M W™-Me30HBI B CliCTeME
LeHTpPa HHepPUHH TMOJHOCTLI0 TPOAOABHO TOJSAPH3OBAHBI, HO UTO IX
CMHPANLHOCTH MPOTHBOMOJOMKHDI.

OTH IKCrepHMEeHThl OJHOBPEMEHHO JEMOHCTPHPYIOT, 4TO B pacna-
nax (55.33) Hapyuiaercss P-uHBapHaHTHOCTb, HO CP-cHMMETPHH pea-
ausyercs. Cnpasegnnsocts CP-cHMMeTpUH clefyeT H3 TOro o6CTosi-
TeNBCTBA, YTO CIHPANBHOCTH V U V PaBHBI, HO NPOTHBOMOMOKHDI NO
3HaKy. Bosmoxubie skcnepumeHTanbHbie nposepkin CP- u CPT-un-
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BapHaHTHOCTH ObLiiI NpoaHanlH3upoBaHbl B 06G3ope [48] eme no ork-
puiTHA HapyuueHust CP-HHBapHAHTHOCTH.

OcoGeHHo GoraTylo M MpHHUHNHAALHO HOBYIO HH(OPMALHIO O 3a-
KOHaX coxpaHeHHus fanu onbiTel ¢ K-mesoHamu. [locTaTouHo Hamom-
HHTb, YTO MCCJEIOBaHMf peaKiHil obpasoBaHHs K-ME30HOB IPHBEJIH
K OTKpBITHIO HOBOrO HHTerpaja JBH:KeHHs — rumepsapsiia. Hayue-
HHe pacnajfoB K-Me30HOB Jlaji0 NepBble YKa3aHHf O HapyUIeHHH 3aKo-
HOB coxpaHeHus C-, P- u CP-yerHoct. Kak uspectHo, K-mMe30Hb 06G-
J1aJlaloT CAHHOM, pPaBHBIM HYJI0, 4eTHOCThi0o P = —1, runepsapsaoM
Y = 41, nsoromuyeckum cnuoMm T = 1/,. OcoGeHHOCTbIO pacnajioB
K-Me30HOB siBASieTCS HApYIUICHHE 3aKOHOB COXPaHEHHA CJEAYIOUHX
AuHamuyeckux nepemenneix: C, P, CP, Ty, T u Y. B cBsisau ¢ atum

K-Me30HB — 4pesBbIYaHHO HHTEPeCHbI OOBEKT [ HCCJAeJOBAHHA Mpusowenue I
3aKOHOB coxpaHenus. K-Me30HHasi (H3HKa HACTOJNBKO OYpHO pasBH-
BaeTcsi H HACTObKO MHOroo0pasHa, UTO Mbl HE HMEEM BO3MOMHOCTH
i} 3ABHCHUMOCTb BEJIHYHH §,2—1, p n pf oT KHHETHYECKOH zHEprHI
OTpasuTh ee JexamuMm o6paszom B 3To# KHure. O3HAKOMHTH ! ;
P Hall T P N Hi oo AJA PA3JIMYHBIX YACTHL (PHC. 54—84) [84].

C JIOCTHXXEHHSIMH B 3TOH 06J1acTH MOXKHO mo oG3opam [49—5l1.
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