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Preface               The talk is devoted to the memory of I.L. Solovtsov

We present applications of the method based on the VPT to perform calculations  in QCD down to the 
lowest energy scale. 
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 Overview of theoretical framework 

(low Q2 scales):

- timelike and spacelike

characteristics of inclusive processes 

- R-related quantities

- criterion of equivalence description

 Applications of VPTto hadrons physics

 Residual condensates

 DIS: VPT & Q2 – evolution SF:

- QCD analysis of xF3 -data

 Summary
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[in Minkowskian (timelike) region]

To parameterize  R(s) in terms of QCD parameters a procedure 
of analytic continuation from Euclidean (s-channel) to Minkowskian (t-channel) region is 
required. The perturbative approximation, in which the running coupling with unphysical 
singularities is used, breaks the connection between space and timelike quantities.
The VPT leads to a self-consistent definition of analytic continuation
[H. Jones,  I. Solovtsov, Phys.  Lett.  349 (1995) 519].

Overview of theoretical framework: 
timelike and spacelike characteristics

The main object in description of hadronic part of many physical processes is  (q2 )

It is useful to introduce an Eucledean characteristic, the so-called the Adler function
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R-quantities
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We analyze various physical quantities and functions generated by R(s) based on the 
nonperturbative VPT-method. A common feature of all these quantities and functions 
is that they are defined through the function R(s) integrated with some other 
function.

All these quantities include an infrared region as a part of the interval of integration 
and, therefore, they cannot be directly calculated within perturbative QCD.

The ratio of hadronic to leptonic tau-
decay widths in the vector channel

The hadronic contribution to the 
anomalous magnetic moment of the 
leptons 
(in the leading order in the 
electromagnetic coupling constant)

K(s) - known  QED kernel 
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The contribution to the running of 
the fine structure constant 
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From F. Jegerlehner
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Clearly that it is fruitful to connect measured quantities with `simplest’ theoretical objects. The Adler 
D-function (Euclidean quantity) turned out to be a smooth function without traces of the resonance 
structure of  the R- ratio is a convenient object for comparing theoretical results with experimental 
data. The D-function have been considered in many works.
. 
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VPT in QCD

32
(1 )a C a 

 Within VPT method a quantity under consideration is represented by a power series with a new 
small expansion parameter a  related to the original coupling constant 
by the following equation

with a positive  parameter C. This parameter is a variational parameter that controls properties of a 
variational or `floating’ series. Clearly, the initial quantity does not depend on this parameters, 
however, any finite approximation does due to truncation of the series. A value of the parameter C 
can be found by using different ways.. For example, C can be defined from requirement of the 
Kallen-Lehmann analyticity of the a(Q2) . Different ways lead to similar results.
Dealing with the accuracy O(a 3) and taking the number of active quarks f=3 one finds

/ (4 )
s

  

The beta-function has a zero at a=1 that demonstrates the existence of the infrared fixed point 
of the expansion parameter and its freezing-like behavior in the infrared region. 
The Q2 –evolution for a(Q2) :

At the level O(a 3), the function  f(a) has the form 

The parameter a0=a(Q0
2) is associated with some normalization point.

0
11 2 / 3f  
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4.0.C

The renormalization group beta-function of the expansion parameter is
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 The formulated model also incorporates a summation of threshold singularities
and takes into account nonperturbative character of quark masses.

Remarks to the VPT approach

Olga Solovtsova
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 The requirement of the Kallen-Lehmann representation
(Q2 –analyticity) for running coupling was used within the 
analytic perturbation theory  (APT) 
[D.V. Shirkov, I.L.Solovtsov,  Phys.  Rev.  Lett. 79  (1997)]
The APT leads to o very close to VPT results.
- VPT/APT free from unphysical singularities. 
The QCD contribution calculated within the VPT/APT: 
- better convergence properties and stability with respect to 
higher-loop corrections,
- practically invariant with respect to the choice of 
RS –prescription;
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Numerical results
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(R-D self-duality)

When expressions for quantity Q in terms of R(s) and D(Q2) are equivalent?
The answer on the question about a simultaneous good agreement of various QCD 
observables is: 
An approach used is support required analytic properties and gives good description 
of the D-function down to low energy scale.
If one uses a method that does not maintain the required analytic properties of functions 
then these expressions are not equivalent.

Criterion of equivalence
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Figure from the paper Sissakian-Solovtsov, OS, 

A Nonperturbative a -Expansion Technique and

the Adler D–function,  JETP Letts. (2001).

The theoretical approach (VPT) which we used 
to describe the experimental curve for the D-
function works well (solid line) for the whole 
interval, including the infrared region.
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Light D-function
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This figure is taken  from the paper Sissakian-

Solovtsov-OS,  JETP Letts. (2001)

The `light' Adler function (n_f=3)  constructed from  ALEPH tau-decay data

Note that any finite order of the operator product expansion (OPE) fails to describe 
the infrared tail  of the D-function  (dotted curve) . 

The experimental D-function (dashed curve) turned out to be a smooth and monotone function 
without traces of the resonance structure.

ALETH data
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OPE & condensates
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One may expect that the method, which adequately describes the strong interaction 
processes in the infrared domain, inherently incorporates the most important 
condensates.

Residual condensates
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The optimal values of O2 are compatible with zero. 

The model developed essentially accumulates the basic condensates of the lowest 
dimension. 

Estimations

Olga Solovtsova

Horizontal lines correspond to the phenomenological values
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Deep inelastic scattering  



nucleon

The set of the various  experimental data on the xF3

structure function

- GARGAMELLE
- SCAT
- BEBC-WA59                    
- CDHS   
- NuTeV
- CHORUS

The kinematic region of combined  set of data is

0.015 <  x < 0.8 and  0.5 GeV2 < Q2 < 196  GeV2

289 

QTS -9

How the VPT approach works in comparison 
with the ordinary perturbative QCD? 

Last application: QCD analysis of the xF3 

Olga SolovtsovaNPCS-2017
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Theoretical framework: Q2 – evolution SF

In the description of Q2 -evolution of the structure function moments the 
generalized powers (anomalous dimensions) for the running coupling appear. 
Q2 -evolution of the structure function moments in the nonsinglet case reads

2

2
2 02

0 02

0

0(
( )

( ) , ( ) ( ) / 2
( )

)S
NC

S

NN q
Q

M Q N
Q

M Q N


 


    
 

  
 



nonsinglet one-loop 
anomalous dimensions

2 2
1

1

0
3( ) ( , )

N

N Q F x Q dxM x
 

1
2

0
0

2

0

2
( ) ( ) (1 )(1 )N

N x A Q x x dQ xM x
  

In the framework of the VPT this expression transforms as follows:

   
   

2

2 2

02

0

VPT VPT

N N

Q
Q Q

Q







 
 
 

2

3

1
, 0 1

(1 )

a
a

C a
   



Olga SolovtsovaNPCS-2017 20



Results of fits 
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PT VPT

a(Q0
2)

363 +- 33 519/289 0.279 515/289

(MeV)

PT VPT
A 3.75 +- 0.58 3.83 +- 0. 53

 0.647+- 0.043 0.648+- 0.040

 3.62 +- 0.052 3.56+- 0.044

 2.75 +- 0.68 2.49 +- 0.60
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The shape of the structure function
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Summary

Thanks for your attention ! 

We have analyzed various physical quantities and functions generated by R(s)
based on the nonperturbative VPT-method (Adler functions, hadronic
contributions to anomalous magnetic moments of leptons and so on). 
It was shown that the method allows us to describe these quantities rather well 
down to the lowest energy scale. The conventional method cannot describe the 
low energy region because both the logarithmic and power operator product 
expansions diverge at small momenta.
The Borel type sum rules which allow us to determine the residual condensates 
have been constructed. It was shown that within the method suggested the 
optimal values of these lower dimension condensates are close to zero. 
Therefore, the model includes at least important from phenomenological point of 
view condensates of lowest dimensions.  
It was presented the result of the leading order QCD analyses of the structure 
function xF3 data by using Q2 –evolution within the VPT method, which in contract 
to standard PT does not lead to any unphysical singularities. 
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Жизнь сера? 
Ни за что не поверю.

И любви нет?  
Нашли дурака.

Нету счастья? 
Нисколько не верю.

Жизнь прекрасна! 
Но так коротка. ( И. Л. Соловцов)

Thanks all for the attention again ! 


